LECTURES ON
STOCHASTIC

PROGRAMMING
MODELING AND THEORY

Alexander Shapiro

Georgia Institute of Technology
Atlanta, Georgia

Darinka Dentcheva

Stevens Institute of Technology
Hoboken, New Jersey

Andrzej Ruszczynski

Rutgers University
New Brunswick, New Jersey

. MpPS
IMathematical
®
Society for Industrial Mathematical Programming Society
and Applied Mathematics Philadelphia

Philadelphia



Copyright © 2009 by the Society for Industrial and Applied Mathematics and the Mathematical
Programming Society

10987654321

All rights reserved. Printed in the United States of America. No part of this book may be
reproduced, stored, or transmitted in any manner without the written permission of the publisher.
For information, write to the Society for Industrial and Applied Mathematics, 3600 Market Street,
6th Floor, Philadelphia, PA 19104-2688 USA.

Trademarked names may be used in this book without the inclusion of a trademark symbol. These
names are used in an editorial context only; no infringement of trademark is intended.

Cover image appears courtesy of Julia Shapiro.
Library of Congress Cataloging-in-Publication Data

Shapiro, Alexander, 1949-

Lectures on stochastic programming : modeling and theory / Alexander Shapiro, Darinka
Dentcheva, Andrzej Ruszczynski.

p. cm. - (MPS-SIAM series on optimization ; 9)

Includes bibliographical references and index.

ISBN 978-0-898716-87-0

1. Stochastic programming. |. Dentcheva, Darinka. II. Ruszczynski, Andrzej P. lIl. Title.
T57.79.554 2009

519.7-dc22

2009022942

: Mmps
IMathematical
m i i ';L,‘l‘?;ﬁ,’“m‘“g i i
is a registered trademark. is a registered trademark.




Contents

List of Notations xi
Preface xiii
1 Stochastic Programming Models 1
1.1 Introduction . . . . .. ... 1

1.2 Inventory . . . . . . . .. 1

1.2.1 The News Vendor Problem . . . . ... ... ...... 1

1.2.2 Chance Constraints . . . . . . .. ... ... ...... 5

1.2.3 Multistage Models . . . . .. .. ... ... ... ... 6

1.3 Multiproduct Assembly . . . . .. ... 9

1.3.1 Two-Stage Model . . . . . ... ... . ......... 9

1.3.2 Chance Constrained Model . . . ... ... ... .... 10

1.3.3 Multistage Model . . . . .. ... ... ... ... .. 12

1.4 Portfolio Selection . . . . . . . . .. ... .. L 13

1.4.1 StaticModel . . . .. ... ... ... L. 13

1.4.2 Multistage Portfolio Selection . . . . . .. ... ... .. 16

1.4.3 DecisionRules . . . . . ... ... oL 21

1.5 Supply Chain Network Design . . . . . ... ... ... ....... 22
Exercises . . . . . . . .. 25

2 Two-Stage Problems 27
2.1 Linear Two-Stage Problems . . . . . . .. ... ... ... ...... 27

2.1.1 Basic Properties . . . . . ... ... oL 27

2.1.2 The Expected Recourse Cost for Discrete Distributions . 30

2.13 The Expected Recourse Cost for General Distributions . . 32

2.14 Optimality Conditions . . . . . . ... ... ... .... 38

2.2 Polyhedral Two-Stage Problems . . . . . . ... ... ... .. .... 42

2.2.1 General Properties . . . . .. ... ... ... ... .. 42

222 Expected Recourse Cost . . . . . ... .. ........ 44

223 Optimality Conditions . . . . . .. ... ... ...... 47

2.3 General Two-Stage Problems . . . . . . .. ... ... ... ..... 48

2.3.1 Problem Formulation, Interchangeability . . . . ... .. 48

232 Convex Two-Stage Problems . . . . ... ... ... .. 49

24 Nonanticipativity . . . . . . . . . .. e 52

Vii



viii

Contents

24.1 Scenario Formulation . . . . ... ... ... ......

24.2 Dualization of Nonanticipativity Constraints . . . . . . .

2423 Nonanticipativity Duality for General Distributions

244 Value of Perfect Information . . . . . .. ... .. ... ..
Exercises . . . . . . ..

3 Multistage Problems

3.1 Problem Formulation . . . . ... ... ... .......... ...
3.1.1 The General Setting . . . . .. ... ... ........
3.1.2 TheLinearCase . . . ... ... ... ..........
3.1.3 ScenarioTrees . . . . ... ... ... ... .......
3.14 Algebraic Formulation of Nonanticipativity Constraints

3.2 Duality . . . . . . . .
3.2.1 Convex Multistage Problems . . . . .. ... ... ...
322 Optimality Conditions . . . . . ... ... ... .....
323 Dualization of Feasibility Constraints . . . . . . . .. ..
324 Dualization of Nonanticipativity Constraints . . . . . . .

Exercises . . . . . . . e

4 Optimization Models with Probabilistic Constraints

4.1 Introduction . . . ... ... L
4.2 Convexity in Probabilistic Optimization . . . . . ... ... ... ..
4.2.1 Generalized Concavity of Functions and Measures . . . .
422 Convexity of Probabilistically Constrained Sets . . . . .
423 Connectedness of Probabilistically Constrained Sets . . .
4.3 Separable Probabilistic Constraints . . . . . . .. ... ... .....
43.1 Continuity and Differentiability Properties of
Distribution Functions . . . . . . ... ... ... ...
432 p-EfficientPoints . . . ... ... .. ..........
433 Optimality Conditions and Duality Theory . . . . . . ..
4.4 Optimization Problems with Nonseparable Probabilistic Constraints .
4.4.1 Differentiability of Probability Functions and Optimality
Conditions . . . . .. ... ................
4.4.2 Approximations of Nonseparable Probabilistic
Constraints . . . . . .. ... ... ... .........
4.5 Semi-infinite Probabilistic Problems . . . . . ... ... ... .. ..
Exercises . . . . . . ..
5 Statistical Inference
5.1 Statistical Properties of Sample Average Approximation Estimators . .
5.1.1 Consistency of SAA Estimators . . . . . ... ... ...
5.12 Asymptotics of the SAA Optimal Value . . . . . . .. ..
5.13 Second Order Asymptotics . . . . . . ... ... ....
5.14 Minimax Stochastic Programs . . . . . . .. ... .. ..
5.2 Stochastic Generalized Equations . . . . . . .. ... ... .. ....
5.2.1 Consistency of Solutions of the SAA Generalized

Equations . . . ... ... ... ...

63
63
63
65
69
71
76
76
77
80
82
84

114
115
122

. 132

133

136
144
150



Contents ix

522 Asymptotics of SAA Generalized Equations Estimators . 177

53 Monte Carlo Sampling Methods . . . . . . ... ... ... .. .... 180
5.3.1 Exponential Rates of Convergence and Sample Size

Estimates in the Case of a Finite Feasible Set . . . . . . . 181

5.3.2 Sample Size Estimates in the General Case . . . . . . . . 185

533 Finite Exponential Convergence . . . . . . ... ... .. 191

5.4 Quasi—-Monte Carlo Methods . . . . . ... ... ........... 193

5.5 Variance-Reduction Techniques . . . . . . .. ... ... ... .... 198

5.5.1 Latin Hypercube Sampling . . . ... ... ... .... 198

552 Linear Control Random Variables Method . . . . . . .. 200

553 Importance Sampling and Likelihood Ratio Methods . . . 200

5.6 Validation Analysis . . . . . . . . .. .. .. e 202

5.6.1 Estimation of the Optimality Gap . . . . ... ... ... 202

5.6.2 Statistical Testing of Optimality Conditions . . . . . . . . 207

5.7 Chance Constrained Problems . . . . . . .. ... ... ... ..... 210

5.7.1 Monte Carlo Sampling Approach . . . . .. ... .. .. 210

5.7.2 Validation of an Optimal Solution . . . . . ... ... .. 216

5.8 SAA Method Applied to Multistage Stochastic Programming . . . . . 220

5.8.1 Statistical Properties of Multistage SAA Estimators . 221

5.8.2 Complexity Estimates of Multistage Programs . . . . . . 226

5.9 Stochastic Approximation Method . . . . . . ... ... ... .... 230

5.9.1 Classical Approach . . . . . . ... ... ... ...... 230

59.2 Robust SAApproach . . . . . .. ... ... ... ... 233

593 Mirror Descent SAMethod . . . . . . ... ... .... 236

594 Accuracy Certificates for Mirror Descent SA Solutions . . 244

EXercises . . . . . . . . 249

6 Risk Averse Optimization 253

6.1 Introduction . . . . .. ... 253

6.2 Mean—-Risk Models . . . . .. ... ... Lo L. 254

6.2.1 Main Ideas of Mean—Risk Analysis . . . . ... ... .. 254

6.2.2 Semideviations . . . . ... ... Lo oL 255

6.2.3 Weighted Mean Deviations from Quantiles . . . . . . . . 256

6.2.4 Average Value-at-Risk . . . . ... ... ... ...... 257

6.3 Coherent Risk Measures . . . . . . . ... ... ... ... ..... 261

6.3.1 Differentiability Properties of Risk Measures . . . . . . . 265

6.3.2 Examples of Risk Measures . . . . ... ......... 269

6.3.3 Law Invariant Risk Measures and Stochastic Orders . . . 279

6.3.4 Relation to Ambiguous Chance Constraints . . . . . . . . 285

6.4 Optimization of Risk Measures . . . . . . .. ... ... ....... 288

6.4.1 Dualization of Nonanticipativity Constraints . . . . . . . 291

6.4.2 Examples . . . . . ... ... 295

6.5 Statistical Properties of Risk Measures . . . . ... .. ... ..... 300

6.5.1 Average Value-at-Risk . . . . ... ... ... ..... 300

6.5.2 Absolute Semideviation Risk Measure . . . . . ... .. 301

6.5.3 Von Mises Statistical Functionals . . . . . ... .. ... 304

6.6 The Problem of Moments . . . . . .. ... .. ............ 306



X Contents
6.7 Multistage Risk Averse Optimization . . . . . . .. ... ... .... 308
6.7.1 Scenario Tree Formulation. . . . . . .. ... ... ... 308
6.7.2 Conditional Risk Mappings . . . . ... ... ... ... 315
6.7.3 Risk Averse Multistage Stochastic Programming . . . . . 318
Exercises . . . . . . .. 328
7 Background Material 333
7.1 Optimization and Convex Analysis . . . . .. ... ... ... .... 334
7.1.1 Directional Differentiability . . . . ... ... ... ... 334
7.1.2 Elements of Convex Analysis . . . ... ......... 336
7.1.3 Optimization and Duality . . . ... ... .. ... ... 339
7.14 Optimality Conditions . . . . . ... ... ... ..... 346
7.1.5 Perturbation Analysis . . . . . ... ... ... ... .. 351
7.1.6 Epiconvergence . . . . .. ... ... ... ... 357
7.2 Probability . . . . . .. ... 359
7.2.1 Probability Spaces and Random Variables . . . ... .. 359
7.2.2 Conditional Probability and Conditional Expectation . . . 363
723 Measurable Multifunctions and Random Functions . . . . 365
7.2.4 Expectation Functions . . . . . . ... ... ... .... 368
7.2.5 Uniform Laws of Large Numbers . . . . . . ... .. .. 374
7.2.6 Law of Large Numbers for Random Sets and
Subdifferentials . . . .. ... ... 0oL 379
7.2.7 DeltaMethod . . ... ... ... .. .. ...... .. 382
7.2.8 Exponential Bounds of the Large Deviations Theory . . . 387
7.2.9 Uniform Exponential Bounds . . . . . ... ... ... .. 393
7.3 Elements of Functional Analysis . . . ... ... ........... 399
7.3.1 Conjugate Duality and Differentiability . . . . . . .. .. 401
7.3.2 Lattice Structure . . . . . . .. .. ... ... 403
Exercises . . . . . . .. 405
8 Bibliographical Remarks 407
Bibliography 415
Index 431



List of Notations

:=, equal by definition, 333

AT, transpose of matrix (vector) A, 333

C(X), space of continuous functions, 165

C*, polar of cone C, 337

C'Y(V,R"Y), space of continuously differ-
entiable mappings, 176

I Fz, influence function, 304

L+, orthogonal of (linear) space L, 41

O(1), generic constant, 188

O, (-), term, 382

S¢, the set of e-optimal solutions of the
true problem, 181

Vi(A), Lebesgue measure of set A C R4,
195

W1 (U), space of Lipschitz continuous
functions, 166, 353

[a]l+ = max{a, 0}, 2

14 (-), indicator function of set A, 334

£L,(82, F, P), space, 399

A (x), setof Lagrange multipliers vectors,
348

N (u, X'), normal distribution, 16

Nc, normal cone to set C, 337

®(z), cdf of standard normal distribution,
16

[Ty, metric projection onto set X, 231

g, convergence in distribution, 163

sz (x, h), second order tangent set, 348

A_V@ R, Average Value-at-Risk, 258

P, set of probability measures, 306

ID(A, B), deviation of set A from set B,
334

D[ Z], dispersion measure of random vari-
able Z, 254

E, expectation, 361

H(A, B),Hausdorff distance between sets
A and B, 334

N, set of positive integers, 359

R", n-dimensional space, 333

2, domain of the conjugate of risk mea-
sure p, 262

¢, the space of nonempty compact sub-
sets of R", 379

P, set of probability density functions,
263

G&,, set of contact points, 399

b(k; o, N), cdf of binomial distribution,
214

0, distance generating function, 236

g7 (x), right-hand-side derivative, 297

cl(A), topological closure of set A, 334

conv(C), convex hull of set C, 337

Corr(X, Y), correlation of X and Y, 200

Cov(X, Y), covariance of X and Y, 180

q«, weighted mean deviation, 256

sc(+), support function of set C, 337

dist(x, A), distance from point x to set A,
334

dom f, domain of function f, 333

dom §, domain of multifunction §, 365

R set of extended real numbers, 333

epif, epigraph of function f, 333

5, epiconvergence, 377

Sy, the set of optimal solutions of the
SAA problem, 156

S'fv, the set of e-optimal solutions of the
SAA problem, 181

19N, optimal value of the SAA problem,
156

fN (x), sample average function, 155

14(-), characteristic function of set A, 334

int(C), interior of set C, 336

la], integer part of a € R, 219

Isc f, lower semicontinuous hull of func-
tion f, 333



Xii

List of Notations

R, radial cone to set C, 337

J¢, tangent cone to set C, 337

V2 f(x), Hessian matrix of second order
partial derivatives, 179

d, subdifferential, 338

0°, Clarke generalized gradient, 336

ds, epsilon subdifferential, 380

pos W, positive hull of matrix W, 29

Pr(A), probability of event A, 360

ri, relative interior, 337

a; , upper semideviation, 255

o, lower semideviation, 255

V@R, Value-at-Risk, 256

Var[X], variance of X, 14

¥*, optimal value of the true problem, 156

& = (&1, ..., &), history of the process,
63

a Vv b = max{a, b}, 186

f*, conjugate of function f, 338

f°(x,d), generalized directional deriva-
tive, 336

g’ (x, h), directional derivative, 334

0p(+), term, 382

p-efficient point, 116

iid, independently identically distributed,
156



Preface

The main topic of this book is optimization problems involving uncertain parameters,
for which stochastic models are available. Although many ways have been proposed to
model uncertain quantities, stochastic models have proved their flexibility and usefulness
in diverse areas of science. This is mainly due to solid mathematical foundations and
theoretical richness of the theory of probability and stochastic processes, and to sound
statistical techniques of using real data.

Optimization problems involving stochastic models occur in almost all areas of science
and engineering, from telecommunication and medicine to finance. This stimulates interest
inrigorous ways of formulating, analyzing, and solving such problems. Due to the presence
of random parameters in the model, the theory combines concepts of the optimization theory,
the theory of probability and statistics, and functional analysis. Moreover, in recent years the
theory and methods of stochastic programming have undergone major advances. All these
factors motivated us to present in an accessible and rigorous form contemporary models and
ideas of stochastic programming. We hope that the book will encourage other researchers
to apply stochastic programming models and to undertake further studies of this fascinating
and rapidly developing area.

We do not try to provide a comprehensive presentation of all aspects of stochastic
programming, but we rather concentrate on theoretical foundations and recent advances in
selected areas. The book is organized into seven chapters. The first chapter addresses mod-
eling issues. The basic concepts, such as recourse actions, chance (probabilistic) constraints,
and the nonanticipativity principle, are introduced in the context of specific models. The
discussion is aimed at providing motivation for the theoretical developments in the book,
rather than practical recommendations.

Chapters 2 and 3 present detailed development of the theory of two-stage and multi-
stage stochastic programming problems. We analyze properties of the models and develop
optimality conditions and duality theory in a rather general setting. Our analysis covers
general distributions of uncertain parameters and provides special results for discrete distri-
butions, which are relevant for numerical methods. Due to specific properties of two- and
multistage stochastic programming problems, we were able to derive many of these results
without resorting to methods of functional analysis.

The basic assumption in the modeling and technical developments is that the proba-
bility distribution of the random data is not influenced by our actions (decisions). In some
applications, this assumption could be unjustified. However, dependence of probability dis-
tribution on decisions typically destroys the convex structure of the optimization problems
considered, and our analysis exploits convexity in a significant way.

Xiii
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Chapter 4 deals with chance (probabilistic) constraints, which appear naturally in
many applications. The chapter presents the current state of the theory, focusing on the
structure of the problems, optimality theory, and duality. We present generalized convexity
of functions and measures, differentiability, and approximations of probability functions.
Much attention is devoted to problems with separable chance constraints and problems
with discrete distributions. We also analyze problems with first order stochastic dominance
constraints, which can be viewed as problems with continuum of probabilistic constraints.
Many of the presented results are relatively new and were not previously available in standard
textbooks.

Chapter 5 is devoted to statistical inference in stochastic programming. The starting
point of the analysis is that the probability distribution of the random data vector is ap-
proximated by an empirical probability measure. Consequently, the “true” (expected value)
optimization problem is replaced by its sample average approximation (SAA). Origins of
this statistical inference are in the classical theory of the maximum likelihood method rou-
tinely used in statistics. Our motivation and applications are somewhat different, because
we aim at solving stochastic programming problems by Monte Carlo sampling techniques.
That is, the sample is generated in the computer and its size is constrained only by the com-
putational resources needed to solve the constructed SAA problem. One of the byproducts
of this theory is the complexity analysis of two-stage and multistage stochastic program-
ming. Already in the case of two-stage stochastic programming, the number of scenarios
(discretization points) grows exponentially with an increase in the number of random pa-
rameters. Furthermore, for multistage problems, the computational complexity also grows
exponentially with the increase of the number of stages.

In Chapter 6 we outline the modern theory of risk averse approaches to stochastic
programming. We focus on the analysis of the models, optimality theory, and duality.
Static and two-stage risk averse models are analyzed in much detail. We also outline a risk
averse approach to multistage problems, using conditional risk mappings and the principle
of “time consistency.”

Chapter 7 contains formulations of technical results used in the other parts of the book.
For some of these less-known results we give proofs, while others refer to the literature.
The subject index can help the reader quickly find a required definition or formulation of a
needed technical result.

Several important aspects of stochastic programming have been left out. We do
not discuss numerical methods for solving stochastic programming problems, except in
section 5.9, where the stochastic approximation method and its relation to complexity esti-
mates are considered. Of course, numerical methods is an important topic which deserves
careful analysis. This, however, is a vast and separate area which should be considered in a
more general framework of modern optimization methods and to a large extent would lead
outside the scope of this book.

We also decided not to include a thorough discussion of stochastic integer program-
ming. The theory and methods of solving stochastic integer programming problems draw
heavily from the theory of general integer programming. Their comprehensive presentation
would entail discussion of many concepts and methods of this vast field, which would have
little connection with the rest of the book.

At the beginning of each chapter, we indicate the authors who were primarily respon-
sible for writing the material, but the book is the creation of all three of us, and we share
equal responsibility for errors and inaccuracies that escaped our attention.
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Chapter 1

Stochastic Programming
Models

Andrzej Ruszczyriski and Alexander Shapiro

1.1 Introduction

Readers familiar with the area of optimization can easily name several classes of optimiza-
tion problems, for which advanced theoretical results exist and efficient numerical methods
have been found. We can mention linear programming, quadratic programming, convex
optimization, and nonlinear optimization. Stochastic programming sounds similar, but no
specific formulation plays the role of the generic stochastic programming problem. The
presence of random quantities in the model under consideration opens the door to a wealth
of different problem settings, reflecting different aspects of the applied problem at hand.
This chapter illustrates the main approaches that can be followed when developing a suitable
stochastic optimization model. For the purpose of presentation, these are very simplified
versions of problems encountered in practice, but we hope that they help us to convey our
main message.

1.2 Inventory
1.2.1 The News Vendor Problem

Suppose that a company has to decide about order quantity x of a certain product to satisfy
demand d. The cost of ordering is ¢ > 0 per unit. If the demand d is larger than x, then
the company makes an additional order for the unit price » > 0. The cost of this is equal to
b(d — x) if d > x and is 0 otherwise. On the other hand, if d < x, then a holding cost of

1



2 Chapter 1. Stochastic Programming Models

h(x — d) > 0is incurred. The total cost is then equal to'
F(x,d) = cx +bld — x]+ + h[x — d],. (1.1

We assume that b > c, i.e., the backorder penalty cost is larger than the ordering cost.

The objective is to minimize the total cost F(x, d). Here x is the decision variable
and the demand d is a parameter. Therefore, if the demand is known, the corresponding
optimization problem can be formulated as

Min F (x, d). (1.2)

The objective function F(x, d) can be rewritten as
F(x,d) = max {(c — b)x + bd, (c + h)x — hd}, (1.3)

which is a piecewise linear function with a minimum attained at x = d. That is, if the
demand d is known, then (as expected) the best decision is to order exactly the demand
quantity d.

Consider now the case when the ordering decision should be made before a realization
of the demand becomes known. One possible way to proceed in such a situation is to view
the demand D as a random variable. By capital D, we denote the demand when viewed
as a random variable in order to distinguish it from its particular realization d. We assume,
further, that the probability distribution of D is known. This makes sense in situations
where the ordering procedure repeats itself and the distribution of D can be estimated from
historical data. Then it makes sense to talk about the expected value, denoted E[F (x, D)],
of the total cost viewed as a function of the order quantity x. Consequently, we can write
the corresponding optimization problem

1}/{351 {f(x) :=E[F(x, D)]}. (1.4)

The above formulation approaches the problem by optimizing (minimizing) the total
cost on average. What would be a possible justification of such approach? If the process
repeats itself, then by the Law of Large Numbers, for a given (fixed) x, the average of
the total cost, over many repetitions, will converge (with probability one) to the expecta-
tion E[F (x, D)], and, indeed, in that case the solution of problem (1.4) will be optimal
on average.

The above problem gives a very simple example of a two-stage problem or a problem
with a recourse action. At the first stage, before a realization of the demand D is known, one
has to make a decision about the ordering quantity x. At the second stage, after a realization
d of demand D becomes known, it may happen that d > x. In that case, the company takes
the recourse action of ordering the required quantity d — x at the higher cost of b > c.

The next question is how to solve the expected value problem (1.4). In the present
case it can be solved in a closed form. Consider the cumulative distribution function (cdf)
H(x) := Pr(D < x) of the random variable D. Note that H (x) = O for all x < 0, because
the demand cannot be negative. The expectation E[ F (x, D)] can be written in the following
form:

E[F(x, D)] = bE[D] +(c—b)x+(b+h)/ H(2)dz. (1.5)
0

'For a number a € R, [a], denotes the maximum max{a, 0}.
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Indeed, the expectation function f(x) = E[F (x, D)]is a convex function. Moreover,
since itis assumed that f (x) is well defined and finite values, it is continuous. Consequently,
for x > 0 we have

fx) = f(0) +/0 f'(2)dz,

where at nondifferentiable points the derivative f’(z) is understood as the right-side deriva-
tive. Since D > 0, we have that f(0) = bE[D]. Also, we have that

f'x)=c+E |:3iz bID — 2]+ + hlz — D]+)i|

=c—bPr(D>2)+hPr(D <2
=c—b(l1-H()+hH(z)
=c—b+ b+ h)H(2).

Formula (1.5) then follows.

We have that % fox H(z)dz = H(x), provided that H(-) is continuous at x. In this
case, we can take the derivative of the right-hand side of (1.5) with respect to x and equate it
to zero. We conclude that the optimal solutions of problem (1.4) are defined by the equation
(b+ h)H(x) + ¢ — b = 0, and hence an optimal solution of problem (1.4) is equal to the
quantile

b—c

¥=H '(x) with «= )
b+h

(1.6)

Remark 1. Recall that for « € (0, 1) the left-side «-quantile of the cdf H(-) is defined
as H'(«) := inf{¢t : H(¢) > «}. In a similar way, the right-side x-quantile is defined as
sup{t : H(t) < k}. If the left and right x-quantiles are the same, then problem (1.4) has
unique optimal solution ¥ = H~! (k). Otherwise, the set of optimal solutions of problem
(1.4) is given by the whole interval of k-quantiles.

Suppose for the moment that the random variable D has a finitely supported dis-
tribution, i.e., it takes values dj, ..., dx (called scenarios) with respective probabilities
D1, --., px. In that case, its cdf H(-) is a step function with jumps of size p; at each dy,
k =1,...,K. Formula (1.6) for an optimal solution still holds with the corresponding
left-side (right-side) x-quantile, coinciding with one of the points dy, k = 1, ..., K. For
example, the scenarios may represent historical data collected over a period of time. In
such a case, the corresponding cdf is viewed as the empirical cdf, giving an approximation
(estimation) of the true cdf, and the associated «-quantile is viewed as the sample estimate
of the x-quantile associated with the true distribution.

It is instructive to compare the quantile solution x with a solution corresponding to
one specific demand value d := d, where d is, say, the mean (expected value) of D. As
mentioned earlier, the optimal solution of such (deterministic) problem is d. The mean d can
be very different from the k-quantile ¥ = H~' (k). It is also worth mentioning that sample
quantiles typically are much less sensitive than sample mean to random perturbations of the
empirical data.

In applications, closed-form solutions for stochastic programming problems such as
(1.4) are rarely available. In the case of finitely many scenarios, it is possible to model
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the stochastic program as a deterministic optimization problem by writing the expected
value E[ F (x, D)] as the weighted sum:

K
E[F (x, D)l = ) peF(x, dp).
k=1

The deterministic formulation (1.2) corresponds to one scenario d taken with probability 1.
By using the representation (1.3), we can write problem (1.2) as the linear programming
problem

Min v

x>0,v
s.t. v > (¢ — b)x + bd, (.7
v>(c+h)x —hd.
Indeed, for fixed x, the optimal value of (1.7) is equal to max{(c — b)x +bd, (c+h)x — hd},

which is equal to F(x,d). Similarly, the expected value problem (1.4), with scenarios
di, ..., dg, can be written as the linear programming problem:

K
Min E PrVk
x>0, Vlyenns 14 P

st.vyy > (c—b)x+bd,, k=1,...,K,
w>(+hx—hd, k=1,...,K.

(1.8)

It is worth noting here the almost separable structure of problem (1.8). For a fixed x,
problem (1.8) separates into the sum of optimal values of problems of the form (1.7) with
d = di. As we shall see later, such a decomposable structure is typical for two-stage
stochastic programming problems.

Worst-Case Approach

One can also consider the worst-case approach. That is, suppose that there are known lower
and upper bounds for the demand, i.e., it is unknown that d € [/, u], where / < u are given
(nonnegative) numbers. Then the worst-case formulation is

Mi F(x,d). 1.9
xz%l drg[%] (¥, d) (1.9

That is, while making decision x, one is prepared for the worst possible outcome of the
maximal cost. By (1.3) we have that

max F(x,d) = max{F(x,I), F(x, u)}.
dell,u]

Clearly we should look at the optimal solution in the interval [/, u], and hence problem (1.9)
can be written as

Min {1//(x) := max {cx + hlx — 1]+, cx 4+ blu — x]+}}.

x€[l,u]

The function ¥ (x) is a piecewise linear convex function. Assuming that b > ¢, we
have that the optimal solution of problem (1.9) is attained at the point where h(x — ) =
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b(u — x). That is, the optimal solution of problem (1.9) is

hl + bu
h+b

*

The worst-case solution x* can be quite different from the solution x, which is optimal on
average (given in (1.6)) and could be overall conservative. For instance, if # = 0, i.e., the
holding cost is zero, then x* = u. On the other hand, the optimal on average solution x
depends on the distribution of the demand D which could be unavailable.

Suppose now that in addition to the lower and upper bounds of the demand, we know
its mean (expected value) d = E[D]. Of course, we have that d € [/, u]. Then we can
consider the following worst-case formulation:

Min sup Egy[F(x, D)], (1.10)
x=0 geon

where 91 denotes the set of probability measures supported on the interval [/, u] and having
mean d, and the notation Ey[F (x, D)] emphasizes that the expectation is taken with respect
to the cumulative distribution function (probability measure) H (-) of D. We study minimax
problems of the form (1.10) in section 6.6 (see also problem 6.8 on p. 330).

1.2.2 Chance Constraints

We have already observed that for a particular realization of the demand D, the cost F (x, D)
can be quite different from the optimal-on-average cost E[F (x, D)]. Therefore, a natural
question is whether we can control the risk of the cost F(x, D) to be not “too high.” For
example, for a chosen value (threshold) T > 0, we may add to problem (1.4) the constraint
F(x, D) < 1 to be satisfied for all possible realizations of the demand D. That is, we
want to make sure that the total cost will not be larger than t in all possible circumstances.
Assuming that the demand can vary in a specified uncertainty set © C R, this means that
the inequalities (¢ — b)x + bd < t and (¢ + h)x — hd < 7 should hold for all possible
realizations d € ® of the demand. That is, the ordering quantity x should satisfy the
following inequalities:

bd —1 hd +t
<x=

b—c c+h

Vd € D. (1.11)

This could be quite restrictive if the uncertainty set ® is large. In particular, if there is at
least one realization d € © greater than t/c, then the system (1.11) is inconsistent, i.e., the
corresponding problem has no feasible solution.

In such situations it makes sense to introduce the constraint that the probability of
F(x, D) being larger than 7 is less than a specified value (significance level) ¢ € (0, 1).
This leads to a chance (also called probabilistic) constraint which can be written in the form

Pr{F(x,D) >t} <« (1.12)
or equivalently,

P{F(x,D)<t}>1—a. (1.13)
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By adding the chance constraint (1.13) to the optimization problem (1.4), we want to min-
imize the total cost on average while making sure that the risk of the cost to be excessive
(i.e., the probability that the cost is larger than t) is small (i.e., less than «). We have that

Pr{F(x, D) < 1} = Pr {% <D< %} . (1.14)

For x < 1/c, the inequalities on the right-hand side of (1.14) are consistent, and hence for
such x,

Pr{F(r, D) < 7} = H (L=90) — i ((ethe=s ). (1.15)

The chance constraint (1.13) becomes
H(G=t) - (SB=t) 2 1 -0, (1.16)

Even for small (but positive) values of «, it can be a significant relaxation of the correspond-
ing worst-case constraints (1.11).

1.2.3 Multistage Models

Suppose now that the company has a planning horizon of 7' periods. We model the demand
as arandom process D; indexed by the timer = 1, ..., T. At the beginning, at r = 1, there
is (known) inventory level y;. Ateach period ¢t = 1, ..., T, the company first observes the
current inventory level y, and then places an order to replenish the inventory level to x;.
This results in order quantity x, — y,, which clearly should be nonnegative, i.e., x; > y;.
After the inventory is replenished, demand d, is realized,> and hence the next inventory
level, at the beginning of period ¢ + 1, becomes y,+; = x; — d;. We allow backlogging, and
the inventory level y, may become negative. The total cost incurred in period ¢ is

¢ (x — ) + beldy — x4 + he[x, — di]4,

where ¢;, b, h; are the ordering, backorder penalty, and holding costs per unit, respectively,
at time . We assume that b, > ¢, > Oand h, > 0,¢ = 1,...,T. The objective is to
minimize the expected value of the total cost over the planning horizon. This can be written
as the following optimization problem:

T
Min 3 E{ei(r = y0) +bilD; = xily + hilx = Dil ]

t=1

st.yyy1=x,—D;, t =1,...,T — 1.

(1.17)

For T = 1, problem (1.17) is essentially the same as the (static) problem (1.4).
(The only difference is the assumption here of the initial inventory level y;.) However,
for T > 1, the situation is more subtle. It is not even clear what is the exact meaning of
the formulation (1.17). There are several equivalent ways to give precise meaning to the
above problem. One possible way is to write equations describing the dynamics of the
corresponding optimization process. That is what we discuss next.

2As before, we denote by d, a particular realization of the random variable D,.
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Consider the demand process D, t = 1, ..., T. We denote by Dy := (D, ..., D;)
the history of the demand process up to time ¢, and by dj; := (di, ..., d;) its particular
realization. At each period (stage) ¢, our decision about the inventory level x; should depend
only on information available at the time of the decision, i.e., on an observed realization
di;—1; of the demand process, and not on future observations. This principle is called the
nonanticipativity constraint. We assume, however, that the probability distribution of the
demand process is known. That is, the conditional probability distribution of D,, given
Dy,_11 = d;—1, is assumed to be known.

At the last stage t = T, for observed inventory level yr, we need to solve the problem

X1>/[>1}HT cr(xr — yr) + E{br[Dr — x714 + hrlxr — Dyl |Dir—yy =dir—n} . (1.18)

The expectation in (1.18) is conditional on the realization djr_1; of the demand process prior
to the considered time 7. The optimal value (and the set of optimal solutions) of problem
(1.18) depends on yr and djr_;j and is denoted Q7 (yr, dir—17). Atstaget =T — 1 we
solve the problem

Min c7_1(x7—1 — yr—1)
XT-12YT-1

+ ]E{bT—l[DT—l —xr—1ly+ +hr_ilxr—1 — Dr_1l4 (1.19)

+0r (XT—I — Dr_y, D[T—l]) |D[T—2] = d[r—z]}-

Its optimal value is denoted Q7—_(yr—1, djr—2)). Proceeding in this way backward in time,
we write the following dynamic programming equations:

Qi (v di—1)) = min e, (xy = ¥) + E{bi[Dy —x1,
= (1.20)
+ hlx, — Dily + Qi1 (xz — Dy, D[z]) |D[t71] B d[[*l]}a

t =T —1,...,2. Finally, at the first stage we need to solve the problem

}\]’I>1§11 c1(x1 — y1) + E{b1[Dy — xi14 + hilxi — Dily + Q2 (xy — D1, Dy) }. - (1.21)

Let us take a closer look at the above decision process. We need to understand how
the dynamic programming equations (1.19)—(1.21) could be solved and what is the meaning
of the solutions. Starting with the last stage, r = T, we need to calculate the value func-
tions Q; (y:, dj;—17) going backward in time. In the present case, the value functions cannot
be calculated in a closed form and should be approximated numerically. For a generally
distributed demand process, this could be very difficult or even impossible. The situation
simplifies dramatically if we assume that the random process D; is stagewise independent,
that is, if D, is independent of Dj,_y}, t = 2, ..., T. Then the conditional expectations
in equations (1.18)—(1.19) become the corresponding unconditional expectations. Con-
sequently, the value functions Q,(y,) do not depend on demand realizations and become
functions of the respective univariate variables y, only. In that case, by discretization of y,
and the (one-dimensional) distribution of D,, these value functions can be calculated in a
recursive way.
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Suppose now that somehow we can solve the dynamic programming equations (1.19)—
(1.21). Let x, be a corresponding optimal solution, i.e., X7 is an optimal solution of (1.18),
X; is an optimal solution of the right-hand side of (1.20) forr =T — 1, ..., 2, and X is an
optimal solution of (1.21). We see that x; is a function of y; and dj;_;; fort =2,..., T,
while the first stage (optimal) decision x; is independent of the data. Under the assumption
of stagewise independence, x; = X,(y;) becomes a function of y, alone. Note that y;, in
itself, is a function of dj;_1; = (di,...,d;—1) and decisions (x, ..., x;—1). Therefore,
we may think about a sequence of possible decisions x; = x;(d—17), t = 1,..., T, as
functions of realizations of the demand process available at the time of the decision (with
the convention that x; is independent of the data). Such a sequence of decisions x; (d|;—1})
is called an implementable policy, or simply a policy. That is, an implementable policy is
a rule which specifies our decisions, based on information available at the current stage,
for any possible realization of the demand process. By definition, an implementable policy
x; = x;(d;—17) satisfies the nonanticipativity constraint. A policy is said to be feasible if
it satisfies other constraints with probability one (w.p. 1). In the present case, a policy is
feasible if x;, > y;, t =1, ..., T, for almost every realization of the demand process.

We can now formulate the optimization problem (1.17) as the problem of minimization
of the expectation in (1.17) with respect to all implementable feasible policies. An optimal
solution of such problem will give us an optimal policy. We have that a policy x; is
optimal if it is given by optimal solutions of the respective dynamic programming equations.
Note again that under the assumption of stagewise independence, an optimal policy x, =
X;(y;) is a function of y, alone. Moreover, in that case it is possible to give the following
characterization of the optimal policy. Let x;* be an (unconstrained) minimizer of

Crxy + ]E{bt[Dt = X+ + helxe — Dily + Qra (60 — Dy) }’ t=T,....1 (1.22)

with the convention that Q74 (-) = 0. Since Q;;(-) is nonnegative valued and ¢; +h; > 0,
we have that the function in (1.22) tends to +oo if x; — +o00. Similarly, as b; > ¢, it also
tends to +oo if x, — —oo. Moreover, this function is convex and continuous (as long as it
is real valued) and hence attains its minimal value. Then by using convexity of the value
functions, it is not difficult to show that x; = max{y,, x}} is an optimal policy. Such policy
is called the basestock policy. A similar result holds without the assumption of stagewise
independence, but then the critical values x;* depend on realizations of the demand process
up to time ¢ — 1.

As mentioned above, if the stagewise independence condition is satisfied, then each
value function Q,(y,) is a function of the variable y,. In that case, we can accurately
represent Q,(-) by discretization, i.e., by specifying its values at a finite number of points
on the real line. Consequently, the corresponding dynamic programming equations can
be accurately solved recursively going backward in time. The situation starts to change
dramatically with an increase of the number of variables on which the value functions
depend, like in the example discussed in the next section. The discretization approach
may still work with several state variables, but it quickly becomes impractical when the
dimension of the state vector increases. This is called the “curse of dimensionality.” As we
shall see it later, stochastic programming approaches the problem in a different way, by
exploring convexity of the underlying problem and thus attempting to solve problems with
a state vector of high dimension. This is achieved by means of discretization of the random
process D, in a form of a scenario tree, which may also become prohibitively large.
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1.3 Multiproduct Assembly
1.3.1 Two-Stage Model

Consider a situation where a manufacturer produces n products. There are in total m
different parts (or subassemblies) which have to be ordered from third-party suppliers. A
unit of product i requires a;; units of part j, wherei = 1,...,nand j = 1,...,m. Of
course, a;; may be zero for some combinations of i and j. The demand for the products
is modeled as a random vector D = (Dq,..., D,). Before the demand is known, the
manufacturer may preorder the parts from outside suppliers at a cost of ¢; per unit of part j.
After the demand D is observed, the manufacturer may decide which portion of the demand
is to be satisfied, so that the available numbers of parts are not exceeded. It costs additionally
[; to satisfy a unit of demand for product i, and the unit selling price of this product is g;.
The parts not used are assessed salvage values s; < c;. The unsatisfied demand is lost.

Suppose the numbers of parts ordered are equal to x;, j = 1,...,m. After the
demand D becomes known, we need to determine how much of each product to make. Let
us denote the numbers of units produced by z;,i = 1, ..., n, and the numbers of parts left
ininventory by y;, j = 1, ..., m. For an observed value (arealization)d = (dy, ..., d,) of
the random demand vector D, we can find the best production plan by solving the following
linear programming problem:

l\glivn Z(li —qi)Zi — Zsjyj
=l j=1

n
s.t.yj:xj—Za,»jz,», jzl,...,m,

i=1
0<zi=<d;, i=1,...,n, y;=20, j=1,...,m.

Introducing the matrix A with entries a;;, wherei = 1,...,nand j = 1,...,m, we can
write this problem compactly as follows:

Min (I —¢)'z —s'y
Z,y

st.y=x— ATz, (1.23)
0<z=<d, y=0.

Observe that the solution of this problem, that is, the vectors z and y, depend on realization
d of the demand vector D as well as on x. Let Q(x, d) denote the optimal value of problem
(1.23). The quantities x; of parts to be ordered can be determined from the optimization
problem

Min c¢'x +E[Q(x, D)), (1.24)

where the expectation is taken with respect to the probability distribution of the random
demand vector D. The first part of the objective function represents the ordering cost, while
the second part represents the expected cost of the optimal production plan, given ordered
quantities x. Clearly, for realistic data with g¢; > [;, the second part will be negative, so that
some profit will be expected.
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Problem (1.23)—(1.24) is an example of a two-stage stochastic programming problem,
where (1.23) is called the second-stage problem and (1.24) is called the first-stage prob-
lem. As the second-stage problem contains random data (random demand D), its optimal
value Q(x, D) is a random variable. The distribution of this random variable depends on
the first-stage decisions x, and therefore the first-stage problem cannot be solved without
understanding of the properties of the second-stage problem.

In the special case of finitely many demand scenarios d', ..., dX occurring with
positive probabilities py, ..., pg, with Z,le pr = 1, the two-stage problem (1.23)—(1.24)
can be written as one large-scale linear programming problem:

K

K
Min ¢'x + Z e[ =T —sTy¥]
k=1

st.yb=x—ATZ k=1,...,K, (1.25)
0<zF<dt, y*=0 k=1,...,K,
x>0,
where the minimization is performed over vector variables x and z¥, y*, k = 1,..., K. We

have integrated the second-stage problem (1.23) into this formulation, but we had to allow
for its solution (z*, yk) to depend on the scenario k, because the demand realization dk is
different in each scenario. Because of that, problem (1.25) has the numbers of variables
and constraints roughly proportional to the number of scenarios K.

It is worth noticing the following. There are three types of decision variables here:
the numbers of ordered parts (vector x), the numbers of produced units (vector z), and the
numbers of parts left in the inventory (vector y). These decision variables are naturally clas-
sified as the firsz- and the second-stage decision variables. That is, the first-stage decisions x
should be made before a realization of the random data becomes available and hence should
be independent of the random data, while the second-stage decision variables z and y are
made after observing the random data and are functions of the data. The first-stage deci-
sion variables are often referred to as here-and-now decisions (solution), and second-stage
decisions are referred to as wait-and-see decisions (solution). It can also be noticed that the
second-stage problem (1.23) is feasible for every possible realization of the random data;
for example, take z = O and y = x. In such a situation we say that the problem has relatively
complete recourse.

1.3.2 Chance Constrained Model

Suppose now that the manufacturer is concerned with the possibility of losing demand. The
manufacturer would like the probability that all demand be satisfied to be larger than some
fixed service level 1 — o, where @ € (0, 1) is small. In this case the problem changes in a
significant way.

Observe that if we want to satisfy demand D = (D, ..., D,), we need to have
x > ATD. If we have the parts needed, there is no need for the production planning stage,
as in problem (1.23). We simply produce z; = D;,i = 1, ..., n, whenever it is feasible.

Also, the production costs and salvage values do not affect our problem. Consequently, the
requirement of satisfying the demand with probability at least 1 — « leads to the following
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formulation of the corresponding problem:

Min ¢"x
¥20 (1.26)
st.Pr{A’TD <x}>1-a

The chance (also called probabilistic) constraint in the above model is more difficult than in
the case of the news vendor model considered in section 1.2.2, because it involves a random
vector W = AT D rather than a univariate random variable.
Owing to the separable nature of the chance constraint in (1.26), we can rewrite this
constraint as
Hy(x) > 1 —a, (1.27)

where Hy (x) := Pr(W < x) is the cumulative distribution function of the n-dimensional
random vector W = ATD. Observe that if » = 1 and ¢ > 0, then an optimal solution x
of (1.27) is given by the left-side (1 — «)-quantile of W, that is, x = H‘;,l (I — ). On the
other hand, in the case of multidimensional vector W, its distribution has many “smallest
(left-side) (1 — «)-quantiles,” and the choice of x will depend on the relative proportions of
the cost coefficients ¢;. It is also worth mentioning that even when the coordinates of the
demand vector D are independent, the coordinates of the vector W can be dependent, and
thus the chance constraint of (1.27) cannot be replaced by a simpler expression featuring
one-dimensional marginal distributions.
The feasible set
{x eRY: Pr(ATDgx) > 1 —a}

of problem (1.26) can be written in the following equivalent form:
[xeR}:Ald<x, deD, Pr(®)>1-al. (1.28)

In the formulation (1.28), the set ® can be any measurable subset of R” such that probability
of D € ® is atleast | — . A considerable simplification can be achieved by choosing a
fixed set ®, in such a way that Pr(®,) > 1 — «. In that way we obtain a simplified version
of problem (1.26):
Min ¢'x
¥=0 (1.29)
st.Ald <x, Vde®D,.

The set ®,, in this formulation is sometimes referred to as the uncertainty set and the whole
formulation as the robust optimization problem. QObserve that in our case we can solve this
problem in the following way. For each part type j we determine x; to be the minimum
number of units necessary to satisfy every demand d € ®,, that is,

n
xj:;llel%)i'glaijdi’ ]:1,,n
i—

In this case the solution is completely determined by the uncertainty set ®, and it does not
depend on the cost coefficients c;.

The choice of the uncertainty set, satisfying the corresponding chance constraint, is
not unique and often is governed by computational convenience. In this book we shall be
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mainly concerned with stochastic models, and we shall not discuss models and methods of
robust optimization.

1.3.3 Multistage Model

Consider now the situation when the manufacturer has a planning horizon of 7' periods.
The demand is modeled as a stochastic process D;, t = 1,...,T, where each D, =
(D”, e, Dm) is a random vector of demands for the products. The unused parts can be
stored from one period to the next, and holding one unit of part j in inventory costs / ;. For
simplicity, we assume that all costs and prices are the same in all periods.

It would not be reasonable to plan specific order quantities for the entire plan-
ning horizon T. Instead, one has to make orders and production decisions at succes-
sive stages, depending on the information available at the current stage. We use symbol
Dy = (Dl, el D,) to denote the history of the demand process in periods 1, ..., ¢. In
every multistage decision problem it is very important to specify which of the decision
variables may depend on which part of the past information.

Let us denote by x,_; = (x,—1.1, ..., Xi—1,,) the vector of quantities ordered at the
beginning of stage ¢, before the demand vector D, becomes known. The numbers of units
produced in stage ¢ will be denoted by z, and the inventory level of parts at the end of stage
tby y, forr = 1,...,T. We use the subscript r+ — 1 for the order quantity to stress that
it may depend on the past demand realizations Dy, but not on D,, while the production
and storage variables at stage ¢t may depend on Dy;, which includes D;. In the special
case of T = 1, we have the two-stage problem discussed in section 1.3.1; the variable x,
corresponds to the first stage decision vector x, while z; and y; correspond to the second-
stage decision vectors z and y, respectively.

Suppose T > 1 and consider the last stage ¢+ = T, after the demand Dy has been
observed. At this time, all inventory levels yr_; of the parts, as well as the last order
quantities x7_j, are known. The problem at stage 7 is therefore identical to the second-
stage problem (1.23) of the two-stage formulation:

Min (I —q)'zr —s'yr
r,yr

s.t.yr = yr—1 +xr_1 — A'zrp, (1.30)

0<zr <dr, yr=0,

where dr is the observed realization of Dy. Denote by Qr(x7—_1, yr—1, dr) the optimal
value of (1.30). This optimal value depends on the latest inventory levels, order quantities,
and the present demand. At stage T — 1 we know realization dj7_; of D7y}, and thus we
are concerned with the conditional expectation of the last stage cost, that is, the function

Qr(xr—1, yr—1, dir—1) = E{Qr(xr_1, yr—1, Dr) | Dir—1y = djr—1}.

At stage T — 1 we solve the problem

Min (I —q)'zr—1 +h'yr—1 +c'xr_1 + Qr(xr—1, yr—1, dir—1))

ZT—-1,YT—1,XT~1

st yr_1 = yroa+xro—Alzr_y, (1.31)

0<zr_i <dr—1, yr-1=0.
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Its optimal value is denoted by Q7r_1(x7_2, yr—2, djr—1;). Generally, the problem at stage
t=T—1,...,1has the form

Min (I — )"z +h'y 4+ c"x + Qi (xr, i, dpyy)

215 Vs Xt

sty =vi1+x_—A'z, (1.32)

0=<z <d, yrZO,

with
Qi1 (xe, yio diy) == E{Qrs1(xr, i, Dis1)) | Dy = din}-

The optimal value of problem (1.32) is denoted by Q,(x;_1, y:—1, ds), and the backward
recursion continues. At stage r+ = 1, the symbol y, represents the initial inventory levels
of the parts, and the optimal value function Q| (xo, d;) depends only on the initial order x,
and realization d; of the first demand D;.

The initial problem is to determine the first order quantities x¢. It can be written as

Migcho +E[Q) (x0, D))]. (1.33)
Xo=!

Although the first-stage problem (1.33) looks similar to the first-stage problem (1.24) of the
two-stage formulation, it is essentially different since the function Q;(xo, d;) is not given
in a computationally accessible form but in itself is a result of recursive optimization.

1.4 Portfolio Selection
1.4.1 Static Model

Suppose that we want to invest capital Wy in n assets, by investing an amount x; in asset i
fori =1, ..., n. Suppose, further, that each asset has a respective return rate R; (per one
period of time), which is unknown (uncertain) at the time we need to make our decision.
We address now a question of how to distribute our wealth W in an optimal way. The total
wealth resulting from our investment after one period of time equals

n
Wy = E &ixi,
im1

where &; := 1 + R;. We have here the balance constraint Z?:l x; < Wy. Suppose, further,
that one possible investment is cash, so that we can write this balance condition as the
equation Z?:l x; = Wy. Viewing returns R; as random variables, one can try to maximize
the expected return on an investment. This leads to the following optimization problem:

n
1§4§5<E[W1] s.t. X;xi = Wo. (1.34)
We have here that
E[W)] =) El&la =) wixi,
i=1 i=1
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where u; = E[§] = 1 + E[R;] and x = (xy, ..., x,) € R". Therefore, problem (1.34)
has a simple optimal solution of investing everything into an asset with the largest expected
return rate and has the optimal value of p*W,, where p* := max;<;<, ;. Of course, from
the practical point of view, such a solution is not very appealing. Putting everything into
one asset can be very dangerous, because if its realized return rate is bad, one can lose much
money.

An alternative approach is to maximize expected utility of the wealth represented by a
concave nondecreasing function U (W;). This leads to the following optimization problem:

l\;lzagE[U(Wl)] sty xi = W. (1.35)

i=I

This approach requires specification of the utility function. For instance, let U(W) be
defined as
A4+g9W —-a) if W=>a,

v :{ (+rW—a) ifW<a (1.36)

withr > g > 0 and @ > 0. We can view the involved parameters as follows: a is the
amount that we have to pay after return on the investment, ¢ is the interest rate at which we
can invest the additional wealth W — a, provided that W > a, and r is the interest rate at
which we will have to borrow if W is less than a. For the above utility function, problem
(1.35) can be formulated as the following two-stage stochastic linear program:

MaxE[Q(x, §)] st > xi =W, (1.37)

i=1

where Q(x, &) is the optimal value of the problem

Max (1 - L. X = -2z 1.
Max (14+q)y = (1412 st ) J&xi=a+y =z (138)

i=1

We can view the above problem (1.38) as the second-stage program. Given a realization
& = (&, ..., &) of random data, we make an optimal decision by solving the corresponding
optimization problem. Of course, in the present case the optimal value Q (x, £) is a function
of W, = Z:’:l & x; and can be written explicitly as U (W)).

Yet another possible approach is to maximize the expected return while controlling
the involved risk of the investment. There are several ways in which the concept of risk
can be formalized. For instance, we can evaluate risk by variability of W measured by
its variance Var[W] = E[W?] — (E[W])2. Since W, is a linear function of the random
variables &;, we have that

n
VaI'[W]] = XTE.X = Z OjjXiXj,
ij=1
where X' = [o0;;] is the covariance matrix of the random vector . (Note that the covariance

matrices of the random vectors &€ = (&,...,&,) and R = (Ry, ..., R,) are identical.)
This leads to the optimization problem of maximizing the expected return subject to the
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additional constraint Var[W,;] < v, where v > 0 is a specified constant. This problem can
be written as

n n
Max ixost Y x; =Wy, x'Zx <. (1.39)
Since the covariance matrix X is positive semidefinite, the constraint xTXx < visconvex
quadratic, and hence (1.39) is a convex problem. Note that problem (1.39) has at least one
feasible solution of investing everything in cash, in which case Var[W;] = 0, and since
its feasible set is compact, the problem has an optimal solution. Moreover, since problem
(1.39) is convex and satisfies the Slater condition, there is no duality gap between this
problem and its dual:

Min Ma ixi —A(xTZx —v) . 1.40
)»210 27:11[)iW0 Zl i (x o U) ( )
x>0 1=
Consequently, there exists the Lagrange multiplier A > 0 such that problem (1.39) is equiv-
alent to the problem

Maxz,uixi —ax"Zx st in = W,. (1.41)
i=1 i=1

x>0 “4

The equivalence here means that the optimal value of problem (1.39) is equal to the optimal
value of problem (1.41) plus the constant Av and that any optimal solution of problem (1.39)
is also an optimal solution of problem (1.41). In particular, if problem (1.41) has unique
optimal solution X, then x is also the optimal solution of problem (1.39). The corresponding
Lagrange multiplier A is given by an optimal solution of the dual problem (1.40). We can
view the objective function of the above problem as a compromise between the expected
return and its variability measured by its variance.

Another possible formulation is to minimize Var[W], keeping the expected return
E[W,] above a specified value 7. That is,

3 T — . .
1}/[21(1)1)6 Ix st in = W, Z,u,x, > 1. (1.42)

i=1 i=1

For appropriately chosen constants v, A, and 7, problems (1.39)-(1.42) are equivalent to
each other. Problems (1.41) and (1.42) are quadratic programming problems, while problem
(1.39) can be formulated as a conic quadratic problem. These optimization problems can
be efficiently solved. Note finally that these optimization problems are based on the first
and second order moments of random data £ and do not require complete knowledge of the
probability distribution of &.

We can also approach risk control by imposing chance constraints. Consider the

problem
1\)(42218(21:;1,')@ s.t. lexi =W,, Pr {X;Sixi > b} >1—a. (1.43)

That is, we impose the constraint that with probability at least 1 — « our wealth W; =
>, &x; should not fall below a chosen amount b. Suppose the random vector & has a
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multivariate normal distribution with mean vector u and covariance matrix X', written & ~
N (u, X). Then W has normal distribution with mean Z:’:l wix; and variance x' Xx, and

Pr{W; = b} = Pr {Z > o Lt } o (—Z"=‘ Ll b) , (1.44)
VxTXx xTXx

where Z ~ N (0, 1) has the standard normal distribution and ®(z) = Pr(Z < z) is the cdf
of Z.
Therefore, we can write the chance constraint of problem (1.43) in the form?

n
b= pixi + zaVxTZx <0, (1.45)

i=1

where z, := ®~'(1 — a) is the (1 — a)-quantile of the standard normal distribution. Note
that since matrix X is positive semidefinite, v/ xT Xx defines a seminorm on R” and is a
convex function. Consequently, if 0 < o < 1/2, then z, > 0 and the constraint (1.45)
is convex. Therefore, provided that problem (1.43) is feasible, there exists a Lagrange
multiplier y > 0 such that problem (1.43) is equivalent to the problem

l\;lzag( Xl:mx; —nVxTXx st Zx,- = Wy, (1.46)

i=1

where n = yz,/(1+y).
In financial engineering the (left-side) (1 — «)-quantile of a random variable Y (rep-
resenting losses) is called Value-at-Risk, i.e.,

V@R, (Y) = H '(1 —a), (1.47)

where H (-) is the cdf of Y. The chance constraint of problem (1.43) can be written in the
form of a Value-at-Risk constraint

V@R, <b - ZE,-x,-) <0. (1.48)

i=1

It is possible to write a chance (Value-at-Risk) constraint here in a closed form because
of the assumption of joint normal distribution. Note that in the present case the random
variables &; cannot be negative, which indicates that the assumption of normal distribution
is not very realistic.

1.4.2 Multistage Portfolio Selection

Suppose we are allowed to rebalance our portfolio in time periods t = 1,..., T — 1 but
without injecting additional cash into it. At each period ¢t we need to make a decision about
distribution of our current wealth W, among n assets. Let xo = (xy9, ..., Xn0) be initial

3Note that if xTXx = 0, i.e., Var(W;) = 0, then the chance constraint of problem (1.43) holds iff
>, mix; > b. In that case equivalence to the constraint (1.45) obviously holds.
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amounts invested in the assets. Recall that each x;y is nonnegative and that the balance
equation Y ;_, x;o = W, should hold.

We assume now that respective return rates Ry, ..., R, at periods t = 1,..., T,
form a random process with a known distribution. Actually, we will work with the (vector
valued) random process &1, ..., &r, where & = (§i;,..., &) and &; = 1 + Ry, i =
l,....,n,t =1,...,T. Attime period t = 1 we can rebalance the portfolio by specifying
the amounts x; = (xyy, ..., X,1) invested in the respective assets. At that time, we already
know the actual returns in the first period, so it is reasonable to use this information in
the rebalancing decisions. Thus, our second-stage decisions, at time ¢t = 1, are actually
functions of realizations of the random data vector &, i.e., x; = x;(&;). Similarly, at time

t our decision x; = (xys, ..., X,) is a function x; = x;(§};)) of the available information
given by realization &) = (&, ..., &) of the data process up to time ¢. A sequence of
specific functions x; = x,(§;)), ¢t = 0,1,..., T — 1, with xo being constant, defines an

implementable policy of the decision process. It is said that such policy is feasible if
it satisfies w.p. 1 the model constraints, i.e., the nonnegativity constraints x;, (&) > 0,
i=1,...,n,t =0,...,T — 1, and the balance of wealth constraints

> xis &) = Wi

i=1

Atperiodt =1, ..., T, our wealth W, depends on the realization of the random data
process and our decisions up to time ¢ and is equal to

W = Zsz‘zxi,z—l(f[z—l])-

i=1

Suppose our objective is to maximize the expected utility of this wealth at the last period,
that is, we consider the problem

Max E[U(Wyp)]. (1.49)

It is a multistage stochastic programming problem, where stages are numbered from ¢ = 0
tot = T — 1. Optimization is performed over all implementable and feasible policies.

Of course, in order to complete the description of the problem, we need to define
the probability distribution of the random process Ry, ..., Ry. This can be done in many
different ways. For example, one can construct a particular scenario tree defining time
evolution of the process. If at every stage the random return of each asset is allowed to have
just two continuations, independent of other assets, then the total number of scenarios is
2"T Tt also should be ensured that 1 + R;, > 0,i = 1,...,n,t =1, ..., T, forall possible
realizations of the random data.

In order to write dynamic programming equations, let us consider the above multistage
problem backward in time. Atthe laststaget = T — 1, arealization §i7_1) = (&1, ..., &r—1)
of the random process is known and x7_; has been chosen. Therefore, we have to solve the
problem

Max E{UIW[gr 1]

xr-1=0,Wr

n n (1.50)
s.t. Wr = ZEiTxi,T—l, in,T—] = Wr_i,
i=1 i=1
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where E{U[Wr]|§r—1;} denotes the conditional expectation of U[Wr] given &r_1). The
optimal value of the above problem (1.50) depends on Wr_; and &r_;; and is denoted

Or—1(Wr_1, §ir—1p)-
Continuing in this way, at staget = T — 2, ..., 1, we consider the problem

Max Ef Qi Weer, &6
x>0,W 4y

n n
s.t. Wiy = E Eii+1Xi s, E X =W,
i1 im1

whose optimal value is denoted Q;(W;, &;). Finally, at stage t = 0 we solve the problem

(1.51)

Max E[Q(W, §))]

X0=>0,W,
n n
st. Wy = E &i1xio, E xio = Wo.
i—1 i—1

For a general distribution of the data process &;, it may be hard to solve these dynamic
programming equations. The situation simplifies dramatically if the process &, is stagewise
independent, i.e., & is (stochastically) independent of &;,...,&_; fort = 2,...,T. Of
course, the assumption of stagewise independence is not very realistic in financial models,
but it is instructive to see the dramatic simplifications it allows. In that case, the correspond-
ing conditional expectations become unconditional expectations, and the cost-to-go (value)
function Q;(W;),t = 1,..., T — 1, does not depend on &;;. Thatis, Qr_;(Wr_;) is the
optimal value of the problem

(1.52)

Max E{U[Wr]}

x7-1=0,Wr
n n
s.t. Wr = E &iTXiT—1, E xit—1 = Wr_y,
i1 i=1

and Q,(W;) is the optimal value of

Max E{Q;y1(Wi41)}

X =0,Wi 4y
n n
s.t. Wepg = § gi,t+1xi,t1 E xip =W,
i=1 i=1

fort=T7-2,...,1.

The other relevant question is what utility function to use. Let us consider the loga-
rithmic utility function U (W) := In W. Note that this utility function is defined for W > 0.
For positive numbers a and w and for Wy_; = w and Wr_; = aw, there is a one-to-one
correspondence xy_; <> axy_; between the feasible sets of the corresponding problem
(1.50). For the logarithmic utility function, this implies the following relation between the
optimal values of these problems:

Or_i1law, &r_) = Or—1(w, §r—11) +1na. (1.53)
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That is, at stage t = T — 1 we solve the problem

;M?go E {ln <; fi,TXi,T—l) )E[T—l]} s.t. ;xi.T—l = Wr_1. (1.54)

By (1.53) its optimal value is
Or— (WT—I» S[T—l]) = Vr_| (E[T—l]) +1In Wr_y,

where v7_; (§7-1)) denotes the optimal value of (1.54) for Wy_; = 1. Atstager =T —2
we solve the problem

MaXO E {VT—I (g[T—l]) +1In <Z Ei,T—lxi,T—z) ’E[T—Z]}

X722 N
i=1

) (1.55)
S.t. ZX,"sz = Wr_s.
i=1

Of course, we have that

E {UT—l (§[T—1]) +1In (Z Si.T—lxi,T—2> ‘S[T—Z]}

i=l

=E {VT—I (S[T—l]) ‘E[T—Z]} +E {ln <i Ei,T—lxiﬁT—Z) ‘E[T—z]} ,
i=1

and hence by arguments similar to (1.53), the optimal value of (1.55) can be written as
Or— (Wr—2, &7—2)) = E{vr_1 (=) |&r—21} + vr—2 (§i7—21) +1n Wy,

where vr_» (f[T_z]) is the optimal value of the problem

n n
Maxo E {ln (Z .E,»,Tlx,»,T2> ‘slTZI} S.t. Z.X[’sz =1.
s i=1 i=1

An identical argument applies at earlier stages. Therefore, it suffices to solve at each stage
t=T-—1,...,1,0, the corresponding optimization problem

n
l}\c/tlg())( E {ln <Z gi,t+1xi,t>

i=1

g[,]} sty xi =W, (1.56)
i=1

in a completely myopic fashion.

By definition, we set & to be constant, so that for the first-stage problem, at t = 0,
the corresponding expectation is unconditional. An optimal solution X, = X;(W;, &) of
problem (1.56) gives an optimal policy. In particular, the first-stage optimal solution X is
given by an optimal solution of the problem

1}/01221())( E {ln (Zl Si]xi())} S.t. ;xio = W(]. (157)
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We also have here that the optimal value, denoted ¢*, of the optimization problem (1.49)

can be written as
T—1

9 =InWo+vo+ Y E[vE]. (1.58)
=1

where v, (§[;)) is the optimal value of problem (1.56) for W, = 1. Note that vy 4+ 1n W is the
optimal value of problem (1.57) with vy being the (deterministic) optimal value of (1.57)

for Wy = 1.
If the random process &, is stagewise independent, then conditional expectations in
(1.56) are the same as the corresponding unconditional expectations, and hence optimal
values v, (§[;)) = v; do not depend on &};; and are given by the optimal value of the problem

n n
Max E {m (Z s,»,,ﬂx,,,)} s.t. ;x,,, =1. (1.59)

i=1

Also in the stagewise independent case, the optimal policy can be described as follows. Let
x/ = (x{,,...,x,,) be the optimal solution of (1.59), ¢+ = 0,..., T — 1. Such optimal
solution is unique by strict concavity of the logarithm function. Then

)E[(W[)IZtht*, t=0,...,T_1,

defines the optimal policy.

Consider now the power utility function U(W) := WY with 1 > y > 0, defined for
W > 0. Suppose again that the random process &, is stagewise independent. Recall that
this condition implies that the cost-to-go function Q;(W;),t = 1,..., T — 1, depends only
on W,. By using arguments similar to the analysis for the logarithmic utility function, it is
not difficult to show that Qr_1(Wy_) = W%/q Qr-1(1), and so on. The optimal policy
X; = x;(W,) is obtained in a myopic way as an optimal solution of the problem

n 14 n
1)\:{1351[3{(;&,&1%,) , s.t. ;xi, =W,. (1.60)

That is, x;(W;) = W,x;, where x;" is an optimal solution of problem (1.60) for W, = 1,
t =0,...,T — 1. In particular, the first-stage optimal solution X is obtained in a myopic
way by solving the problem

n 14 n
l)\;[gé(ﬂ*: { (Z S,'lxi()> } S.t. ;xio = Wy.

i=1

The optimal value ©* of the corresponding multistage problem (1.49) is
T-1
9 =W []n (1.61)
=0

where 7, is the optimal value of problem (1.60) for W, = 1.

The above myopic behavior of multistage stochastic programs is rather exceptional. A
more realistic situation occurs in the presence of transaction costs. These are costs associated
with the changes in the numbers of units (stocks, bonds) held. Introduction of transaction
costs will destroy such myopic behavior of optimal policies.
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1.4.3 Decision Rules

Consider the following policy Letx = (xf,,...,x;),t =0,..., T — 1, be vectors such
that x* > O and ) " =1 Deﬁne the fixed mix policy

lltt

x(W)) :=Wx*, 1=0,....T—1. (1.62)

As discussed above, under the assumption of stagewise independence, such policies are
optimal for the logarithmic and power utility functions provided that x;" are optimal solutions
of the respective problems (problem (1.59) for the logarithmic utility function and problem
(1.60) with W, = 1 for the power utility function). In other problems, a policy of form (1.62)
may be nonoptimal. However, it is readily implementable, once the current wealth W, is
observed. As mentioned, rules for calculating decisions as functions of the observations
gathered up to time ¢, similar to (1.62), are called policies or alternatively decision rules.

We analyze now properties of the decision rule (1.62) under the simplifying assump-
tion of stagewise independence. We have

Wi = zn:‘i:i,t+1xit(Wt) =W, anéi,tﬂx; (1.63)
i=1 i=1
Since the random process &1, . . ., &7 is stagewise independent, by independence of &, and
W; we have
E[Wiy1] = E[W,]E (’Zl 5i.t+1x,’*,) =E[W] i ,U«i.t+1x,'*p (1.64)
i=1 i=1
Xz*TMrﬂ

where u, := E[£,;]. Consequently, by induction,
t n t
EW]=]] (Z u,vtx;‘jH) [TGTme)
=1 \i=I =1
In order to calculate the variance of W, we use the formula

Var(Y) = EE[(Y — E(Y[X))*|X]) + E(E(Y|X) — EY]?), (1.65)

Var(Y|X) Var[E(Y|X)]

where X and Y are random variables. Applying (1.65) to (1.63) with ¥ := W, and
X := W, we obtain

n n 2
Var[W,11] = E[W2]Var (Z s,-,,+1x,-t> + Var[W,] (Z m,[ﬂx;) . (166)

i=1 i=1

Recall that E[W?] = Var[W,] + (E[W,])? and Var (}_7_, & ,11x}) = x/T %, 1x], where
2,11 is the covariance matrix of & ;.
It follows from (1.64) and (1.66) that
Var[Wi] _ xTXxr Var[W,]
EWD? T ws)?  (EIW])?

(1.67)
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and hence

t=1,....,T. (1.68)

Var[W,] _ Var(z: l‘i:l Txlr 1) _ d *T EX* -1
(E[Wz])z TZ:; (Z:’:I Mirxi’f71)2 Z (XT 1/,1,1-)2 ’

This shows that if the terms x*T | 2. x* | /(x*T 1u,)? are of the same order fort = 1, ..., T,

then the ratio of the standard dev1at10n «/Var[Wr] to the expected wealth E[ W7 ] is of order
O(\/T ) with an increase in the number of stages T'.

1.5 Supply Chain Network Design

In this section we discuss a stochastic programming approach to modeling a supply chain
network design. A supply chain is a network of suppliers, manufacturing plants, ware-
houses, and distribution channels organized to acquire raw materials, convert these raw
materials to finished products, and distribute these products to customers. We first describe
a deterministic mathematical formulation for the supply chain design problem.

Denote by 4, &, and C the respective (finite) sets of suppliers, processing facilities,
and customers. The union N := 8 U & U C of these sets is viewed as the set of nodes of a
directed graph (N, 4A), where 4 is a set of arcs (directed links) connecting these nodes in
a way representing flow of the products. The processing facilities include manufacturing
centers M, finishing facilities ¥, and warehouses W, i.e., # = M U F U 'W. Further, a
manufacturing center i € M or a ﬁnlshmg facility i € ¥ consists of a set of manufacturing
or finishing machines #;. Thus the set & includes the processing centers as well as the
machines in these centers. Let K be the set of products flowing through the supply chain.

The supply chain configuration decisions consist of deciding which of the processing
centers to build (major configuration decisions) and which processing and finishing ma-
chines to procure (minor configuration decisions). We assign a binary variable x; = 1 if a
processing facility 7 is built or machine i is procured, and x; = 0 otherwise. The operational
decisions consist of routing the flow of product k € K from the supplier to the customers.
By yi"j we denote the flow of product k£ from a node i to a node j of the network, where
(i, j) € A. A deterministic mathematical model for the supply chain design problem can
be written as follows:

Min} cixi+ ) D 4 (1.69)

ieP keX (i,j)eA

s.t. Zyu Zyﬂ =0, jeP, ke X, (1.70)
ieN leN
doyk=dl jee kex, (1.71)

ieN
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Dk <sh jes kex. (1.72)
ieN

ok (Zy’;) <mjxj, j € P, (1.73)
ke X ieN

xeX, y=0. (1.74)

Here ¢; denotes the investment cost for building facility i or procuring machine 7, q;‘j denotes
the per-unit cost of processing product k at facility i and/or transporting product k on arc
@, j) € A, df denotes the demand of product k at node j, sf denotes the supply of product
k atnode j, r* denotes per-unit processing requirement for product k at node j, m ;j denotes
capacity of facility j, X C {0, 1}/”!is a set of binary variables, and y € RI*I*I%l is a vector
with components ylk] All cost components are annualized.

The objective function (1.69) is aimed at minimizing total investment and operational
costs. Of course, a similar model can be constructed for maximizing profits. The set X
represents logical dependencies and restrictions, suchas x; < x; foralli € #¢; and j € & or
Jj € ¥,i.e,, machinei € #; should be procured only if facility j is built (since x; are binary,
the constraint x; < x; means that x; = 0 if x; = 0). Constraints (1.70) enforce the flow
conservation of product k across each processing node j. Constraints (1.71) require that
the total flow of product k to a customer node j should exceed the demand @ at that node.
Constraints (1.72) require that the total flow of product k from a supplier node j should be
less than the supply sj? at that node. Constraints (1.73) enforce capacity constraints of the
processing nodes. The capacity constraints then require that the total processing requirement
of all products flowing into a processing node j should be smaller than the capacity m ; of
facility j if itis built (x; = 1). If facility j is not built (x; = 0), the constraint will force all
flow variables yf‘j = Oforalli € V. Finally, constraint (1.74) enforces feasibility constraint
x € X and the nonnegativity of the flow variables corresponding to an arc (ij) € 4 and
product k € XK.

It will be convenient to write problem (1.69)—(1.74) in the following compact form:

XEI;C/[’IEEOCTX +4q'y (1.75)
st. Ny=0, (1.76)
Cy>d, (1.77)

Sy <s, (1.78)

Ry < Mx, (1.79)

where vectors ¢, g, d, and s correspond to investment costs, processing/transportation
costs, demands, and supplies, respectively; matrices N, C, and § are appropriate matrices
corresponding to the summations on the left-hand side of the respective expressions. The
notation R corresponds to a matrix of r;? , and the notation M corresponds to a matrix with
m ; along the diagonal.

It is realistic to assume that at the time at which a decision about vector x € X should
be made, i.e., which facilities to built and machines to procure, there is an uncertainty
about parameters involved in operational decisions represented by vector y e RIAXIXI,
This naturally classifies decision variables x as the first-stage decision variables and y as
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the second-stage decision variables. Note that problem (1.75)—(1.79) can be written in the
following equivalent form as a two-stage program:

Min c'x + 0(x, &), (1.80)
xXe
where Q(x, &) is the optimal value of the second-stage problem
Ming'y (1.81)
y=0
s.t. Ny =0, (1.82)
Cy>d, (1.83)
Sy <, (1.84)
Ry < Mx (1.85)

with &€ = (g, d, s, R, M) being the vector of the involved parameters. Of course, the above
optimization problem depends on the data vector £. If some of the data parameters are
uncertain, then the deterministic problem (1.80) does not make much sense since it depends
on unknown parameters.

Suppose now that we can model uncertain components of the data vector £ as random
variables with a specified joint probability distribution. Then we can formulate the stochastic
programming problem

1\@3& +E[Q(x, &)1, (1.86)
X

where the expectation is taken with respect to the probability distribution of the random
vector £. That is, the cost of the second-stage problem enters the objective of the first-stage
problem on average. A distinctive feature of the stochastic programming problem (1.86) is
that the first-stage problem here is a combinatorial problem with binary decision variables
and finite feasible set X;. On the other hand, the second-stage problem (1.81)—(1.85) is a
linear programming problem and its optimal value Q(x, &) is convex in x (if x is viewed
as a vector in RI¥.

It could happen that for some x € X and some realizations of the data &, the corre-
sponding second-stage problem (1.81)—(1.85) is infeasible, i.e., the constraints (1.82)—(1.85)
define an empty set. In that case, by definition, Q(x, §) = +00, i.e., we apply an infinite
penalization for infeasibility of the second-stage problem. For example, it could happen that
demand d is not satisfied, i.e., Cy < d with some inequalities strict, for any y > 0 satisfying
constraints (1.82), (1.84), and (1.85). Sometimes this can be resolved by a recourse action.
That is, if demand is not satisfied, then there is a possibility of supplying the deficitd — Cy
at a penalty cost. This can be modeled by writing the second-stage problem in the form

Min ¢'y+h'z (1.87)
y>0,z>0

st. Ny=0, (1.88)

Cy+z>d, (1.89)

Sy <, (1.90)

Ry < Mx, (1.91)

where h represents the vector of (positive) recourse costs. Note that the above problem
(1.87)—(1.91) is always feasible, for example, y = 0 and z > d clearly satisfy the constraints
of this problem.
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Exercises

1.1.

1.2

1.3.

L.5.

1.6.

1.7.

1.8.

1.9.

1.10.
1.11.

Consider the expected value function f(x) := E[F (x, D)], where function F (x, d)
is defined in (1.1). (i) Show that function F(x, d) is convex in x and hence that f (x)
is also convex. (ii) Show that f(-) is differentiable at a point x > O iff the cdf H(-)
of D is continuous at x.

Let H(z) be the cdf of a random variable Z and « € (0, 1). Show that the minimum
in the definition H~'(x) = inf{t : H(t) > k} of the left-side quantile is always
attained.

Consider the chance constrained problem discussed in section 1.2.2. (i) Show that
system (1.11) has no feasible solution if there is a realization of d greater than 7 /c. (ii)
Verify equation (1.15). (iii) Assume that the probability distribution of the demand
D is supported on an interval [/, u] with 0 < [ < u < 4o00. Show that if the
significance level @ = 0, then the constraint (1.16) becomes

bu—1 hl+1
<x <
b—c — T c+h

and hence is equivalent to (1.11) for ® = [/, u].

. Show that the optimal value functions Q;(y;, dj;—1;), defined in (1.20), are convex

in y;.

Assuming the stagewise independence condition, show that the basestock policy
X; = max{y,, x}, for the inventory model, is optimal (recall that x; denotes a
minimizer of (1.22)).

Consider the assembly problem discussed in section 1.3.1 in the case when all demand
has to be satisfied, by making additional orders of the missing parts. In this case,
the cost of each additionally ordered part j is r; > ¢;. Formulate the problem as a
linear two-stage stochastic programming problem.

Consider the assembly problem discussed in section 1.3.3 in the case when all demand
has to be satisfied, by backlogging the excessive demand, if necessary. In this case,
it costs b; to delay delivery of a unit of product i by one period. Additional orders of
the missing parts can be made after the last demand Dy becomes known. Formulate
the problem as a linear multistage stochastic programming problem.

Show that for utility function U (W), of the form (1.36), problems (1.35) and (1.37)-
(1.38) are equivalent.

Show that variance of the random return W, = &"x is given by formula Var[W;] =
x"Xx, where ¥ = E[(§ — n)(§ — w)'] is the covariance matrix of the random
vector &€ and u = E[£].

Show that the optimal value function Q,(W;, &), defined in (1.51), is convex in W;.
Let D be a random variable with cdf H(t) = Pr(D < t) and D', ..., DV be an iid
random sample of D with the corresponding empirical cdf Hy (-). Leta = H™' (k)
and b = sup{r : H(t) < k} be respective left- and right-side «-quantiles of H ().
Show that min{|Hy ' (k) — al, |Hy ' (k) — b} tends w.p. 1 to 0 as N — oc.







Chapter 2

Two-Stage Problems

Andrzej Ruszczyriski and Alexander Shapiro

2.1 Linear Two-Stage Problems

2.1.1 Basic Properties

In this section we discuss two-stage stochastic linear programming problems of the form

Min c'x +E[Q(x, )]

2.1
st. Ax =b, x >0,
where Q(x, &) is the optimal value of the second-stage problem
Min ¢y
yERr” 2.2)

st Tx+Wy=~h, y>0.

Here & := (g, h, T, W) are the data of the second-stage problem. We view some or all
elements of vector & as random, and the expectation operator at the first-stage problem (2.1)
is taken with respect to the probability distribution of £. Often, we use the same notation &
to denote a random vector and its particular realization. Which of these two meanings will
be used in a particular situation will usually be clear from the context. If there is doubt,
then we write £ = £(w) to emphasize that £ is a random vector defined on a corresponding
probability space. We denote by & C R the support of the probability distribution of &.
If for some x and £ € E the second-stage problem (2.2) is infeasible, then by definition
Q(x,&) = +4oo. It could also happen that the second-stage problem is unbounded from
below and hence Q (x, £) = —oo. This is somewhat pathological situation, meaning that for
some value of the first-stage decision vector and a realization of the random data, the value of

27
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the second-stage problem can be improved indefinitely. Models exhibiting such properties
should be avoided. (We discuss this later.)
The second-stage problem (2.2) is a linear programming problem. Its dual problem
can be written in the form
Max 7' (h — Tx)
T (2.3)
st Win <gq.

By the theory of linear programming, the optimal values of problems (2.2) and (2.3) are
equal to each other, unless both problems are infeasible. Moreover, if their common optimal
value is finite, then each problem has a nonempty set of optimal solutions.

Consider the function

sq(x) =1inf {g"y : Wy = x, y = 0}. (2.4)

Clearly, Q(x, &) = s,(h — Tx). By the duality theory of linear programming, if the set

M(g) == {n: W'r <q} (2.5)
is nonempty, then
Sq(x) = sup nTx, (2.6)
7€ll(g)

i.e., 54(-) is the support function of the set I1(g). The set I1(g) is convex, closed, and
polyhedral. Hence, it has a finite number of extreme points. (If, moreover, I1(g) is bounded,
then it coincides with the convex hull of its extreme points.) It follows that if T1(g) is
nonempty, then s, (-) is a positively homogeneous polyhedral function. If the set I1(g) is
empty, then the infimum on the right-hand side of (2.4) may take only two values: 400 or
—o0. In any case it is not difficult to verify directly that the function s, (-) is convex.

Proposition 2.1. For any given &, the function Q(-, &) is convex. Moreover, if the set
{m : Wn < g} is nonempty and problem (2.2) is feasible for at least one x, then the

Sfunction Q(-, &) is polyhedral.

Proof. Since Q(x,§) = s,(h — Tx), the above properties of Q(-, &) follow from the
corresponding properties of the function s,(-). U

Differentiability properties of the function Q(:, &) can be described as follows.

Proposition 2.2. Suppose that for given x = xo and & € B, the value Q(xy, &) is finite.
Then Q(-, &) is subdifferentiable at x, and

90(x0, &) = =T"D(x0, £), 2.7

where
D(x, &) := arg max 7rT(h —Tx)
well(g)

is the set of optimal solutions of the dual problem (2.3).
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Proof. Since Q(xo, ) is finite, the set I1(g) defined in (2.5) is nonempty, and hence s, (x)
is its support function. It is straightforward to see from the definitions that the support
function s, (-) is the conjugate function of the indicator function

0 ifrell(g),

I,(r) =
a(0) +o00 otherwise.

Since the set I1(q) is convex and closed, the function I, (-) is convex and lower semicon-
tinuous. It follows then by the Fenchel-Moreau theorem (Theorem 7.5) that the conjugate
of s4(-) is I; (-). Therefore, for xo := h — Txo, we have (see (7.24))

0s4(x0) = arg max {JTTX() -1, (n)} = arg ml_zll(x) nTXO. (2.8)
T well(g
Since the set IT(g) is polyhedral and s, (xo) is finite, it follows that ds,(xo) is nonempty.
Moreover, the function sy (-) is piecewise linear, and hence formula (2.7) follows from (2.8)
by the chain rule of subdifferentiation. [

It follows that if the function Q(-, &) has a finite value in at least one point, then it is
subdifferentiable at that point and hence is proper. Its domain can be described in a more
explicit way.

The positive hull of a matrix W is defined as

posW:={x:x =Wy, y>0}. (2.9)

It is a convex polyhedral cone generated by the columns of W. Directly from the definition
(2.4) we see that dom s, = pos W. Therefore,

dom Q(-,&) ={x:h — Tx € pos W}.

Suppose that x is such that x = h — Tx € pos W, and let us analyze formula (2.7). The
recession cone of I1(g) is equal to

Mo :=TI(0) = {7 : W'z <0}. (2.10)

Then it follows from (2.6) that s, () is finite iff 7'y <0 for every m € I, that is, iff x
is an element of the polar cone to ITy. This polar cone is nothing else but pos W, i.e.,

IT; = pos W. (2.11)

If xo € int(pos W), then the set of maximizers in (2.6) must be bounded. Indeed, if it was
unbounded, there would exist an element 71y € Iy such that zrg xo = 0. By perturbing yo
a little to some yx, we would be able to keep x within pos W and get nOT x > 0, whichis a
contradiction, because pos W is the polar of I1y. Therefore the set of maximizers in (2.6)
is the convex hull of the vertices v of I1(g) for which vy = 54(x). Note that IT(g) must
have vertices in this case, because otherwise the polar to [Ty would have no interior.

If xo is a boundary point of pos W, then the set of maximizers in (2.6) is unbounded.
Its recession cone is the intersection of the recession cone I1j of I1(g) and of the subspace
{m : m"xo = 0}. This intersection is nonempty for boundary points x, and is equal to the
normal cone to pos W at xo. Indeed, let my be normal to pos W at xo. Since both yo and
— o are feasible directions at x(, we must have T[g xo = 0. Next, for every x € pos W we
have 7] x = 7] (x — x0) <0, so 7y € Iy. The converse argument is similar.
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2.1.2 The Expected Recourse Cost for Discrete Distributions

Let us consider now the expected value function

¢ (x) :=E[Q(x, &)]. (2.12)

As before, the expectation here is taken with respect to the probability distribution of the
random vector £. Suppose that the distribution of & has finite support. That is, £ has a finite
number of realizations (called scenarios) & = (qx, hi, Tr, Wi) with respective (positive)
probabilities py, k =1,..., K, ie., E = {&, ..., &x}. Then

K
E[Q(x,8)] = Z PrQ(x, &) (2.13)

k=1

For a given x, the expectation E[Q(x, £)] is equal to the optimal value of the linear pro-
gramming problem

Yk
k=1 (2.14)
S.t. Tkx + kak = hk,

ykZO, k=1,...,K.

If for at least one k € {1, ..., K} the system Tyx + Wiy = hy, yr > 0, has no solution,
i.e., the corresponding second-stage problem is infeasible, then problem (2.14) is infeasible,
and hence its optimal value is +o0o. From that point of view, the sum in the right-hand side
of (2.13) equals +oo if at least one of Q(x, &) = +oo. That is, we assume here that
400 4+ (—00) = +o00.

The whole two stage-problem is equivalent to the following large-scale linear pro-
gramming problem:

K
Min ¢’ T
eyom X + ; D4 Yk
st.ix + Wik =he, k=1,...,K, (2.15)
Ax = b,

x>0, yw=>0, k=1,...,K.

Properties of the expected recourse cost follow directly from properties of parametric linear
programming problems.

Proposition 2.3. Suppose that the probability distribution of & has finite support & =
{&1, ..., &k} and that the expected recourse cost ¢ (-) has a finite value in at least one point
x € R". Then the function ¢ (-) is polyhedral, and for any xo € dom ¢,

K
0 (x0) = ) pd Q(x0, &) (2.16)

k=1
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Proof. Since ¢ (x) is finite, all values Q(x, &),k =1, ..., K, are finite. Consequently, by
Proposition 2.2, every function Q(-, &) is polyhedral. It is not difficult to see that a linear
combination of polyhedral functions with positive weights is also polyhedral. Therefore, it
follows that ¢ (-) is polyhedral. We also have that dom ¢ = ﬂ,f:, dom Qy, where Q;(-) :=
O(, &), and for any & € R", the directional derivatives Q) (xo, #) > —oo and

K
¢'(x0, h) = ) peQy(xo, h). 2.17)

k=1

Formula (2.16) then follows from (2.17) by duality arguments. Note that equation (2.16)
is a particular case of the Moreau—Rockafellar theorem (Theorem 7.4). Since the functions
Qy are polyhedral, there is no need here for an additional regularity condition for (2.16) to
hold true. [

The subdifferential d Q (xo, &) of the second-stage optimal value function is described
in Proposition 2.2. That is, if Q(xo, &) is finite, then

dQ(xo, &) = —T, argmax {7 " (hy — Trxo) : Wim < qi}. (2.18)

It follows that the expectation function ¢ is differentiable at x iff for every & = &, k =
1, ..., K, the maximum in the right-hand side of (2.18) is attained at a unique point, i.e.,
the corresponding second-stage dual problem has a unique optimal solution.

Example 2.4 (Capacity Expansion). We have a directed graph with node set A/ and arc
set A. With each arc a € A, we associate a decision variable x, and call it the capacity of
a. There is a cost ¢, for each unit of capacity of arc a. The vector x constitutes the vector
of first-stage variables. They are restricted to satisfy the inequalities x > x™", where x™"
are the existing capacities.

At each node n of the graph, we have a random demand &, for shipments to n. (If &,
is negative, its absolute value represents shipments from n and we have ), _\ &, = 0.)
These shipments have to be sent through the network, and they can be arbitrarily split into
pieces taking different paths. We denote by y, the amount of the shipment sent through
arc a. There is a unit cost g, for shipments on each arc a.

Our objective is to assign the arc capacities and to organize the shipments in such
a way that the expected total cost, comprising the capacity cost and the shipping cost,
is minimized. The condition is that the capacities have to be assigned before the actual
demands &, become known, while the shipments can be arranged after that.

Let us define the second-stage problem. For each node n, denote by A, (n) and A_ (n)
the sets of arcs entering and leaving node i. The second-stage problem is the network flow
problem

Min ) " gaya (2.19)
acA
St Y Ya— D> Ya=kn neN, (2.20)
ac A, (n) acA_(n)

0<ye<xs acA. 2.21)
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This problem depends on the random demand vector £ and on the arc capacities, x. Its
optimal value is denoted by Q(x, &).

Suppose that for a given x = x( the second-stage problem (2.19)—(2.21) is feasible.
Denote by w,, n € N, the optimal Lagrange multipliers (node potentials) associated with
the node balance equations (2.20), and denote by 7,, a € A, the (nonnegative) Lagrange
multipliers associated with the constraints (2.21). The dual problem has the form

Max — anﬂn - Z XijTij

neN (i, j)eA
st — i + Ui — 1 = gij, @ Jj) € A,
T >0.

As )", v & = 0, the values of 11, can be translated by a constant without any change in the
objective function, and thus without any loss of generality we can assume that 11,,, = O for
some fixed node ng. Foreach arca = (i, j), the multiplier 7;; associated with the constraint
(2.21) has the form

;= max{0, u; — u; — qij}-

Roughly, if the difference of node potentials ; — 4 ; is greater than g; ;, the arc is saturated and
the capacity constraint y;; < x;; becomes relevant. The dual problem becomes equivalent to

Max — Y &y — Y xymax{0, p; — ) — gij}- (2.22)
neN (i,j)eA

Letus denote by M (xo, £) the set of optimal solutions of this problem satisfying the condition

Un, = 0. Since TT = [0 — I] in this case, formula (2.18) provides the description of the
subdifferential of Q(-, &) at xq:

8000, &) = — | (max(0, s = 1) = 4ij)) . en 1 € M0, )]

The first-stage problem has the form

Min " cijxi; +E[Q(x, §)]. (2.23)
G eA
If £ has finitely many realizations £ attained with probabilities py, k = 1,..., K, the

subdifferential of the overall objective can be calculated by (2.16):

K
of (o) =c+ Y pidQxo, ).

k=1

2.1.3 The Expected Recourse Cost for General Distributions

Let us discuss now the case of a general distribution of the random vector & € R¢. The
recourse cost Q (-, -) is the minimum value of the integrand which is a random lower semi-
continuous function (see section 7.2.3). Therefore, it follows by Theorem 7.37 that Q(-, -)
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is measurable with respect to the Borel sigma algebra of R” x R?. Also for every & the
function Q(-, &) is lower semicontinuous. It follows that Q(x, &) is a random lower semi-
continuous function. Recall that in order to ensure that the expectation ¢ (x) is well defined,
we have to verify two conditions:

(i) Q(x, ) is measurable (with respect to the Borel sigma algebra of R9);

(ii) either E[Q(x, &) ] or E[(—Q(x, &)).] is finite.

The function Q(x, -) is measurable as the optimal value of a linear programming problem.
We only need to verify condition (ii). We describe below some important particular situations
where this condition is satisfied.

The two-stage problem (2.1)—(2.2) is said to have fixed recourse if the matrix W is
fixed (not random). Moreover, we say that the recourse is complete if the system Wy = x
and y > 0 has a solution for every x. In other words, the positive hull of W is equal to the
corresponding vector space. By duality arguments, the fixed recourse is complete iff the
feasible set [1(g) of the dual problem (2.3) is bounded (in particular, it may be empty) for
every g. Then its recession cone, [Ty = IT(0), must contain only the point 0, provided that
[1(g) is nonempty. Therefore, another equivalent condition for complete recourse is that
7 = 0 is the only solution of the system W'z < 0.

A particular class of problems with fixed and complete recourse are simple recourse
problems, in which W = [I; —I], the matrix T and the vector ¢ are deterministic, and the
components of g are positive.

It is said that the recourse is relatively complete if for every x in the set

X={x:Ax=b, x >0},

the feasible set of the second-stage problem (2.2) is nonempty for almost everywhere (a.e.)
w € Q. Thatis, the recourse is relatively complete if for every feasible first-stage point x the
inequality Q(x, &) < +oo holds true for a.e. £ € E, or in other words, Q(x, §(w)) < +00
w.p. 1. This definition is in accordance with the general principle that an event which
happens with zero probability is irrelevant for the calculation of the corresponding expected
value. For example, the capacity expansion problem of Example 2.4 is not a problem with
relatively complete recourse, unless x™" is so large that every demand & € E can be shipped
over the network with capacities x™".

The following condition is sufficient for relatively complete recourse:
for every x € X the inequality Q(x, £) < +o0 holds true forall £ € E. (2.24)

In general, condition (2.24) is not necessary for relatively complete recourse. It becomes
necessary and sufficient in the following two cases:

(i) the random vector & has a finite support, or
(i1) the recourse is fixed.

Indeed, sufficiency is clear. If £ has a finite support, i.e., the set Z is finite, then the
necessity is also clear. To show the necessity in the case of fixed recourse, suppose the
recourse is relatively complete. This means that if x € X, then Q(x, §) < +oo for all £ in
E, except possibly for a subset of E of probability zero. We have that Q(x, §) < 400 iff
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h—Tx € posW. Let Eo(x) ={(h,T,q) : h — Tx € pos W}. The set pos W is convex
and closed and thus E((x) is convex and closed as well. By assumption, P[E((x)] = 1 for
every x € X. Thus [ Eo(x) is convex, closed, and has probability 1. The support of &
must be its subset.

xeX

Example 2.5. Consider
Qx,8) :=inf{y: 5y =x, y >0}

withx € [0, 1] and & being a random variable whose probability density function is p(z) :=
2z,0<z<1.Forallé >0andx € [0, 1], Q(x, &) = x/&, and hence

1
E[Q(x. £)] = f (f) 22dz = 2x.
0 Z

That is, the recourse here is relatively complete and the expectation of Q(x, &) is finite. On
the other hand, the support of & (w) is the interval [0, 1], and for £ = 0 and x > O the value
of Q(x, &) is 00, because the corresponding problem is infeasible. Of course, probability
of the event “£€ = 0” is zero, and from the mathematical point of view the expected value
function E[ Q (x, &£)]is well defined and finite for all x € [0, 1]. Note, however, that arbitrary
small perturbation of the probability distribution of £ may change that. Take, for example,
some discretization of the distribution of & with the first discretization point # = 0. Then,
no matter how small the assigned (positive) probability at + = 0 is, Q(x, &) = +oo with
positive probability. Therefore, E[Q(x, )] = +4oo for all x > 0. That is, the above
problem is extremely unstable and is not well posed. As discussed above, such behavior
cannot occur if the recourse is fixed. W

Let us consider the support function s, (-) of the set I1(g). We want to find sufficient
conditions for the existence of the expectation E[s, (2 — Tx)]. By Hoffman’s lemma (Theo-
rem 7.11), there exists a constant x, depending on W, such that if for some ¢ the set I1(go)
is nonempty, then for every ¢ the following inclusion is satisfied:

l(g) C (o) +«llg — qol B, (2.25)

where B := {m : ||| < 1} and | - || denotes the Euclidean norm. This inclusion allows us
to derive an upper bound for the support function s, (). Since the support function of the
unit ball B is the norm || - ||, it follows from (2.25) that if the set I1(go) is nonempty, then

85q(-) < 54,(-) +kllg —qoll Il - I (2.26)
Consider gp = 0. The support function s¢(-) of the cone I, has the form

0 if x € posW,

S =
0(x) +o00 otherwise.

Therefore, (2.26) with go = 0 implies that if T1(g) is nonempty, then s, (x) < «llg|l [ x ||
for all x € pos W, and 5,(x) = +oo for all x ¢ pos W. Since I1(g) is polyhedral, if it is
nonempty, then s, (-) is piecewise linear on its domain, which coincides with pos W, and

ls¢ 1) —sq(x2)| < «llgllllx1 — xall.  ¥x1, x2 € pos W. (2.27)
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Proposition 2.6. Suppose that the recourse is fixed and
E[ligll Ial] < 400 and E[llgllIT|] < +o0. (2.28)
Consider a point x € R". Then E[Q(x, §) ] is finite iff the following condition holds w.p. 1:
h —Tx € pos W. (2.29)

Proof. We have that Q(x, &§) < +oo iff condition (2.29) holds. Therefore, if condition
(2.29) does not hold w.p. 1, then Q(x,&) = +oo with positive probability, and hence

E[Q(x, §)+] = +o0.

Conversely, suppose that condition (2.29) holds w.p. 1. Then Q(x, &) = s,(h — Tx)
with s, () being the support function of the set I1(g). By (2.26) there exists a constant «
such that for any yx,

$¢(X) = 5000 + gl lxll-
Also for any x € pos W we have that so(x) = 0, and hence w.p. 1,

sq(h = Tx) < kllgl M = Txll < eligl(Ia] + 1T 1 Ix]).

It follows then by (2.28) that E [sq (h — Tx)+] < 4oo. 0O

Remark 2. If ¢ and (h, T) are independent and have finite first moments,* then

E[ligll I71] = E[Ig] E[I21] and E[ligl IT1] = E[lIgI]E[IT1],

and hence condition (2.28) follows. Also condition (2.28) holdsif (&, T, g) has finite second
moments.

We obtain that, under the assumptions of Proposition 2.6, the expectation ¢ (x) is well
defined and ¢(x) < +oo iff condition (2.29) holds w.p. 1. If, moreover, the recourse is
complete, then (2.29) holds for any x and &, and hence ¢ (-) is well defined and is less than
+00. Since the function ¢ (-) is convex, we have that if ¢ (-) is less than +o00 on R” and is
finite valued in at least one point, then ¢ (-) is finite valued on the entire space R”".

Proposition 2.7. Suppose that (i) the recourse is fixed, (ii) for a.e. q the set I[1(q) is nonempty,
and (iii) condition (2.28) holds.

Then the expectation function ¢ (x) is well defined and ¢ (x) > —oo for all x € R".
Moreover, ¢ is convex, lower semicontinuous and Lipschitz continuous on dom ¢, and its
domain is a convex closed subset of R" given by

domqb:{xeR” :h—Txeposz.p.l}. (2.30)

Proof. By assumption (ii), the feasible set I1(g) of the dual problem is nonempty w.p. 1.
Thus Q(x, &) is equal to s,(h — Tx) w.p. 1 for every x, where s, (-) is the support function
of the set I1(g). Let w(q) be the element of the set [1(g) that is closest to 0. It exists

4We say that a random variable Z = Z(w) has a finite rth moment if E[|Z|"] < 4o0. It is said that £ (w)
has finite rth moments if each component of & (w) has a finite »th moment.
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because I1(g) is closed. By Hoffman’s lemma (see (2.25)) there is a constant « such that
I (@)l < «llgll- Then for every x the following holds w.p. 1:

sg(h —Tx) = 7(q)" (h — Tx) = —clgll(lall + 1Tl lIx]])- (2.31)

Owing to condition (2.28), it follows from (2.31) that ¢ (-) is well defined and ¢ (x) > —o0
for all x € R". Moreover, since s,(-) is lower semicontinuous, the lower semicontinuity
of ¢(-) follows by Fatou’s lemma. Convexity and closedness of dom ¢ follow from the
convexity and lower semicontinuity of ¢. We have by Proposition 2.6 that ¢ (x) < +o0 iff
condition (2.29) holds w.p. 1. This implies (2.30).

Consider two points x, x” € dom ¢. Then by (2.30) the following holds true w.p. 1:

h—Tx eposW and h — Tx' € pos W. (2.32)
By (2.27), if the set I1(g) is nonempty and (2.32) holds, then
|sq(h — Tx) — sg(h — Tx")| < kllg IIT] lx — x|

It follows that
lp(x) —p () <k E[lg ITII] llx — x|l

With condition (2.28) this implies the Lipschitz continuity of ¢ on its domain. [

Denote by X the support® of the probability distribution (measure) of (2, T'). Formula
(2.30) means that a point x belongs to dom ¢ iff the probability of the event {h —Tx € pos W}
is one. Note that the set {(h, T) : h — Tx € pos W} is convex and polyhedral and hence
is closed. Consequently x belongs to dom ¢ iff for every (h, T) € X it follows that
h — Tx € pos W. Therefore, we can write formula (2.30) in the form

dom¢ = () {x:h—TxeposW}. (2.33)
(h,T)e X

It should be noted that we assume that the recourse is fixed.

Let us observe that for any set # of vectors &, the set N5 (—h 4 pos W) is convex
and polyhedral. Indeed, we have that pos W is a convex polyhedral cone and hence can
be represented as the intersection of a finite number of half spaces A; = {x : aiT x < 0},
i =1,..., £ Since the intersection of any number of half spaces of the form b + A;, with
b € B, is still a half space of the same form (provided that this intersection is nonempty),
we have that the set Ny,c % (—h +pos W) can be represented as the intersection of half spaces
of the form b; + A;,i = 1, ..., £, and hence is polyhedral. It follows that if 7 and W are
fixed, then the set at the right-hand side of (2.33) is convex and polyhedral.

Let us discuss now the differentiability properties of the expectation function ¢ (x).
By Theorem 7.47 and formula (2.7) of Proposition 2.2 we have the following result.

SRecall that the support of the probability measure is the smallest closed set such that the probability
(measure) of its complement is zero.
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Proposition 2.8. Suppose that the expectation function ¢ () is proper and its domain has a
nonempty interior. Then for any xo € dom ¢,

3¢ (x0) = —E [T "D (x0, £)] + Naom p (x0), (2.34)

where

D(x,§) = arg max 7' (h — Tx).

Moreover, ¢ is differentiable at x iff xo belongs to the interior of dom ¢ and the set © (x, &)
is a singleton w.p. 1.

As discussed earlier, when the distribution of & has a finite support (i.e., there is a
finite number of scenarios), the expectation function ¢ is piecewise linear on its domain and
is differentiable everywhere only in the trivial case if it is linear.® In the case of a continuous
distribution of &, the expectation operator smoothes the piecewise linear function Q(:, &).

Proposition 2.9. Suppose the assumptions of Proposition 2.7 are satisfied and the condi-
tional distribution of h, given (T, q), is absolutely continuous for almost all (T, q). Then
¢ is continuously differentiable on the interior of its domain.

Proof. By Proposition 2.7, the expectation function ¢ (-) is well defined and greater than
—o0. Let x be a point in the interior of dom ¢. For fixed T and g, consider the multifunction

3(h) := arg max 7' (h — Tx).
well(g)

Conditional on (7T, g), the set D(x, &) coincides with 3(4). Since x € dom ¢, relation
(2.30) implies that i — Tx € pos W w.p. 1. For every h — Tx € pos W, the set 3(h) is
nonempty and forms a face of the polyhedral set I1(g). Moreover, there exists a set A given
by the union of a finite number of linear subspaces of R (where m is the dimension of
h), which are perpendicular to the faces of sets I1(g), such thatif h — Tx € (pos W) \ A,
then 3(h) is a singleton. Since an affine subspace of R™ has Lebesgue measure zero,
it follows that the Lebesgue measure of A is zero. As the conditional distribution of #,
given (T, q), is absolutely continuous, the probability that 3(k) is not a singleton is zero.
By integrating this probability over the marginal distribution of (7, ¢), we obtain that
probability of the event “® (x, &) is not a singleton” is zero. By Proposition 2.8, this implies
the differentiability of ¢ (-). Since ¢ (-) is convex, it follows that for every x € int(dom ¢)
the gradient V¢ (x) coincides with the (unique) subgradient of ¢ at x and that V¢ (-) is
continuous at x. [

Of course, if # and (T, ¢) are independent, then the conditional distribution of / given
(T, q) is the same as the unconditional (marginal) distribution of 4. Therefore, if # and
(T, gq) are independent, then it suffices to assume in the above proposition that the (marginal)
distribution of 4 is absolutely continuous.

By linear, we mean here that it is of the form a'x + b. It is more accurate to call such a function affine.
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2.1.4 Optimality Conditions

We can now formulate optimality conditions and duality relations for linear two-stage prob-
lems. Let us start from the problem with discrete distributions of the random data in
(2.1)—~(2.2). The problem takes on the form

K
Min cTx + ) prQ(x. &)

k=1
st.Ax =b, x >0,

(2.35)

where Q(x, &) is the optimal value of the second-stage problem, given by (2.2).
Suppose the expectation function ¢ () := E[Q(-, £)] has a finite value in at least one
point x € R”. It follows from Propositions 2.2 and 2.3 that for every xo € dom ¢,

K
0 (x0) = — Y piT D (x0, &), (2.36)

k=1
where
D (xo, &) := argmax {7 (hx — Tixo) : Wimr < gy} .
As before, we denote X := {x : Ax = b, x > 0}.

Theorem 2.10. Let x be a feasible solution of problem (2.1)—(2.2), i.e., x € X and ¢(x)
is finite. Then X is an optimal solution of problem (2.1)—(2.2) iff there exist m; € D (X, &),
k=1,...,K, and n € R™ such that

K

Y onTm+ AT <c,
k=1

K
)ET (C — Zkaank — AT/,L) =0.

k=1

(2.37)

Proof. Necessary and sufficient optimality conditions for minimizing c¢'x + ¢ (x) over
x € X can be written as

0ecH+09¢(x) + Nx(x), (2.38)

where N (x) is the normal cone to the feasible set X. Note that condition (2.38) implies
that the sets Ny (x) and d¢ (x) are nonempty and hence x € X and ¢ (x) is finite. Note also
that there is no need here for additional regularity conditions since ¢ (-) and X are convex
and polyhedral. Using the characterization of the subgradients of ¢ (-), given in (2.36), we
conclude that (2.38) is equivalent to existence of m; € D (x, &) such that

K
0ec— Y pTm+ Ny ().
k=1
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Observe that
Nx(X)={A"w—h:h=>0, hi'x =0}. (2.39)
The last two relations are equivalent to conditions (2.37). [

Conditions (2.37) can also be obtained directly from the optimality conditions for the
large-scale linear programming formulation

K
Min c'x+ " pegive

X, V15w YK =1

st. Tix+Wiyk =hi, k=1,..., K, (2.40)
Ax = b,
x>0,
w=>0, k=1,...,K.

By minimizing, with respectto x > 0 and y; > 0,k =1, ..., K, the Lagrangian
K K
x+ Y pegfye — ' (Ax = b) = Y pet] (Tex + Wik — )
k=1 k=1
K T K K
= (C — AT — Z PkaTﬂk> x+ Z pi (qx — WkT?Tk)T e+ b+ Z pihi,
k=1 k=1 k=1

we obtain the following dual of the linear programming problem (2.40):

K
Max b'u+ Z pkhlnk
T yeeey K
k=1
K
s.t.c — AT/,L — Z kakTrrk >0,
k=1

G —Wm =0, k=1,...,K.
Therefore, optimality conditions of Theorem 2.10 can be written in the following equivalent
form:

K

ZPkaTﬂk + ATM <c,
k=1

K
i (C - ZPkaTﬂk - ATM) =0,

k=1
G —Wm=0k=1,...,K,
Vg —Wm)=0k=1,... K.
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The last two of the above conditions correspond to feasibility and optimality of multipliers
7, as solutions of the dual problems.

If we deal with general distributions of the problem’s data, additional conditions are
needed to ensure the subdifferentiability of the expected recourse cost and the existence of
Lagrange multipliers.

Theorem 2.11. Let x be afeasible solution of problem (2.1)—(2.2). Suppose that the expected
recourse cost function ¢ (-) is proper, int(dom ¢) N X is nonempty, and Ngom ¢ (X) C Nx (X).
Then x is an optimal solution of problem (2.1)—(2.2) iff there exist a measurable function
m(w) € D(x, E(w)), w € Q, and a vector pu € R™ such that

E[TTJT] + AT/,L <ec,
i (c—E[TTx] - ATp) =0.

Proof. Since int(dom ¢) N X is nonempty, we have by the Moreau—Rockafellar theorem
that

("X + (@) +1Ix (X)) = ¢ + 3 (¥) + Ly (X).

Also, dlx(x) = Nx(x). Therefore, we have here that (2.38) is necessary and sufficient
optimality conditions for minimizing ¢"x + ¢ (x) over x € X. Using the characterization of
the subdifferential of ¢ (-) given in (2.8), we conclude that (2.38) is equivalent to existence
of a measurable function 7 (w) € D (xg, £(w)) such that

0€c—E[TT] + Naomp () + Ny (X). (2.41)

Moreover, because of the condition Ngom ¢ (X) C Nx (X), the term Ngom ¢ (X) can be omitted.
The proof can be completed now by using (2.41) together with formula (2.39) for the normal
cone Ny(x). O

The additional technical condition MNgjomg(X) C HNx(x) was needed in the above
derivations in order to eliminate the term MNgom (%) in (2.41). In particular, this condition
holds if x € int(dom ¢), in which case Njomg(X¥) = {0}, or in the case of relatively
complete recourse, i.e., when X C dom ¢. If the condition of relatively complete recourse
is not satisfied, we may need to take into account the normal cone to the domain of ¢ (-). In
general, this requires application of techniques of functional analysis, which are beyond the
scope of this book. However, in the special case of a deterministic matrix 7" we can carry
out the analysis directly.

Theorem 2.12. Let x be a feasible solution of problem (2.1)—-(2.2). Suppose that the
assumptions of Proposition 2.7 are satisfied, int(dom ¢) N X is nonempty, and the matrix
T is deterministic. Then X is an optimal solution of problem (2.1)—(2.2) iff there exist a
measurable function 7w (w) € D(x, £E(w)), w € R, and a vector u € R™ such that

T'E[n]+ A <c,
(e —T'E[xr]— ATp) = 0.
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Proof. Since T is deterministic, we have that E[TTw] = T"E[x], and hence the optimality
conditions (2.41) can be written as

0€c—TE[r]+ Ngomg(X) + Ny ().

Now we need to calculate the cone Ngom (). Recall that under the assumptions of Propo-
sition 2.7 (in particular, that the recourse is fixed and I1(g) is nonempty w.p. 1), we have
that ¢ (-) > —oo and formula (2.30) holds true. We have here that only ¢ and 4 are random
while both matrices W and T are deterministic, and (2.30) simplifies to

dom ¢ = {x :—Tx € m (—h—i—pOSW)},
heX

where X' is the support of the distribution of the random vector 4. The tangent cone to
dom ¢ at x has the form

Taom ¢(X) = {d :—Td € (") (pos W + lin(—h + T)E))}
heX

= {d : =Td € pos W + [ | lin(—h + T)E)}.
heX

Defining the linear subspace

L:= ﬂ lin(—h + TX),
heX

we can write the tangent cone as
Taomp(xX) ={d : =Td e posW + L}.
Therefore the normal cone equals
Niomg(®) ={ = TTv:v e (pos W + L)*} = =T [ (pos W)* N L*].

Here we used the fact that pos W is polyhedral and no interior condition is needed for
calculating (pos W + L)*. Recalling equation (2.11) we conclude that

Naom(X) = =T " (Tly N L*).

Observe that if v € [Ty N L+, then v is an element of the recession cone of the set D (x, &)
for all £ € E. Thus 7 (w) + v is also an element of the set ® (x, £(w)) for almost all w € 2.
Consequently,

~TTE[D(F, §)] + Maomg(¥) = —T'E[D(, 8)] — TT(Ty N L)
= -T'E[D(*, &)],

and the result follows. [
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Example 2.13 (Capacity Expansion, continued). Let us return to Example 2.13 and sup-
pose the support E of the random demand vector £ is compact. Only the right-hand side
& in the second-stage problem (2.19)—(2.21) is random, and for a sufficiently large x the
second-stage problem is feasible for all £ € E. Thus conditions of Theorem 2.11 are satis-
fied. It follows from Theorem 2.11 that x is an optimal solution of problem (2.23) iff there
exist measurable functions u,(£),n € N, such that for all £ € E we have u(¢) € M(x, &),
and for all (i, j) € 4 the following conditions are satisfied:

Cij = /ﬂmax{O, wi(§) — (&) — qij} P(d§), (2.42)
(X — x[™) (Cu - /ﬁ max{0, 11;(§) — u;(€) — qij} P(dg)) =0. (2.43)

In particular, for every (i, j) € + such that x;; > xl-‘;‘i“ we have equality in (2.42). Each

function u, (§) can be interpreted as a random potential of node n € N [ |

2.2 Polyhedral Two-Stage Problems
2.2.1 General Properties

Let us consider a slightly more general formulation of a two-stage stochastic programming
problem,

Min fi(x) +E[Q(x, )], (2.44)
where Q(x, w) is the optimal value of the second-stage problem

Min f(y. @)

s.t. T(w)x + W(w)y = h(w).

(2.45)

We assume in this section that the above two-stage problem is polyhedral. That is, the
following holds:

e The function f;(-) is polyhedral (compare with Definition 7.1). This means that
there exist vectors c¢; and scalars «j, j = 1, ..., Ji, vectors a; and scalars by, k =
1, ..., Ky, such that fi(x) can be represented as follows:

max «; +c'x ifalx <b,, k=1,...,K;,
I<i<J J J k

filx) = {1=/=4 _
+00 otherwise,

and its domain dom f; = {x : a,{x <bi, k=1,..., Kl} is nonempty. (Note that
any polyhedral function is convex and lower semicontinuous.)

* The function f, is random polyhedral. That s, there exist random vectors ¢; = g;(w)
and random scalars y; = y;(w), j = 1, ..., J;, random vectors d; = di(w), and
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random scalars ry = rp(w), k = 1, ..., Ky, such that f,(y, w) can be represented
as follows:

max y; (@) +q;(@)y ifdi(@)y <rw), k=1,...,K,,
fz(y’a)): 1<j</),

+00 otherwise,

and for a.e. w the domain of f,(-, ) is nonempty.

Note that (linear) constraints of the second-stage problem which are independent of
x, for example, y > 0, can be absorbed into the objective function f,(y, w). Clearly, the
linear two-stage model (2.1)—(2.2) is a special case of a polyhedral two-stage problem. The
converse is also true, that is, every polyhedral two-stage model can be reformulated as a
linear two-stage model. For example, the second-stage problem (2.45) can be written as
follows:

Min v
y,v
s.t. T(w)x + W(w)y = h(w),

yi) +qj@y<v, j=1,..., 1,
di(@)'y <n(w), k=1,...,K,.

Here, both v and y play the role of the second stage variables, and the data (¢, T, W, h) in
(2.2) have to be redefined in an appropriate way. In order to avoid all these manipulations and
unnecessary notational complications that come with such a conversion, we shall address
polyhedral problems in a more abstract way. This will also help us to deal with multistage
problems and general convex problems.

Consider the Lagrangian of the second-stage problem (2.45):

L(y, 5 x, ) i= fa(y, ) + 7" (h(w) — T(@)x — W(w)y).
We have
inf Ly, 73 %, 0) = 7 (h(©) = T(@)x) +inf [ (v, @) =7 W(@)y]
=7 (h(@) = T(®)x) - W@, 0,

where (-, ) is the conjugate’ of f>(-, w). We obtain that the dual of problem (2.45) can
be written as

Max [77(h(®) — T(®)x) — f5(W(w) 7, w)]. (2.46)

By the duality theory of linear programming, if, for some (x, w), the optimal value QO (x, ®)
of problem (2.45) is less than 400 (i.e., problem (2.45) is feasible), then it is equal to the
optimal value of the dual problem (2.46).

Let us denote, as before, by ®(x, w) the set of optimal solutions of the dual problem
(2.46). We then have an analogue of Proposition 2.2.

"Note that since f>(-, w) is polyhedral, so is G ).
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Proposition 2.14. Let w € Q2 be given and suppose that Q(-, ) is finite in at least one
point x. Then the function Q(-, w) is polyhedral (and hence convex). Moreover, Q(-, w) is
subdifferentiable at every x at which the value Q(x, w) is finite, and

10 (x, w) = —T(0)"D(x, w). (2.47)

Proof. Let us define the function ¢ () = fz*(WTn). (For simplicity we suppress the
argument w.) We have that if Q(x, w) is finite, then it is equal to the optimal value of
problem (2.46), and hence Q(x,w) = ¢¥*(h — Tx). Therefore, Q(:, w) is a polyhedral
function. Moreover, it follows by the Fenchel-Moreau theorem that

oY (h — Tx) =D(x, w),

and the chain rule for subdifferentiation yields formula (2.47). Note that we do not
need here additional regularity conditions because of the polyhedricity of the considered
case. U

If Q(x, w) is finite, then the set © (x, w) of optimal solutions of problem (2.46) is a
nonempty convex closed polyhedron. If, moreover, ® (x, @) is bounded, then itis the convex
hull of its finitely many vertices (extreme points), and Q(-, ) is finite in a neighborhood
of x. If ®(x, w) is unbounded, then its recession cone (which is polyhedral) is the normal
cone to the domain of Q(-, w) at the point x.

2.2.2 Expected Recourse Cost

Let us consider the expected value function ¢ (x) := E[Q(x, ®)]. Suppose that the proba-
bility measure P has a finite support, i.e., there exists a finite number of scenarios w; with
respective (positive) probabilities py, k = 1, ..., K. Then

K
E[Q(x, o)l =) prQ(x, o).

k=1
For a given x, the expectation E[Q (x, w)] is equal to the optimal value of the problem
K
WMH}K ; P 2k, @) (2.48)
st Tix+Wiye=hi, k=1,...,K,

where (hy, T, W) := (h(wi), T (wr), W(wy)). Similarly to the linear case, if for at least
onek € {1,..., K} the set

dom fo(-, ) N{y : Tix + Wiy = bt}

is empty, i.e., the corresponding second-stage problem is infeasible, then problem (2.48) is
infeasible, and hence its optimal value is 4o00.

Proposition 2.15. Suppose that the probability measure P has a finite support and that the
expectation function ¢ (-) := E[Q(:, w)] has a finite value in at least one point x € R".
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Then the function ¢ (-) is polyhedral, and for any xy € dom ¢,

K
9 (x0) = ) prdQ(xo, wy). (2.49)

k=1

The proof is identical to the proof of Proposition 2.3. Since the functions Q(-, wy)
are polyhedral, formula (2.49) follows by the Moreau—Rockafellar theorem.

The subdifferential d Q (x¢, wy) of the second-stage optimal value function is described
in Proposition 2.14. That is, if Q(x¢, wy) is finite, then

30 (xg, wy) = —TkT arg max {nT(hk — Tkxo) — fz*(Wan, a)k)} . (2.50)

It follows that the expectation function ¢ is differentiable at xq iff for every wy, k =
1, ..., K, the maximum at the right-hand side of (2.50) is attained at a unique point, i.e.,
the corresponding second-stage dual problem has a unique optimal solution.

Let us now consider the case of a general probability distribution P. We need to ensure
that the expectation function ¢ (x) := E[Q(x, w)] is well defined. General conditions are
complicated, so we resort again to the case of fixed recourse.

We say that the two-stage polyhedral problem has fixed recourse if the matrix W and
the set® Y :=dom f,(-, w) are fixed, i.e., do not depend on w. In that case,

max y;j(w) +q;j@'y ifyey,
by, ) = {1=i=n !

+o00 otherwise.
Denote W (%Y%) := {Wy : y € ¥}. Let x be such that
h(w) —T(w)x € W(Y) wp. 1. (2.51)

This means that for a.e. w the system
yelY, Wy=hw) —T(w)x (2.52)

has a solution. Let for some wy € €2, yy be a solution of the above system, i.e., yo € Y
and h(wg) — T (wog)x = Wyy. Since system (2.52) is defined by linear constraints, we have
by Hoffman’s lemma that there exists a constant « such that for almost all @ we can find a
solution y(w) of the system (2.52) with

[y(@) = yoll = «l[(h(@) = T (w)x) — (h(wo) — T (wo)X)].

Therefore the optimal value of the second-stage problem can be bounded from above as
follows:

Q(x, ») < max {vi(@) + q; (@) j(@)}
< O(x, ) + Z lyj (@) = v (o)
j=1
J
+1 Y llgj @l (Ilh@) = k@)l + X IT (@) = T@o)ll).  (2.53)

j=1

8Note that since it is assumed that f;(:, w) is polyhedral, it follows that the set ¥ is nonempty and
polyhedral.
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Proposition 2.16. Suppose that the recourse is fixed and
Elyj| < +oo, E[lig;ll [121]] < +o00 and E[lig; I T[] < +o0, j=1,...,Jo. (2.54)

Consider a point x € R". Then E[Q(x, w)] is finite iff condition (2.51) holds.
Proof. The proof uses (2.53), similar to the proof of Proposition 2.6. [

Let us now formulate conditions under which the expected recourse cost is bounded
from below. Let C be the recession cone of Y and let C* be its polar. Consider the conjugate
function f5(-, ). It can be verified that

dom £ (-, w) = conv{qj(a)), j=1,..., J2} + C*. (2.55)

Indeed, by the definition of the function f>(-, ) and its conjugate, we have that f(z, w)
is equal to the optimal value of the

Max v
y.v

S.t. zTy —yj(w) — qj(a))Ty >v, j=1,...,J, ye¥y.
Since it is assumed that the set Y is nonempty, the above problem is feasible, and since Y is
polyhedral, it is linear. Therefore, its optimal value is equal to the optimal value of its dual.

In particular, its optimal value is less than +oo iff the dual problem is feasible. Now the
dual problem is feasible iff there exist 7; > 0, j =1, ..., Jo, such that ZJJ?:] m; =1and

)
supyT z7— erjqj(a)) < +o00.
yey i—1

J

The last condition holds iff z — ZJJZZ 1 7iqj(w) € C*, which completes the argument.
Let us define the set

M(w) := {n : W'r e conv {qj(w), j= 1,...,]2} +G*}.

We may remark that in the case of a linear two-stage problem, the above set coincides with
the one defined in (2.5).

Proposition 2.17. Suppose that (i) the recourse is fixed, (ii) the set I1(w) is nonempty w.p. 1,
and (iii) condition (2.54) holds.

Then the expectation function ¢ (x) is well defined and ¢ (x) > —oo for all x € R".
Moreover, ¢ is convex, lower semicontinuous and Lipschitz continuous on dom ¢, its domain
dom ¢ is a convex closed subset of R", and

dom ¢ = {x eR":h—Tx e W(¥%) w.p.l} . (2.56)
Furthermore, for any xy € dom ¢,

3¢ (x0) = —E[T"D(x0, ®) ] + Naom ¢ (x0). (2.57)
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Proof. Note that the dual problem (2.46) is feasible iff W' € dom 55 (-, w). By formula
(2.55), assumption (ii) means that problem (2.46) is feasible, and hence Q(x, w) is equal to
the optimal value of (2.46) for a.e. w. The remainder of the proof is similar to the linear
case (Propositions 2.7 and 2.8). [

2.2.3 Optimality Conditions

The optimality conditions for polyhedral two-stage problems are similar to those for linear
problems. For completeness we provide the appropriate formulations. Let us start from
the problem with finitely many elementary events w; occurring with probabilities py, k =
I,...,K.

Theorem 2.18. Suppose that the probability measure P has a finite support. Then a point
X is an optimal solution of the first-stage problem (2.44) iff there exist m;, € D (X, wy),
k=1,..., K, such that

K
0€dfi(®) — Y peT{m. (2.58)
k=1

Proof. Since f1(x) and ¢ (x) = E[Q(x, w)] are convex functions, a necessary and sufficient
condition for a point x to be a minimizer of fj(x) + ¢ (x) reads

0€d[/i(D) +¢®]. (2.59)

In particular, the above condition requires fj(x) and ¢ (x) to be finite valued. By the
Moreau—Rockafellar theorem we have that 8[ fi(x) + qb()E)] = df1(x) + d¢(x). Note that
there is no need here for additional regularity conditions because of the polyhedricity of
functions f; and ¢. The proof can be completed now by using the formula for d¢ (x) given
in Proposition 2.15. O

In the case of general distributions, the derivation of optimality conditions requires
additional assumptions.

Theorem 2.19. Suppose that (i) the recourse is fixed and relatively complete, (i) the set
[T(w) is nonempty w.p. 1, and (iii) condition (2.54) holds.

Then a point x is an optimal solution of problem (2.44)—(2.45) iff there exists a
measurable function 1 (w) € D(X, w), w € Q, such that

0€dfi(x) —E[TTx]. (2.60)
Proof. The result follows immediately from the optimality condition (2.59) and formula
(2.57). Since the recourse is relatively complete, we can omit the normal cone to the domain

of (). O

If the recourse is not relatively complete, the analysis becomes complicated. The
normal cone to the domain of ¢ (-) enters the optimality conditions. For the domain described
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in (2.56), this cone is rather difficult to describe in a closed form. Some simplification can
be achieved when 7T is deterministic. The analysis then mirrors the linear case, as in
Theorem 2.12.

2.3 General Two-Stage Problems
2.3.1 Problem Formulation, Interchangeability

In a general way, two-stage stochastic programming problems can be written in the follow-
ing form:

1)\(/5}1(1 {f(x) =E[F(x, )]}, (2.61)

where F(x, w) is the optimal value of the second-stage problem

Min g(x,y, w). (2.62)

y€EG(x,w)

Here X CR", g : R" xR”" x @ — R, and § : R" x Q =% R” is a multifunction. In
particular, the linear two-stage problem (2.1)—(2.2) can be formulated in the above form
with g(x, y, ) := c'x + g(w)"y and

G(x, w) :={y: T(w)x + W)y = h(w), y > 0}.
We also use the notation g, (x, y) = g(x, y, w) and G, (x) = G(x, w).

Of course, the second-stage problem (2.62) also can be written in the following equiv-
alent form:

Min g(x, y, o), (2.63)
yeR”
where
_ (x,y,0) ify € G(x,w),
g(x,y,w):={g Y yed (2.64)
+00 otherwise.

We assume that the function g(x, y, ) is random lower semicontinuous. Recall that if
g(x,y, ) is measurable for every (x,y) € R" x R™ and g(, -, w) is continuous for a.e.
w € Q,ie., g(x, y, w)isaCarathéodory function, then g(x, y, ) is random lower semicon-
tinuous. Random lower semicontinuity of g(x, y, ) implies that the optimal value function
F(x, -) is measuarable (see Theorem 7.37). Moreover, if for a.e. w € Q function F (-, )
is continuous, then F(x, w) is a Carathéodory function and hence is random lower semi-
continuous. The indicator function I (.)(y) is random lower semicontinuous if for every
w € 2 the multifunction §,,(-) is closed and 4 (x, w) is measurable with respect to the sigma
algebra of R" x €2 (see Theorem 7.36). Of course, if g(x, y, w) and Ig_(,)(y) are random
lower semicontinuous, then their sum g(x, y, w) is also random lower semicontinuous.
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Now let ) be a linear decomposable space of measurable mappings from €2 to R”.
For example, we can take 9 = £,(2,F, P;R™) with p € [1, +oo]. Then by the
interchangeability principle we have

E [yigﬂgn 3.y, w)} = inf E[2(x, y(@), )], (2.65)

[N —
F(x,w)

provided that the right-hand side of (2.65) is less than 4-oo (see Theorem 7.80). This implies
the following interchangeability principle for two-stage programming.

Theorem 2.20. The two-stage problem (2.61)—(2.62) is equivalent to the following problem:

Min E[g(x, y(®), w)]
xeR", ye (266)

st.x e X, y(w) € §(x,w) ae. w € Q.

The equivalence is understood in the sense that optimal values of problems (2.61) and (2.66)
are equal to each other; provided that the optimal value of problem (2.66) is less than +00.
Moreover, assuming that the common optimal value of problems (2.61) and (2.66) is finite,
we have that if (x, y) is an optimal solution of problem (2.66), then X is an optimal solution
of the first-stage problem (2.61) and y = y(w) is an optimal solution of the second-stage
problem (2.62) for x = x and a.e. w € Q; conversely, if x is an optimal solution of the
first-stage problem (2.61) and for x = x and a.e. w € 2 the second-stage problem (2.62)
has an optimal solution y = y(w) such that 'y € %), then (x, y) is an optimal solution of
problem (2.66).

Note that optimization in the right-hand side of (2.65) and in (2.66) is performed over
mappings y : 2 — R™ belonging to the space ). In particular, if @ = {w, ..., g} is
finite, then by setting y; := y(wy), k = 1, ..., K, every such mapping can be identified
with a vector (y1, ..., yx) and the space ) with the finite dimensional space R”X . In that
case, problem (2.66) takes the form (compare with (2.15))

K
Min X, Vi, ®
Min ; Pr8 (X, Vi, @)

st.xeX, wegx,ap), k=1,..., K.

(2.67)

2.3.2 Convex Two-Stage Problems

We say that the two-stage problem (2.61)—(2.62) is convex if the set X is convex (and closed)
and forevery w € Qthe function g(x, y, w), definedin (2.64), is convexin (x, y) € R* xR™.
We leave this as an exercise to show that in such case the optimal value function F (-, w)
is convex, and hence (2.61) is a convex problem. It could be useful to understand what
conditions will guarantee convexity of the function g,(x, y) = g(x, y, ). We have that
8w(x,y) = gw(x,y) +Ig ) (y). Therefore g,(x, y) is convex if g, (x, y) is convex and
the indicator function Ig (,)(y) is convex in (x, y). Itis not difficult to see that the indicator
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function Ilg, () (¥) is convex iff the following condition holds for any ¢ € [0, 1]:
Y € §o®), ¥ € Go(x) =ty + (1 =1y € Goltx + (1 —1)x"). (2.68)
Equivalently this condition can be written as
1G0(x) + (1 = )G, (x") C Gultx + (1 —0)x"), Vx,x' eR* Vre[0,1]. (2.69)

The multifunction §,, satisfying the above condition (2.69) is called convex. By taking
x = x’ we obtain that if the multifunction §,, is convex, then it is convex valued, i.e., the
set G, (x) is convex for every x € R".

In the remainder of this section we assume that the multifunction §(x, w) is defined
in the form

Gx,w):={yeY:T(x, o)+ W(y, o) € =C}, (2.70)
where Y is a nonempty convex closed subset of R” and T' = (¢, ..., %) : R" x Q — RE,
W= (w,...,wp):R" x Q— Rf and C C R is a closed convex cone. Cone C defines

a partial order, denoted “<_.”, on the space Rf. That is, a 2. biff b —a € C. In that
notation the constraint 7' (x, w) + W(y, w) € —C can be written as T (x, w) + W(y, ) <,
0. For example, if C := Rﬂ, then the constraint 7' (x, w) + W(y, w) <. 0 means that
ti(x,w)+w;(y,w) <0,i =1,...,¢ Weassume thatt;(x, w) and w; (y, w),i = 1,..., ¢,
are Carathéodory functions and that for every w € 2, mappings 7,,(-) = T (-, w) and
W,(-) = W(-, w) are convex with respect to the cone C. A mapping G : R" — R’ is
said to be convex with respect to C if the multifunction M(x) := G(x) + C is convex.

Equivalently, mapping G is convex with respect to C if
G(tx + (1 - t)x') <. tGx)+ (1 =G, Vx,x' eR", Vrel0,1].

For example, mapping G(-) = (g1(), ..., g¢(-)) is convex with respect to C := Rﬁ iff all
its components g;(-),i = 1, ..., ¢, are convex functions. Convexity of T,, and W,, implies
convexity of the corresponding multifunction §,.

We assume, further, that g(x, y, w) := c¢(x) +¢q(y, w), where c(-) and g (-, w) are real
valued convex functions. For §(x, w) of the form (2.70), and given x, we can write the
second-stage problem, up to the constant c(x), in the form

Mil’l Qw(y)
ey (2.71)
s.t. Wo(3) + X0 Zc 0

with x, := T (x, ). Let us denote by ¥ (x, w) the optimal value of problems (2.71). Note
that F(x, w) = c(x) + 9(T (x, ), w). The (Lagrangian) dual of problem (2.71) can be
written in the form

Max {7 x, + g L,(y,m)}, (2.72)

7= 0
where

La)(ya )= Qw(y) + JTTWw(y)
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is the Lagrangian of problem (2.71). We have the following results (see Theorems 7.8
and 7.9).

Proposition 2.21. Let w € Q2 and y,, be given and suppose that the specified above convexity
assumptions are satisfied. Then the following statements hold true:

(1) The functions ¥ (-, w) and F (-, w) are convex.

(ii) Suppose that problem (2.71) is subconsistent. Then there is no duality gap between
problem (2.71) and its dual (2.72) iff the optimal value function ¥ (-, ) is lower
semicontinuous at x.

(iii) There is no duality gap between problems (2.71) and (2.72) and the dual problem
(2.72) has a nonempty set of optimal solutions iff the optimal value function ¥ (-, w)
is subdifferentiable at x,,.

(iv) Suppose that the optimal value of (2.71) is finite. Then there is no duality gap between
problems (2.71) and (2.72) and the dual problem (2.72) has a nonempty and bounded
set of optimal solutions iff x, € int(dom ¥ (-, w)).

The regularity condition y, € int(dom (-, ®)) means that for all small perturbations
of x,, the corresponding problem (2.71) remains feasible.

We can also characterize the differentiability properties of the optimal value functions
in terms of the dual problem (2.72). Let us denote by ®(x, w) the set of optimal solutions
of the dual problem (2.72). This set may be empty, of course.

Proposition 2.22. Let w € 2, x € R" and x = T(x,w) be given. Suppose that the
specified convexity assumptions are satisfied and that problems (2.71) and (2.72) have finite
and equal optimal values. Then

00 (x, w) =D(x, w). (2.73)
Suppose, further, that functions c(-) and T, (-) are differentiable, and
0e int{Tw(x) + VT, (x)R" — dom 9 (-, a))}. (2.74)
Then
AF (x, ) = Ve(x) + VT, (x)"D(x, »). (2.75)

Corollary 2.23. Let w € Q, x € R" and x = T(x, w) and suppose that the specified
convexity assumptions are satisfied. Then ¥ (-, ) is differentiable at x iff ®(x, w) is a
singleton. Suppose, further, that the functions c(-) and T,(-) are differentiable. Then the
function F (-, w) is differentiable at every x at which D (x, w) is a singleton.

Proof. If ©(x, w) is a singleton, then the set of optimal solutions of the dual problem (2.72)
is nonempty and bounded, and hence there is no duality gap between problems (2.71) and
(2.72). Thus formula (2.73) holds. Conversely, if 99 (x, w) is a singleton and hence is
nonempty, then again there is no duality gap between problems (2.71) and (2.72), and hence
formula (2.73) holds.
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Now if ®(x, w) is a singleton, then ¥ (-, @) is continuous at x and hence the regularity
condition (2.74) holds. It follows then by formula (2.75) that F (-, w) is differentiable at x
and formula

VF(x,w) =Vc(x) + VTw(x)T’D(X, w) (2.76)
holds true. [

Let us focus on the expectation function f(x) := E[F (x, w)]. If the set €2 is finite,
say, 2 = {wy, ..., wg} with corresponding probabilities pi, k = 1,..., K, then f(x) =
Zf: 1 PeF (x, wy) and subdifferentiability of f(x) is described by the Moreau—Rockafellar
theorem (Theorem 7.4) together with formula (2.75). In particular, f(-) is differentiable
at a point x if the functions c(-) and T, (-) are differentiable at x and for every w € 2 the
corresponding dual problem (2.72) has a unique optimal solution.

Let us consider the general case, when €2 is not assumed to be finite. By combining
Proposition 2.22 and Theorem 7.47 we obtain that, under appropriate regularity conditions
ensuring for a.e. w € 2 formula (2.75) and interchangeability of the subdifferential and
expectation operators, it follows that f(-) is subdifferentiable at a point x € dom f and

of (%) = Ve(®) + / VI, E) D(T,(5), ©) dP@) + Naom y (). (2.77)
Q

In particular, it follows from the above formula (2.77) that f(-) is differentiable at x iff
x € int(dom f) and D (T, (x), w) = {m(w)} is a singleton w.p. 1, in which case
Vf@E) = Ve +E[VL,® 7(w)]. (2.78)

We obtain the following conditions for optimality.

Proposition 2.24. Let x € X Nint(dom f) and assume that formula (2.77) holds. Then x is
an optimal solution of the first-stage problem (2.61) iff there exists a measurable selection
m(w) € D(T (x, w), w) such that

—c(X) — E[VT,(X) ()] € Nx(¥). (2.79)

Proof. Since x € X Nint(dom f), we have thatint(dom f) # # and x is an optimal solution
iff 0 € 3f (x) + Ny (x). By formula (2.77) and since x € int(dom f), this is equivalent to
condition (2.79). 0O

2.4 Nonanticipativity

2.4.1 Scenario Formulation

An additional insight into the structure and properties of two-stage problems can be gained
by introducing the concept of nonanticipativity. Consider the first-stage problem (2.61).
Assume that the number of scenarios is finite, i.e., 2 = {wi, ..., wg} with respective
(positive) probabilities py, ..., px. Let us relax the first-stage problem by replacing vector
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x with K vectors xy, x», ..., Xk, one for each scenario. We obtain the following relaxation
of problem (2.61):
K
Min Y pcF(xi, ay) subjecttox, € X, k=1,.... K. (2.80)
Xlyeeey XK

k=1
We observe that problem (2.80) is separable in the sense that it can be split into K
smaller problems, one for each scenario,
Min F (xp, wr), k=1,..., K, (2.81)
Xk eX
and that the optimal value of problem (2.80) is equal to the weighted sum, with weights py,
of the optimal values of problems (2.81), k = 1, ..., K. For example, in the case of the
two-stage linear program (2.15), relaxation of the form (2.80) leads to solving K smaller
problems,
Min ¢"x¢ + qkT Yk

kaO,)’kZO
s.t. Axg = b, Tixp + Wiyr = hy.

Problem (2.80), however, is not suitable for modeling a two-stage decision process.
This is because the first-stage decision variables x; in (2.80) are now allowed to depend on
a realization of the random data at the second stage. This can be fixed by introducing the
additional constraint

(x1,...,xg) € L, (2.82)
where £ := {x = (xq,...,Xxg) : x| = --- = xg}isalinear subspace of the n K -dimensional
vector space X := R” x --- x R". Due to the constraint (2.82), all realizations x;, k =
1,..., K, of the first-stage decision vector are equal to each other, that is, they do not depend

on the realization of the random data. The constraint (2.82) can be written in different forms,
which can be convenient in various situations, and will be referred to as the nonanticipativity
constraint. Together with the nonanticipativity constraint (2.82), problem (2.80) becomes

K

XIMH)}K Z PiF (x, o)

P (2.83)

st.xy=---=xg, xx€X, k=1,...,K.

Clearly, the above problem (2.83) is equivalent to problem (2.61). Such nonanticipativity
constraints are especially important in multistage modeling, which we discuss later.
A way to write the nonanticipativity constraint is to require that

K
xk=Zp,-x,~, k=1,...,K, (2.84)
i=1

which is convenient for extensions to the case of a continuous distribution of problem data.
Equations (2.84) can be interpreted in the following way. Consider the space X equipped
with the scalar product

K
(x,y) =Y pix!yi. (2.85)
i=1
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Define linear operator P : X — X as

K K
Px = (Zp,-xi, ey Zpixi) .
i=1 i=1

Constraint (2.84) can be compactly written as
x = Px.

It can be verified that P is the orthogonal projection operator of X, equipped with the scalar
product (2.85), onto its subspace £. Indeed, P(Px) = Px, and

(Px,y) (me) (Zpkyk) (x, Py). (2.86)

The range space of P, which is the linear space £, is called the nonanticipativity subspace
of X.

Another way to algebraically express nonanticipativity, which is convenient for nu-
merical methods, is to write the system of equations

X1 = X2,

X2 = X3,
(2.87)

XK—1 = XK.

This system is very sparse: each equation involves only two variables, and each vari-
able appears in at most two equations, which is convenient for many numerical solution
methods.

2.4.2 Dualization of Nonanticipativity Constraints

We discuss now a dualization of problem (2.80) with respect to the nonanticipativity
constraints (2.84). Assigning to these nonanticipativity constraints Lagrange multipliers

M eR kE=1,..., K, we can write the Lagrangian
K K K
Lo = 3 peF o + 3 pil ( ¥ p) |
k=1 k=1 i=1

Note that since P is an orthogonal projection, I — P is also an orthogonal projection (onto
the space orthogonal to £), and hence

ka (xk me) (. (I = P)x) = (I - P)A, x).
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Therefore, the above Lagrangian can be written in the following equivalent form:

T

K K K
L&) =Y pFe o)+ Y pe | =Y pinj | %
k=1 k=1 j=1

Let us observe that shifting the multipliers A, k = 1, ..., K, by a constant vector does not
change the value of the Lagrangian, because the expression Ay — Zle pjAj isinvariant to
such shifts. Therefore, with no loss of generality we can assume that

K
ij)"j =0.
j=1

or, equivalently, that PA = 0. Dualization of problem (2.80) with respect to the nonantici-
pativity constraints takes the form of the following problem:

Max {D(x) =inf L(x, x)} s.t. PA = 0. (2.88)

By general duality theory we have that the optimal value of problem (2.61) is greater than
or equal to the optimal value of problem (2.88). These optimal values are equal to each
other under some regularity conditions; we will discuss a general case in the next section.
In particular, if the two-stage problem is linear and since the nonanticipativity constraints
are linear, we have in that case that there is no duality gap between problem (2.61) and its
dual problem (2.88) unless both problems are infeasible.

Let us take a closer look at the dual problem (2.88). Under the condition PA = 0, the
Lagrangian can be written simply as

K

Lx,A) = pi(F (o 00) + Axe).
k=1

We see that the Lagrangian can be split into K components:
K
L(x,0) =) peLe(xe, ),
k=1
where Lj(x, Ay) := F(xg, wi) + )»Zxk. It follows that
K
D) =) peDi(h),
j=1
where

Di(Ag) = inf L (xg, Ae).
xkeX
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For example, in the case of the two-stage linear program (2.15), Dy (1¢) is the optimal value
of the problem
Min(c + a0) " + g i

Xk Yk
s.t. Axy = b,
Tiexi + Wiye = hy,
x>0, w=0.
We see that value of the dual function D(XL) can be calculated by solving K independent
scenario subproblems.

Suppose that there is no duality gap between problem (2.61) and its dual (2.88) and
their common optimal value is finite. This certainly holds true if the problem is linear, and
both problems, primal and dual, are feasible. Let A = (A1, ..., Ag) be an optimal solution
of the dual problem (2.88). Then the set of optimal solutions of problem (2.61) is contained
in the set of optimal solutions of the problem

Min Z PiLi (i, Ae) (2.89)

xreX

This inclusion can be strict, i.e., the set of optimal solutions of (2.89) can be larger than the
set of optimal solutions of problem (2.61). (See an example of linear program defined in
(7.32).) Of course, if problem (2.89) has unique optimal solution ¥ = (xy, ..., Xg), then
x € £,ie.,Xx; =--- = Xg, and this is also the optimal solution of problem (2.61) with x
being equal to the common value of x1, ..., Xx. Note also that the above problem (2.89) is
separable, i.e., X is an optimal solution of (2.89) iff forevery k = 1, ..., K, X is an optimal
solution of the problem
Mll’l Lk(xk, )»k)

2.4.3 Nonanticipativity Duality for General Distributions

In this section we discuss dualization of the first-stage problem (2.61) with respect to nonan-
ticipativity constraints in the general (not necessarily finite-scenarios) case. For the sake of
convenience we write problem (2.61) in the form

Min {f(x) :=E[F(x, )]}, (2.90)

where F(x, w) := F(x, w) +Ix(x),ie., F(x,w) = F(x,w)ifx € X and F(x, ®) = +00
otherwise. Let X be a linear decomposable space of measurable mappings from €2 to R”.
Unless stated otherwise we use X := £,(£2, ¥, P; R") for some p € [1, +00] such that
for every x € X the expectation E[F (x(w), w)] is well defined. Then we can write problem
(2.90) in the equivalent form

Min E[F (x (), )], (2.91)
xefl
where £ is a linear subspace of X formed by mappings x : 2 — R”" which are constant
almost everywhere, i.e.,
£:={x € X : x(w) = x for some x € R"},

where x (w) = x means that x(w) = x fora.e. w € Q.
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Consider the dual® X* := L4(2, F, P;R") of the space X and define the scalar
product (bilinear form)

(A x)=E[rAx]= f AMw) ' x(w)dP(w), A €X*, xeX.
Q

Also, consider the projection operator P : X — £ defined as [Px](w) = E[x]. Clearly the
space £ is formed by such x € X that Px = x. Note that

(A, Px) =E[A]"E[x] = (P*A, x),

where P* is a projection operator [ P*A](w) = E[A] from X* onto its subspace formed by
constant a.e. mappings. In particular, if p = 2, then ¥* = X and P* = P.
With problem (2.91) is associated the following Lagrangian:

L(x,}) :=E[F(x(0), ®)] + E[A"(x — E[x])].

Note that
E[AT(x —E[x])] = (A,x — Px) = (A — P*A, x),

and A — P*X does not change by adding a constant to A(-). Therefore we can set P*A = 0,
in which case

L(x, ) =E[F(x(w), w) + M) x(w)] for E[A] = 0. (2.92)

This leads to the following dual of problem (2.90):

Max {D(X) = inf L(x, X)} s.t. E[A] =0. (2.93)
Aex* xeX

In case of finitely many scenarios, the above dual is the same as the dual problem (2.88).
By the interchangeability principle (Theorem 7.80) we have

inf E[F(x(@), ®) + M) x(@)]=E [inﬂ{n (F(x,w) + )»(a))Tx)i| .
Consequently,

D) = E[D,(A(w))],
where D,, : R” — R is defined as

Dy () = inf (ATx + F, (1)) = = sup (=A"x = F, (1)) = —F(=1). (2.94)

xeRn

That is, in order to calculate the dual function D(X) one needs to solve for every w € Q
the finite dimensional optimization problem (2.94) and then to integrate the optimal values
obtained.

Recall that 1/p + 1/g = 1 for p,q € (1,4+00). If p = 1, then ¢ = +00. Also for p = +oo we use
q = 1. This results in a certain abuse of notation since the space X = L, (2, ¥, P; R") is not reflexive and
X* = L£(Q, F, P;R") is smaller than its dual. Note also thatif x € £,(2, ¥, P; R"), then its expectation
E[lx] = fﬂ x(w)d P(w) is well defined and is an element of vector space R".
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By the general theory, we have that the optimal value of problem (2.91), which is the
same as the optimal value of problem (2.90), is greater than or equal to the optimal value
of its dual (2.93). We also have that there is no duality gap between problem (2.91) and its
dual (2.93) and both problems have optimal solutions ¥ and x, respectively, iff (x, X)isa
saddle point of the Lagrangian defined in (2.92). By definition a point (¥, 1) € X x X* is
a saddle point of the Lagrangian iff

¥ cargmin L(x,X) and A € aré max L(x, ). (2.95)
xel A:E[A]=0

By the interchangeability principle (see (7.247) of Theorem 7.80), we have that the first
condition in (2.95) can be written in the following equivalent form:

¥(w) =X and ¥ € arg m%{n [F(x,0) + AM(@)'x} ae weQ. (2.96)
xeR"?

Since ¥ (w) = X, the second condition in (2.95) means that E[A] = 0.

Let us assume now that the considered problem is convex, i.e., the set X is convex
(and closed) and F,,(-) is a convex function fora.e. w € €. It follows that F,()is aconvex
function for a.e. w € Q2. Then the second condition in (2.96) holds iff A (w) € —0 F,,(x) for
a.e. w € Q. Together with condition E[A] = O this means that

0 E[dF,(X)]. (2.97)

It follows that the Lagrangian has a saddle point iff there exists x € R” satisfying condition
(2.97). We obtain the following result.

Theorem 2.25. Suppose that the function F (x, w) is random lower semicontinuous, the set
X is convex and closed, and for a.e. w € Q2 the function F (-, w) is convex. Then there is no
duality gap between problems (2.90) and (2.93) and both problems have optimal solutions
iff there exists x € R" satisfying condition (2.97). In that case, X is an optimal solution
of (2.90) and a measurable selection XMw) € —3F,(X) such that E[A] = 0 is an optimal
solution of (2.93).

Recall that the inclusion E [0 F,,(¥)] C 0 f(¥) always holds (see (7.125) in the proof
of Theorem 7.47). Therefore, condition (2.97) implies that 0 € 9 f (x), which in turn implies
that x is an optimal solution of (2.90). Conversely, if x is an optimal solution of (2.90),
then 0 € 3 £ (%), and if in addition E [3F,,(X)] = 3 f(¥), then (2.97) follows. Therefore,
Theorems 2.25 and 7.47 imply the following result.

Theorem 2.26. Suppose that (i) the function F(x, w) is random lower semicontinuous,
(i1) the set X is convex and closed, (iii) for a.e. w € 2 the function F (-, ) is convex, and
(iv) problem (2.90) possesses an optimal solution x such that x € int(dom f). Then there is
no duality gap between problems (2.90) and (2.93), the dual problem (2.93) has an optimal
solution A, and the constant mapping X (w) = X is an optimal solution of the problem

Min E [F (x(0), @) + L) x()].

Proof. Since x is an optimal solution of problem (2.90), we have that x € X and f(x)
is finite. Moreover, since X € int(dom f) and f is convex, it follows that f is proper
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and Ngom r(X) = {0}. Therefore, it follows by Theorem 7.47 that E [0 F,,(X)] = df (X).
Furthermore, since x € int(dom f), we have that 9 f (x) = 9f(x) + Nx(x), and hence
E[dF,(xX)] = 3 f(X). By optimality of X, we also have that 0 € 3 f(¥). Consequently,
0eE [8 F, ()E)], and hence the proof can be completed by applying Theorem 2.25. [

If X is a subset of int(dom f), then any point x € X is an interior point of dom f. In
that case, condition (iv) of the above theorem is reduced to existence of an optimal solution.
The condition X C int(dom f) means that f(x) < 400 for every x in a neighborhood of
the set X. This requirement is slightly stronger than the condition of relatively complete
recourse.

Example 2.27 (Capacity Expansion Continued). Let us consider the capacity expansion
problem of Examples 2.4 and 2.13. Suppose that x is the optimal first-stage decision and
let y;;(§) be the corresponding optimal second-stage decisions. The scenario problem has
the form

Min Z [(cij + 2ij E)xij + qijvij]

(i, ))eA
st Y yi— Y, yij=&, neN,
(i, ))eA+(n) (i, ))eA_(n)

0<yj=<uxj (@GJjeA

From Example 2.13 we know that there exist random node potentials wu,(§), n € N, such
that for all £ € E we have w(¢) € M(x, &), and conditions (2.42)—(2.43) are satisfied.
Also, the random variables g;;(§) = —max{0, u;(§) — 1t;(§) — ¢;;} are the corresponding
subgradients of the second stage cost. Define

Aij(§) = max{0, Mi(&)—.uj(é)—qij}—/_ max{0, u; (§)—w;()—qi;} Pd§), (i,)) € A

We can easily verify that x;;(§) = X;; and y;;(§), (i, j) € A, are an optimal solution of the
scenario problem, because the first term of A;; cancels with the subgradient g;;(§), while
the second term satisfies the optimality conditions (2.42)—(2.43). Moreover, E[A] = 0 by
construction. W

2.4.4 Value of Perfect Information

Consider the following relaxation of the two-stage problem (2.61)—(2.62):

Mialel E[F (x(»), w)]. (2.98)

This relaxation is obtained by removing the nonanticipativity constraint from the formulation
(2.91) of the first-stage problem. By the interchangeability principle (Theorem 7.80) we
have that the optimal value of the above problem (2.98) is equal to E [infxeRu F(x, a))].
The value inf g F (x, ) is equal to the optimal value of the problem

Min gx,y, ). (2.99)
xeX, yeg(x,w)
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That is, the optimal value of problem (2.98) is obtained by solving problems of the form
(2.99), one for each w € 2, and then taking the expectation of the calculated optimal values.

Solving problems of the form (2.99) makes sense if we have perfect information about
the data, i.e., the scenario w € 2 is known at the time when the first-stage decision should
be made. The problem (2.99) is deterministic, e.g., in the case of two-stage linear program
(2.1)—(2.2) it takes the form

Min c¢'x+q'y st. Ax =b, Tx + Wy =h.

x=0,y=0

An optimal solution of the second-stage problem (2.99) depends on w € €2 and is called the
wait-and-see solution.

We have that for any x € X and w € €, the inequality F(x, w) > inf,cx F(x, w)
clearly holds, and hence E[F (x, w)] > E [infcx F (x, w)]. It follows that

inf E[F(x.0)] = E [in;f( F(x, w)] . (2.100)

Another way to view the above inequality is to observe that problem (2.98) is a relaxation
of the corresponding two-stage stochastic problem, which of course implies (2.100).

Suppose that the two-stage problem has an optimal solution X € arg min,cx E[F (x, w)].
As F(x, w) —inf,cx F(x,w) > 0 for all € 2, we conclude that

E[F(x,w)] =E |:in£ F(x, a))j| (2.101)
Xe
iff F(x, w) = infcx F(x, w) w.p. 1. That is, equality in (2.101) holds iff
F(x,w)= ing F(x,w) forae. w e Q. (2.102)
Xe

In particular, this happens if F,,(x) has a minimizer independent of @ € Q. This, of course,
may happen only in rather specific situations.

The difference F (x, w) — inf,cx F(x, w) represents the value of perfect information
of knowing w. Consequently

EVPl := inf E[F(x,w)] — E |:inf F(x, a))]
xeX xeX

is called the expected value of perfect information. It follows from (2.100) that EVPI is
always nonnegative and EVPI = 0 iff condition (2.102) holds.

Exercises

2.1. Consider the assembly problem discussed in section 1.3.1 in two cases:

(i) The demand which is not satisfied from the preordered quantities of parts is
lost.
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(i) All demand has to be satisfied by making additional orders of the missing parts.
In this case, the cost of each additionally ordered part j isr; > c;.

For each of these cases describe the subdifferential of the recourse cost and of the
expected recourse cost.

2.2. A transportation company has n depots among which they send cargo. The demand

2.3.
2.4.

2.5.

2.6.

2.7.
2.8.

2.9.

2.10.

2.11.

for transportation between depot i and depot j # i is modeled as a random variable
D;;. The total capacity of vehicles currently available at depot i is denoted s;,
i = 1,...,n. The company considers repositioning its fleet to better prepare to
the uncertain demand. It costs ¢;; to move a unit of capacity from location i to
location j. After repositioning, the realization of the random vector D is observed,
and the demand is served, up to the limit determined by the transportation capacity
available at each location. The profit from transporting a unit of cargo from location
i to location j is equal g;;. If the total demand at location i exceeds the capacity
available at location i, the excessive demand is lost. It is up to the company to decide
how much of each demand D;; be served, and which part will remain unsatisfied.
For simplicity, we consider all capacity and transportation quantities as continuous
variables.

(a) Formulate the problem of maximizing the expected profit as a two-stage stochas-
tic programming problem.

(b) Describe the subdifferential of the recourse cost and the expected recourse cost.

Show that the function s, (-), defined in (2.4), is convex.

Consider the optimal value Q(x, &) of the second-stage problem (2.2). Show that
0, &) is differentiable at a point x iff the dual problem (2.3) has a unique optimal
solution 77, in which case V, Q(x, £) = —T"7.

Consider the two-stage problem (2.1)—(2.2) with fixed recourse. Show that the
following conditions are equivalent: (i) problem (2.1)—(2.2) has complete recourse,
(ii) the feasible set [1(g) of the dual problem is bounded for every ¢, and (iii) the
system W'z < 0 has only one solution 7 = 0.

Show that if random vector £ has a finite support, then condition (2.24) is necessary
and sufficient for relatively complete recourse.

Show that the conjugate function of a polyhedral function is also polyhedral.

Show that if Q(x, w) is finite, then the set ® (x, w) of optimal solutions of problem
(2.46) is a nonempty convex closed polyhedron.

Consider problem (2.63) and its optimal value F (x, w). Show that F (x, w) is convex
in x if g(x, y, w) is convex in (x, y). Show that the indicator function g () (y) is
convex in (x, y) iff condition (2.68) holds for any ¢ € [0, 1].

Show that equation (2.86) implies that (x — Px,y) =0foranyx € X and y € £,
i.e., that P is the orthogonal projection of X onto £.

Derive the form of the dual problem for the linear two-stage stochastic programming
problem in form (2.80) with nonanticipativity constraints (2.87).






Chapter 3

Multistage Problems

Andrzej Ruszczyriski and Alexander Shapiro

3.1 Problem Formulation
3.1.1 The General Setting

The two-stage stochastic programming models can be naturally extended to a multistage
setting. We discussed examples of such decision processes in sections 1.2.3 and 1.4.2 for a
multistage inventory model and a multistage portfolio selection problem, respectively. In the
multistage setting, the uncertaindata &y, . . ., &7 isrevealed gradually over time, in T periods,
and our decisions should be adapted to this process. The decision process has the form

decision (x;) ~» observation (&) ~» decision (x;) ~»

-« ~» observation (£§7) ~» decision (x7).

We view the sequence &, € R% t=1,...,T, of data vectors as a stochastic process, i.e.,
as a sequence of random variables with a specified probability distribution. We use notation
& := (&1, ..., &) to denote the history of the process up to time ¢.

The values of the decision vector x;, chosen at stage ¢, may depend on the information
(data) &, available up to time ¢, but not on the results of future observations. This is the
basic requirement of nonanticipativity. As x, may depend on &}, the sequence of decisions
is a stochastic process as well.

We say that the process {&, } is stagewise independent if €, is stochastically independent
of &1, t =2, ..., T. Itis said that the process is Markovian if for every t =2,..., T,
the conditional distribution of & given &[;_; is the same as the conditional distribution of
& given &_,. Of course, if the process is stagewise independent, then it is Markovian.
As before, we often use the same notation & to denote a random vector and its particular

63
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realization. Which of these two meanings will be used in a particular situation will be clear
from the context.

In a generic form a T'-stage stochastic programming problem can be written in the
nested formulation

X2€%62(x1,62) xr€Xr(xr-1,61)

)}}gglfmxoﬂﬁz[ inf  f(e2, &) +E[ B[ inf fT(xr,sT)]]],(s.n

driven by the random data process &, &, ..., &r. Herex, e R™,t =1, ..., T, are decision
variables, f; : R™ x R% — R are continuous functions and X, : R"! x R* — R™,
t = 2,...,T, are measurable closed valued multifunctions. The first-stage data, i.e., the

vector &1, the function f; : R — R, and the set Xy C R™ are deterministic. It is said that
the multistage problem is /inear if the objective functions and the constraint functions are
linear. In a typical formulation,

fi, &) = ¢lxi, X1 = {x s A = by, x 2 0},
Xi(xi—1,8) ={x; : Bximi +Ax, =by, x, 20}, t=2,...,T.

Here, & := (c1, A1, by) is known at the first-stage (and hence is nonrandom), and &, :=
(¢;, By, A, by) e R% t =2, ..., T, are data vectors,'? some (or all) elements of which can
be random.

There are several equivalent ways to make this formulation precise. One approach is
to consider decision variables x; = x,(§;1), t = 1, ..., T, as functions of the data process
&7 up to time . Such a sequence of (measurable) mappings x, : R x ... x R% — R™,
t = 1,...,T, is called an implementable policy (or simply a policy) (recall that & is
deterministic). An implementable policy is said to be feasible if it satisfies the feasibility
constraints, i.e.,

x,(§) € X (o1 (§p-11), 8, t=2,...,T, wp. L. (3.2

We can formulate the multistage problem (3.1) in the form

Min  E[fi(x) + o2, &) + -+ + fr (x7 G, &r) |

X1,X2,.0, X7

33
s.t. x1 € X1, x: (&) € X (xi—18p-19), 60), 1 =2,..., T. G-
Note that optimization in (3.3) is performed over implementable and feasible policies and
that policies x», .. ., X are functions of the data process, and hence are elements of appro-
priate functional spaces, while x; € R™ is a deterministic vector. Therefore, unless the data
process &1, ..., &r has a finite number of realizations, formulation (3.3) leads to an infinite
dimensional optimization problem. This is a natural extension of the formulation (2.66) of
the two-stage problem.
Another possible way is to write the corresponding dynamic programming equations.
That is, consider the last-stage problem

Min frxr, &r).

xr €Xr (xr-1,87)

10Tf data involves matrices, then their elements can be stacked columnwise to make it a vector.
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The optimal value of this problem, denoted Q7 (xr—1, £7), depends on the decision vector
x7—; and data &r. Atstager = 2,..., T — 1, we formulate the problem

N)I(Iin fi(xe, &)+ ]E{Qz+1 (xt, E[;+1]) |§[t]}
s.t.x; € X (x—1, &),

where E [ . |§[,]] denotes conditional expectation. Its optimal value depends on the decision
x;—1 at the previous stage and realization of the data process &}, and denoted Q, (x[_l , E[[]).

The idea is to calculate the cost-to-go (or value) functions Q, (x,_l, 5[,])), recursively, going
backward in time. At the first stage we finally need to solve the problem:

Xl\gcl fiGx) +E[Q2 (x1,8)].

The corresponding dynamic programming equations are

_ = inf 4
(0 (x[ 1 E[z]) x,exfgc,,l.g,) {ﬁ(xta &)+ @i (xz, éf[z]) }a 3.4
where

Qi1 (xr, &) = E{Qus1 (x1, &) |€101} -
An implementable policy x; (&) is optimal iff fort =1,..., T,

X (§1)) € arg _min {fix &) + @1 (0, &) }o wp. 1, (3.5)
xrgxr(xt—l(g[r—l])fr)

where for t = T the term @7 is omitted and for # = 1 the set X depends only on &;. In
the dynamic programming formulation the problem is reduced to solving a family of finite
dimensional problems, indexed by ¢ and by &;;. It can be viewed as an extension of the
formulation (2.61)—(2.62) of the two-stage problem.

If the process &, ..., &r is Markovian, then conditional distributions in the above
equations, given &[;}, are the same as the respective conditional distributions given &;. In
that case each cost-to-go function Q, depends on & rather than the whole &[;; and we can
write it as Q, (x,—1, &). If, moreover, the stagewise independence condition holds, then
each expectation function @, does not depend on realizations of the random process, and
we can write it simply as @, (x,_p).

3.1.2 The Linear Case

We discuss linear multistage problems in more detail. Let x|, ..., x7 be decision vectors
corresponding to time periods (stages) 1, ..., T. Consider the following linear program-
ming problem:

Min chl + chz + c3T x3 + ... + c;xT
S.t. Alxl = bl s
Byx; + Ay = b,
Byx, +  Asxz = bs, (3.6)
Brxr_1 + Arxy = br,
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We can view this problem as a multiperiod stochastic programming problem where ¢, A;
and b, are known, but some (or all) the entries of the cost vectors ¢;, matrices B; and A,, and
right-hand-side vectors b,, t = 2, ..., T, are random. In the multistage setting, the values
(realizations) of the random data become known in the respective time periods (stages), and
we have the following sequence of actions:

decision (x1)
observation & := (¢, By, Ay, b))
decision (x;)

observation &r := (cr, Br, Ar, br)

decision (x7).

Our objective is to design the decision process in such a way that the expected value of the
total cost is minimized while optimal decisions are allowed to be made at every time period
t=1,...,T.

Let us denote by &; the data vector, realization of which becomes known at time
period . Inthe setting of the multiperiod problem (3.6), &, is assembled from the components
of ¢;, B;, A;, b;, some (or all) of which can be random, while the data &, = (¢, Ay, by) atthe
first stage of problem (3.6) is assumed to be known. The important condition in the above
multistage decision process is that every decision vector x; may depend on the information
available at time ¢ (thatis, &) but not on the results of observations to be made at later stages.
This differs multistage stochastic programming problems from deterministic multiperiod
problems, in which all the information is assumed to be available at the beginning of the
decision process.

As it was outlined in section 3.1.1, there are several possible ways to formulate
multistage stochastic programs in a precise mathematical form. In one such formulation
x; =x1(§7), t =2,...,T,is viewed as a function of &}, and the minimization in (3.6) is
performed over appropriate functional spaces of such functions. If the number of scenar-
ios is finite, this leads to a formulation of the linear multistage stochastic program as one
large (deterministic) linear programming problem. We discuss that further in section 3.1.4.
Another possible approach is to write dynamic programming equations, which we discuss
next.

Let us look at our problem from the perspective of the last stage 7. At that time
the values of all problem data, &7}, are already known, and the values of the earlier deci-
sion vectors, Xy, ..., X7—1, have been chosen. Our problem is, therefore, a simple linear
programming problem

T
Min cpxr
X
s.t. Byxr_1 + Arxy = br,

x7 > 0.

The optimal value of this problem depends on the earlier decision vector xy_; € R"7-! and
data &r = (¢, Br, Ar, br) and is denoted by Q7 (x7_1, &7).
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Atstage T — 1 we know x7_, and &§7_1). We face, therefore, the following stochastic
programming problem:

Min cj_x7—1 + E[Qr(xr_1. &r) | §7-11]

XT-1
S.t. Br_ixr—2 + Ar_1x7-1 = br_1,
x7-1 = 0.

The optimal value of the above problem depends on x7_, € R"7-? and data &7_; and is

denoted Q71 (x7—2, §i7-17)-
Generally, at staget =2, ..., T — 1, we have the problem

N)[Cin C,sz +E [Qt+1 (%25 Er1y) | S[t]]

S.t. Bt.xt71 + A[Xf = b[, (3'7)

x; > 0.

Its optimal value, called cost-to-go function, is denoted Q,(x;_1, &)).
On top of all these problems is the problem to find the first decisions, x; € R™,

M)ﬂin cix1 +E[Qa(x1, £)]

s.t. Ajx; = by, (3.8)
x1 > 0.
Note that all subsequent stages ¢+ = 2, ..., T are absorbed in the above problem into the

function Q5 (x1, &) through the corresponding expected values. Note also that since &; is
not random, the optimal value Q,(x, &) does not depend on &;. In particular, if T = 2,
then (3.8) coincides with the formulation (2.1) of a two-stage linear problem.

The dynamic programming equations here take the form (compare with (3.4))

(07 (xtflv S[t]) = il;f {Ctht + Q11 (xt, g[t]) B+ Ay =by, x> 0},

where
(O} (xt, f[r]) =E {Qt+1 (xz, §[z+1]) |~§[z]} .

Also an implementable policy x,(§[;)) is optimal if fort =1, ..., T the condition

x; (&) € argn}cin {Ctht + @41 (xta ";‘_[t]) Ax, =b — Bix;1(§—-1y), x> 0}

holds for almost every realization of the random process. (For ¢t = T the term Qr, is
omitted and for r = 1 the term B,X,_; is omitted.) If the process &, is Markovian, then each
cost-to-go function depends on &, rather than &}, and we can simply write Q,(x,—, &), t =
2, ..., T. If, moreover, the stagewise independence condition holds, then each expectation
function @, does not depend on realizations of the random process, and we can write it as
Q,(x,_1),t=2,...,T.

The nested formulation of the linear multistage problem can be written as follows
(compare with (3.1)):

Min clxi+E| min  clo+E[-+E[ min o] (69
Ayx1=b; Byx1+Arxa=b) Brxr_1+Arxr=br
x1>0 x>0 xr =0
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Suppose now that we deal with an underlying model with a full lower block triangular
constraint matrix:

Min c]Txl + c;x2 + c;x3 + e + c;xT
S.t. Anxy = by,
Anx; +  Apx = by,
Azixp +  Anxy + Aznxs = b3,
Arixy + Apxp + 0 - + Arr_ixr—1 + Arrxr = by,
x1 >0, x>0, x3 >0, x>0
(3.10)
In the constraint matrix of (3.6), the respective blocks A1, ..., A, ;_» were assumed
to be zeros. This allowed us to express there the optimal value Q, of (3.7) as a function of
the immediately preceding decision, x;_j, rather than all earlier decisions x, ..., x,—;. In
the case of problem (3.10), each respective subproblem of the form (3.7) depends on the
entire history of our decisions, xj;_1} := (x1, ..., X;—1). It takes on the form
1\/)I(fin ;% +E[ Q1 vy, &) | &1n1]
st Agxy + -+ Arprxi1 + Axe = by, G.11)

x; > 0.

Its optimal value (i.e., the cost-to-go function) Q; (x;—1y, §s}) is now a function of the whole
history xj,_1; of the decision process rather than its last decision vector x;_.

Sometimes it is convenient to convert such a lower triangular formulation into the
staircase formulation from which we started our presentation. This can be accomplished by
introducing additional variables r, which summarize the relevant history of our decisions.
We shall call these variables the model state variables (to distinguish from information
states discussed before). The relations that describe the next values of the state variables
as a function of the current values of these variables, current decisions, and current random
parameters are called model state equations.

For the general problem (3.10), the vectors xj;; = (xi, ..., x;) are sufficient model
state variables. They are updated at each stage according to the state equation xp; =
(Xr=17, x¢) (which is linear), and the constraint in (3.11) can be formally written as

[An A ... At,t—l ]x[z—l] + At,txr = b;.

Although it looks a little awkward in this general case, in many problems it is possible to
define model state variables of reasonable size. As an example let us consider the structure

Min clTxl + ngz + ch3 + cee + c}xT
S.t. A1x = b,
Bixi + Anx = by,
Bixi + Baxa + Anxs = bs,
Bix1 + Bxa + - + Broixr—1 + Arrxr = br,
x1 >0, Xy >0, x3 >0, x7 >0,
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in which all blocks A;;,i =t+1, ..., T, are identical and observed at time . Then we can
define the state variables r;,t = 1, ..., T, recursively by the state equationr, = r,_; + B, x;,
t=1,...,T — 1, where ro = 0. Subproblem (3.11) simplifies substantially:

lyﬁrn C,TXt +E [QH—I(’”t» 5[1—&-1]) | g[t]]
St.r—1 + A ix, = by,
ry =ri—1 + Bixy,

x; > 0.

Its optimal value depends on r;_; and is denoted Q;(r;—1, &1).

Let us finally remark that the simple sign constraints x, > 0 can be replaced in our
model by a general constraint x, € X,, where X, is a convex polyhedron defined by some
linear equations and inequalities (local for stage ). The set X, may be random, too, but has
to become known at stage ¢.

3.1.3 Scenario Trees

In order to proceed with numerical calculations, one needs to make a discretization of the
underlying random process. It is useful and instructive to discuss this in detail. That is, we

consider in this section the case where the random process &1, . . ., £7 has a finite number of
realizations. Itis useful to depict the possible sequences of data in a form of scenario tree. It
has nodes organized in levels which correspond to stages 1, ..., T. Atlevel r = 1 we have

only one root node, and we associate with it the value of £, (which is known at stage t = 1).
Atlevel + = 2 we have as many nodes as many different realizations of & may occur. Each
of them is connected with the root node by an arc. For each node ¢ of level t = 2 (which
corresponds to a particular realization &} of &;) we create at least as many nodes at level 3
as different values of £3 may follow &;, and we connect them with the node ¢, etc.
Generally, nodes at level ¢ correspond to possible values of &, that may occur. Each
of them is connected to a unique node at level ¢+ — 1, called the ancestor node, which
corresponds to the identical first # — 1 parts of the process &, and is also connected to nodes
at level ¢ + 1, called children nodes, which correspond to possible continuations of history
&1- Note that in general realizations &/ are vectors, and it may happen that some of the
values &/, associated with nodes at a given level ¢, are equal to each other. Nevertheless,
such equal values may be represented by different nodes, because they may correspond to
different histories of the process. (See Figure 3.1 in Example 3.1 of the next section.)

We denote by €2, the set of all nodes atstaget = 1, ..., T. In particular, €2 consists of
a unique root node, €2, has as many elements as many different realizations of &, may occur,
etc. Foranode: € 2, wedenoteby C, C 2,41, =1, ..., T—1, the setofall children nodes

of,andbya(t) € Q2;_;,t =2,..., T, the ancestor node of t. We have that ;| = U,eq,C,
and the sets C, are disjoint, i.e., C,NC, = @if ¢ # . Note again that with different nodes at
stage t > 3 may be associated the same numerical values (realizations) of the corresponding
data process &,. Scenario is a path from the root note at stage + = 1 to a node at the last stage
T. Each scenario represents a history of the process &y, ..., £&7. By construction, there is
one-to-one correspondence between scenarios and the set €27, and hence the total number
K of scenarios is equal to the calrdinality11 of the set Q7,i.e., K = |Q7r].

I'We denote by |2| the number of elements in a (finite) set £2.
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Next we should define a probability distribution on a scenario tree. In order to deal with
the nested structure of the decision process we need to specify the conditional distribution
of & given &, t = 1,..., T — 1. That is, if we are currently at a node ¢ € €2;, we need
to specify probability of moving from ¢ to a node n € C,. Let us denote this probability
by p,,. Note that p,, > 0 and Zneq o = 1, and that probabilities p,, are in one-to-
one correspondence with arcs of the scenario tree. Probabilities p,,, n € C,, represent

conditional distribution of &, given that the path of the process &i, ..., & ended at the
node t.
Every scenario can be defined by its nodes ¢y, .. .tr, arranged in the chronological

order, i.e., node ¢, (atlevel t = 2)is connected to the root node, ¢3 is connected to the node ¢,,
etc. The probability of that scenario is then given by the product p,,,, 0,,.; - - - 0.;_,.,. That
is, a set of conditional probabilities defines a probability distribution on the set of scenarios.
Conversely, it is possible to derive these conditional probabilities from scenario probabilities

pr.k=1,..., K,asfollows. Letus denote by 4§ O the set of scenarios passing through node
¢ (at level t) of the scenario tree, and let p© := Pr[8"], i.e., p" is the sum of probabilities
of all scenarios passing through node ¢. If ¢y, t2, ..., t, with ¢; being the root node and

t; = t, is the history of the process up to node ¢, then the probability p® is given by the
product

(O

P - pl]szl2L3 e IOL,,]L,

of the corresponding conditional probabilities. In another way, we can write this in the
recursive form p© = p, p@, where a = a(1) is the ancestor of the node ¢. This equation
defines the conditional probability p,, from the probabilities p and p. Note that if
a = a(u) is the ancestor of the node ¢, then 8¢ C 8@ and hence p(‘) < p(“). Consequently,
if p@ > 0, then p,, = p®/p@. Otherwise 8 is empty, i.e., no scenario is passing
through the node a, and hence no scenario is passing through the node ¢.

If the process &1, ..., & is stagewise independent, then the conditional distribution
of &, given & is the same as the unconditional distribution of &1, ¢ =1,..., T — 1. In
that case at every stager = 1, ..., T — 1, with every node ¢ € €2, is associated an identical
set of children, with the same set of respective conditional probabilities and with the same
respective numerical values.

Recall that a stochastic process Z,, t = 1,2,..., that can take a finite number
{z1, ..., zm} of different values is a Markov chain if

Pr{Z 1=z |Zi =z, Ziv =z, ... Z1 = zi ) =Pr{Z =2z |z, = zi}
for all states z;, ,,...,z;,Zi,zjandallz =1,2,.... Denote

Pij = PF{Z,_H =2z |Zz=Zi}, i,j:l,...,m.

In some situations, it is natural to model the data process as a Markov chain with the
corresponding state space'? {¢!, ..., ¢™} and probabilities p; ; of moving from state ¢’ to
state ¢/, i,j = 1,...,m. We can model such a process by a scenario tree. At stage
t = 1 there is one root node to which is assigned one of the values from the state space,
say, chAt stage t = 2 there are m nodes to which are assigned values ¢ Lo, ¢™ with the

2In our model, values ¢', ..., £ can be numbers or vectors.



3.1. Problem Formulation 71

corresponding probabilities p;1, ..., pi.. Atstage t = 3 there are m? nodes, such that each
node at stage r = 2, associated with a state ¢*, a = 1, ..., m, is the ancestor of m nodes
at stage ¢ = 3 to which are assigned values ¢', ..., ™ with the corresponding conditional
probabilities pyi, ..., pam. At stage t = 4 there are m> nodes, etc. At each stage ¢ of
such T-stage Markov chain process there are m'~! nodes, the corresponding random vector
(variable) & cantake values ¢!, ..., ¢™ withrespective probabilities which can be calculated
from the history of the process up to time ¢, and the total number of scenarios is m” ~!. We
have here that the random vectors (variables) &, ..., &7 are independently distributed iff
pij = pijforany i,i’, j = 1,...,m,ie., the conditional probability p;; of moving from
state ¢ to state £/ does not depend on i.

In the above formulation of the Markov chain, the corresponding scenario tree rep-
resents the total history of the process with the number of scenarios growing exponentially
with the number of stages. Now if we approach the problem by writing the cost-to-go func-
tions Q,(x;—1, &), going backward, then we do not need to keep track of the history of the
process. Thatis, at every stage ¢ the cost-to-go function Q, (-, &) depends only on the current
state (realization) & = ¢/, i = 1,...,m, of the process. On the other hand, if we want to
write the corresponding optimization problem (in the case of a finite number of scenarios)
as one large linear programming problem, we still need the scenario tree formulation. This
is the basic difference between the stochastic and dynamic programming approaches to the
problem. That is, the stochastic programming approach does not necessarily rely on the
Markovian structure of the process considered. This makes it more general at the price of
considering a possibly very large number of scenarios.

An important concept associated with the data process is the corresponding filtration.
We associate with the set 27 the sigma algebra F7 of all its subsets. The set Q7 can be
represented as the union of disjoint sets C,, t € Q7_;. Let F7_; be the subalgebra of £
generated by the sets C,, t € Qr_;. As they are disjoint, they are the elementary events
of ¥7_1. By this construction, there is one-to-one correspondence between elementary
events of ¥7_; and the set Qr_; of nodes at stage 7 — 1. By continuing in this way
we construct a sequence of sigma algebras ¥, C --- C ¥y, called filtration. In this
construction, elementary events of sigma algebra ¥; are subsets of 27 which are in one-
to-one correspondence with the nodes ¢« € ;. Of course, the cardinality |F;| = 2!, In
particular, #7 corresponds to the unique root at stage t = 1 and hence 1 = {0, Q7).

3.1.4 Algebraic Formulation of Nonanticipativity Constraints

Suppose that in our basic problem (3.6) there are only finitely many, say, K, different
scenarios the problem data can take. Recall that each scenario can be considered as a path
of the respective scenario tree. With each scenario, numbered k, is associated probability
pr and the corresponding sequence of decisions'® x¥ = (x¥, x4, ..., xk). That is, with
each possible scenario k = 1, ..., K (i.e., a realization of the data process) we associate a
sequence of decisions x*. Of course, it would not be appropriate to try to find the optimal

13To avoid ugly collisions of subscripts, we change our notation a little and put the index of the scenario,
k, as a superscript.
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values of these decisions by solving the relaxed version of (3.6):

K
Min Zpk[ch’f + (BT + (B o+ e+ (c’})Txé]
k=1
s.t. Ajxk = by,
Bhxf + Ak = b,
Bé‘xé‘ + A§x§ = b’;,
Bixy_, + Apxp = b,
x{‘>0, x§20, x§20, x’;>0,
(3.12)
k=1,...,K.

The reason is the same as in the two-stage case. That is, in problem (3.12) all parts of the
decision vector are allowed to depend on all parts of the random data, while each part x;,
should be allowed to depend only on the data known up to stage 7. In particular, problem
(3.12) may suggest different values of x;, one for each scenario k, while our first-stage
decision should be independent of possible realizations of the data process.

In order to correct this problem we enforce the constraints

xF=xl, Wk, tefl,..., K}, (3.13)

similarly to the two-stage case (2.83). But this is not sufficient, in general. Consider the
second part of the decision vector, x,. It should be allowed to depend only on &2} = (£, §2),
so it has to have the same value for all scenarios k£ for which S[I‘Z] are identical. We must,
therefore, enforce the constraints

x12< — xﬁ, Vk, £ for which $[kz] = 5[22]-

Generally, at stage t = 1, ..., T, the scenarios that have the same history &) cannot be
distinguished, so we need to enforce the nonanticipativity constraints:

f =x/, Vk, £forwhich&l =&, r=1,..T. (3.14)

Xt

Problem (3.12) together with the nonanticipativity constraints (3.14) becomes equivalent to
our original formulation (3.6).

Remark 3. Let us observe that if in problem (3.12) only the constraints (3.13) are enforced,
then from the mathematical point of view the problem obtained becomes a two-stage stochas-
tic linear program with K scenarios. In this two-stage program the first-stage decision vector
is x1, the second-stage decision vector is (x», . .., Xk ), the technology matrix is B,, and the
recourse matrix is the block matrix
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t=2
t=3
t=4

Figure 3.1. Scenario tree. Nodes represent information states. Paths from the root
to leaves represent scenarios. Numbers along the arcs represent conditional probabilities
of moving to the next node. Bold numbers represent numerical values of the process.

Since the two-stage problem obtained is a relaxation of the multistage problem (3.6), its
optimal value gives a lower bound for the optimal value of problem (3.6) and in that sense it
may be useful. Note, however, that this model does not make much sense in any application,
because it assumes that at the end of the process, when all realizations of the random data
become known, one can go back in time and make all decisions x5, ..., Xg_1.

Example 3.1 (Scenario Tree). As discussed in section 3.1.3, it can be useful to depict the
possible sequences of data &}, in a form of a scenario tree. Anexample of such a scenario tree
is given in Figure 3.1. Numbers along the arcs represent conditional probabilities of moving
from one node to the next. The associated process & = (¢, B;, A;, by),t =1,..., T, with
T = 4,isdefined as follows. All involved variables are assumed to be one-dimensional, with
¢ty Bry A, t =2, 3, 4, being fixed and only right-hand-side variables b, being random. The
values (realizations) of the random process by, . . ., by are indicated by the bold numbers at
the nodes of the tree. (The numerical values of ¢;, B;, A, are not written explicitly, although,
of course, they also should be specified.) Thatis, atlevel t = 1, b; has the value 36. Atlevel
t = 2, by has two values 15 and 50 with respective probabilities 0.4 and 0.6. Atlevel t = 3
we have 5 nodes with which are associated the following numerical values (from right to
left): 10, 20, 12, 20, 70. That is, b3 can take 4 different values with respective probabilities
Pr{b; = 10} = 0.4-0.1, Pr{b; = 20} = 0.4-0.4+ 0.6 - 0.4, Pr{b; = 12} = 0.4-0.5,
and Pr{b; = 70} = 0.6 - 0.6. At level t+ = 4, the numerical values associated with 8 nodes
are defined, from right to left, as 10, 10, 30, 12, 10, 20, 40, 70. The respective probabilities
can be calculated by using the corresponding conditional probabilities. For example,

Priby =10} =04-0.1-1.0+04-04-0540.6-0.4-04.

Note that although some of the realizations of b3, and hence of &3, are equal to each other,
they are represented by different nodes. This is necessary in order to identify different
histories of the process corresponding to different scenarios. The same remark applies to
by and &4. Altogether, there are eight scenarios in this tree. Figure 3.2 illustrates the way in
which sequences of decisions are associated with scenarios from Figure 3.1.
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Figure 3.2. Sequences of decisions for scenarios from Figure 3.1. Horizontal
dotted lines represent the equations of nonanticipativity.

The process b; (and hence the process &;) in this example is not Markovian. For
instance,
Pr{bs = 10| b3 = 20, b, = 15, b; = 36} = 0.5,

while

Pr{bs = 10, by = 20}
Pr{b; = 20}

_05.04-04+04.04:06 _
0.4-0.4+04-0.6

Pr{bs = 10| by = 20} =

That is, Pr {bs = 10| b3 = 20} # Pr{by = 10| b3 = 20, b, = 15,b; = 36}. N

Relaxing the nonanticipativity constraints means that decisions x, = x,(w) are viewed
as functions of all possible realizations (scenarios) of the data process. This was the case
in formulation (3.12), where the problem was separated into K different problems, one
for each scenario w; = (51", R éi), k =1,..., K. The corresponding nonanticipativity
constraints can be written in several way. One possible way is to write them, similarly to
(2.84) for two-stage models, as

x =E[x|gq], t=1,....T. (3.15)
Another way is to use filtration associated with the data process. Let F; be the sigma algebra
generated by &), ¢ =1, ..., T. That is, #; is the minimal subalgebra of the sigma algebra
F such that &) (w), ..., & (w) are F;-measurable. Since &; is not random, ¥ contains only

two sets: J and 2. We have that F; C ¥, C --- C Fr C F. In the case of finitely many
scenarios, we discussed construction of such a filtration at the end of section 3.1.3. We can
write (3.15) in the following equivalent form

x=E[x|F], t=1,...,T. (3.16)



3.1. Problem Formulation 75

(See section 7.2.2 for a definition of conditional expectation with respect to a sigma subalge-
bra.) Condition (3.16) holds iff x;(w) is measurable with respectto #;,¢ = 1,...,T. One
can use this measurability requirement as a definition of the nonanticipativity constraints.

Suppose, for the sake of simplicity, that there is a finite number K of scenarios.
To each scenario corresponds a sequence (x{‘ e x?) of decision vectors which can be
considered as an element of a vector space of dimension n; + - - - 4+ ny. The space of all
such sequences (x’f e x?), k=1,..., K, is a vector space, denoted X, of dimension
(ny + - -+ + ny)K.The nonanticipativity constraints (3.14) define a linear subspace of X,
denoted £. Define the scalar product on the space X,

K T
(x, ) =) > peleP)Tyf, (3.17)

k=1 1=1
and let P be the orthogonal projection of X onto £ with respect to this scalar product. Then
x = Px

is yet another way to write the nonanticipativity constraints.

A computationally convenient way of writing the nonanticipativity constraints (3.14)
can be derived by using the following construction, which extends to the multistage case
the system (2.87).

Let Q, be the set of nodes at level ¢. For a node ¢ € , we denote by 8¢ the set
of scenarios that pass through node ¢ and are, therefore, indistinguishable on the basis of
the information available up to time . As explained before, the sets 4 for all t € §; are
the atoms of the sigma-subalgebra F; associated with the time stage . We order them and

denote them by 8!, ..., 8.
Let us assume that all scenarios 1, ..., K are ordered in such a way that each set 4/
is a set of consecutive numbers /;’, [ + 1, ..., r/. Then nonanticipativity can be expressed

by the system of equations

x—xtt=0, s=0",...,r' =1, t=1,....,T—1, v=1,....y. (3.18)

t t to

In other words, each decision is related to its neighbors from the left and from the right, if
they correspond to the same node of the scenario tree.
The coefficients of constraints (3.18) define a giant matrix

M=[M"... M5,

whose rows have two nonzeros each: 1 and —1. Thus, we obtain an algebraic description
of the nonanticipativity constraints:

M'x'+...+ MK =0. (3.19)

Owing to the sparsity of the matrix M, this formulation is very convenient for various
numerical methods for solving linear multistage stochastic programming problems: the
simplex method, interior point methods, and decomposition methods.

Example 3.2. Consider the scenario tree depicted in Figure 3.1. Let us assume that the
scenarios are numbered from the left to the right. Our nonanticipativity constraints take on
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Figure 3.3. The nonanticipativity constraint matrix M corresponding to the sce-
nario tree from Figure 3.1. The subdivision corresponds to the scenario submatrices
M', ... M

the form

1 2 _ 2 3 _ 7 8 _
x;—=x1=0, x{—=x{=0, ... ,x —x =0,

1 2 _ 2 3 _ _
X, —x;,=0, x3—x=0, x3—x;=0,

5_ .6 _ 6 _ T _ 8 _
x—x,=0, x—x=0 x—x,=0,

2 3 _ 3 4 _ —

x3—x3=0, x3—x3=0, x3—x3=0.

Using / to denote the identity matrix of an appropriate dimension, we may write the con-
straint matrix M as shown in Figure 3.3. M is always a very sparse matrix: each row of
it has only two nonzeros, each column at most two nonzeros. Moreover, all nonzeros are
either 1 or —1, which is also convenient for numerical methods. [ |

3.2 Duality
3.2.1 Convex Multistage Problems

In this section we consider multistage problems of the form (3.1) with
Xi(xi—1,8) ={x; : Bxi-1 +Ax, =b}, t=2,...,T, (3.20)

Xy :={x;: Aixy = b1} and f;(x,, &), ¢t =1,..., T, being random lower semicontinuous
functions. We assume that functions f; (-, &) are convex for a.e. &. In particular, if

cth, if x;, >0,

+o00 otherwise, @:21)

Ji(xe, &) = {

then the problem becomes the linear multistage problem given in the nested formula-
tion (3.9). All constraints involving only variables and quantities associated with stage
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t are absorbed in the definition of the functions f;. It is implicitly assumed that the data
(As, Bi, b)) = (A(&), Bi(§), by (&), t = 1,..., T, form a random process.
Dynamic programming equations take here the form

0 (xzfl, é[z]) = i?f {ft(xta &)+ Qyy (xt, S[t]) Bix + Axy = bt}» (3.22)

where
Qi1 (xr, &) = E{Qus1 (xr, &) |E101} -

Forevery t =1, ..., T and &, the function Q,(:, §) is convex. Indeed,
Or (xr—1,&r) = i)frlf ¢ (xr, x7—1, &7),
T

where )
fr(xr,&r) if Brxr—y + Arxy = br,
+00 otherwise.

o (xr, x7-1,87) = {

It follows from the convexity of fr (-, &r) that ¢ (-, -, &r) is convex, and hence the optimal
value function Q7 (-, &r) is also convex. Convexity of functions Q; (-, &) can be shown in
the same way by inductionin¢ = T, ..., 1. Moreover, if the number of scenarios is finite
and functions f; (x;, &) are random polyhedral, then the cost-to-go functions Q; (x;_1, &)
are also random polyhedral.

3.2.2 Optimality Conditions

Consider the cost-to-go functions Q,(x;_1, &) defined by the dynamic programming equa-
tions (3.22). With the optimization problem on the right-hand side of (3.22) is associated
the following Lagrangian:

Li(x;, 7)) = fi (%, &) + Qi (-xt’ S[t]) + 7T;T (by — Bixi—1 — Aixy) .

This Lagrangian also depends on &;; and x,_;, which we omit for brevity of the notation.
Denote

¥ (x4, E[z]) = filx, &) + @ q (xla S[t]) .

The dual functional is

D, () = iI;f L;(x;, ;)

= —sup {”ZTAzxr — ¥ (x4, é%[z])} + T[fT (by — Byix;—1)

Xy

= _W;*(AIT[“ &) + 7TtT (b; — Bix;—1),

where (-, &) is the conjugate function of v, (-, &;). Therefore we can write the La-
grangian dual of the optimization problem on the right hand side of (3.22) as follows:

Max {— (Af . &) + 7 (b — B} (3.23)

Both optimization problems, (3.22) and its dual (3.23), are convex. Under various reg-
ularity conditions there is no duality gap between problems (3.22) and (3.23). In particular,
we can formulate the following two conditions.
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(D1) The functions f;(x;,&),t = 1,..., T, are random polyhedral, and the number of
scenarios is finite.

(D2) For all sufficiently small perturbations of the vector b;, the corresponding optimal
value Q,(x;_1, &) is finite, i.e., there is a neighborhood of b, such that for any ] in
that neighborhood the optimal value of the right-hand side of (3.22) with b, replaced
by b is finite.

We denote by D, (x,,l, 5[,]) the set of optimal solutions of the dual problem (3.23). All
subdifferentials in the subsequent formulas are taken with respect to x, for an appropriate
tr=1,...,T.

Proposition 3.3. Suppose that either condition (D1) holds and Q, (x,_l, 5[,]) is finite or
condition (D2) holds. Then,

(i) there is no duality gap between problems (3.22) and (3.23), i.e.,

O (xi—1. &) = sup { =¥, (Al 7, &) + 7] (b, — Bixi—1)}, (3.24)

(ii) x; is an optimal solution of (3.22) iff there exists w; = m,(&;) such that 7w, €
D(x;-1, §7) and

0edL, (x;,7), (3.25)
(iii) the function Q;(:, §}s)) is subdifferentiable at x,_, and
9Q: (xi-1, &) = —B! D (xi-1, &) - (3.26)

Proof. Consider the optimal value function
9(y) = inf { (. &)« Arxe = v}

Since v, (-, &) 1s convex, the function ¥(-) is also convex. Condition (D2) means that
¥ (y) is finite valued for all y in a neighborhood of y := b; — B,x;_;. It follows that 9 (-) is
continuous and subdifferentiable at y. By conjugate duality (see Theorem 7.8) this implies
assertion (i). Moreover, the set of optimal solutions of the corresponding dual problem
coincides with the subdifferential of ¢ (-) at y. Formula (3.26) then follows by the chain
rule. Condition (3.25) means that X, is a minimizer of L (-, 77;), and hence the assertion (ii)
follows by (i).

If condition (D1) holds, then the functions Q, (-, Sm) are polyhedral, and hence ¥ (-)
is polyhedral. It follows that ¥ (-) is lower semicontinuous and subdifferentiable at any
point where it is finite valued. Again, the proof can be completed by applying the conjugate
duality theory. [0

Note that condition (D2) actually implies that the set ©, (x,_l, E[,]) of optimal solu-
tions of the dual problem is nonempty and bounded, while condition (D1) only implies that
D, (x1—1, &) is nonempty.

Now let us look at the optimality conditions (3.5), which in the present case can be
written as follows:

-’_fz(g[t]) € arg H)lcin {ﬁ‘(xta &)+ Qi (xts ";‘_[t]) AX =b — Bt-i-t—l(é[t—l])}- (3.27)
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Since the optimization problem on the right-hand side of (3.27) is convex, subject to linear
constraints, we have that a feasible policy is optimal iff it satisfies the following optimal-
ity conditions: fort = 1,...,T and a.e. & there exists m,(&};;) such that the following
condition holds:

0€d[fi@E & &)+ Quur (%, &), &) ] — Al En). (3.28)

Recall that all subdifferentials are taken with respect to x;, and for ¢t = T the term @1 is
omitted.
We shall use the following regularity condition:

(D3) Fort =2,...,T and a.e. & the function @, (-, E[,_I]) is finite valued.

The above condition implies, of course, that Q, (-, &) is finite valued for a.e. &) conditional
on &,_1}, which in turn implies relatively complete recourse. Note also that condition (D3)
does not necessarily imply condition (D2), because in the latter the function Q; (-, &) is
required to be finite for all small perturbations of b;.

Proposition 3.4. Suppose that either conditions (D2) and (D3) or condition (D1) are
satisfied. Then a feasible policy x;(&j;)) is optimal iff there exist mappings 7w, (&), t =
1,..., T, such that the condition

0 € df; (X, (&), &) — Al (&) + E [ Q141 (X&), Eiv) |&101] (3.29)

holds true for a.e. §andt =1, ..., T. Moreover, multipliers 1, (&[,7) satisfy (3.29) iff for
a.e. &y it holds that

7, (511) € D X1 (E—11)s &pe)- (3.30)

Proof. Suppose that condition (D3) holds. Then by the Moreau—Rockafellar theorem
(Theorem 7.4) we have that at x; = x; (&),

[ fix &) + Qi (X1s &) ] = 0f, (rs &) + 0Qupy (X, &) -

Also by Theorem 7.47 the subdifferential of @, (i,, é[,]) can be taken inside the expecta-
tion to obtain the last term in the right-hand side of (3.29). Note that conditional on &) the
term x; = X,(&};) is fixed. Optimality conditions (3.29) then follow from (3.28). Suppose,
further, that condition (D2) holds. Then there is no duality gap between problems (3.22)
and (3.23), and the second assertion follows by (3.27) and Proposition 3.3(ii).

If condition (D1) holds, then functions f; (x;, &) and @, (x;, &) are random poly-
hedral, and hence the same arguments can be applied without additional regularity condi-
tions. [

Formula (3.26) makes it possible to write optimality conditions (3.29) in the following
form.

Theorem 3.5. Suppose that either conditions (D2) and (D3) or condition (D1) are satisfied.
Then a feasible policy x, (&) is optimal iff there exist measurable w, (), t = 1,..., T,
such that

0 € 8fi (% (5, &) — A7 () — E [BLy 71 G611 (3.31)
forae. &nandt =1,...,T, where fort =T the corresponding term T + 1 is omitted.
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Proof. By Proposition 3.4 we have that a feasible policy x,(&};)) is optimal iff conditions
(3.29) and (3.30) hold true. For ¢t = 1 this means the existence of 7; € ®; such that

0 €dfi(x) — A7 + E[0Qs (X1, &)]. (3.32)
Recall that & is known, and hence the set D is fixed. By (3.26) we have
90> (X1, &) = —B) D, (71, &) . (3.33)

Formulas (3.32) and (3.33) mean that there exists a measurable selection

T2(&2) € Dy (X1, &)

such that (3.31) holds for + = 1. By the second assertion of Proposition 3.4, the same
selection 1, (&;) can be used in (3.29) for t = 2. Proceeding in that way we obtain existence
of measurable selections

T (&) €D, (il—](é[l—l])v E[z])
satisfying (3.31). O

In particular, consider the multistage linear problem given in the nested formulation
(3.9). That is, functions f;(x;, &) are defined in the form (3.21), which can be written as

Ji@ &) = ¢/ x + Ty (x,).

Then of; (x;, &) = {c, + ‘NRT (x,)} at every point x, > 0, and hence optimality conditions
(3.31) take the form

0€ M (X)) + ¢ — A (&) — B[ B 71 ) [Eia] -

3.2.3 Dualization of Feasibility Constraints

Consider the linear multistage program given in the nested formulation (3.9). In this sec-
tion we discuss dualization of that problem with respect to the feasibility constraints. As
discussed before, we can formulate that problem as an optimization problem with respect
to decision variables x; = x,(§[;}) viewed as functions of the history of the data process.
Recall that the vector &; of the data process of that problem is formed from some (or all)
elements of (¢;, B, A;, b;),t = 1,...,T. Asbefore, we use the same symbols ¢;, B;, A;, b;
to denote random variables and their particular realization. It will be clear from the context
which of these meanings is used in a particular situation.
With problem (3.9) we associate the Lagrangian

M~

L(x, ) :=IE{
|

[Clsz + 7T,T (by — Bixi— — Azxt)]}
1

h.
Il

M~

T T T T
[¢/x; +7'by — 7] Ax, — 7rl+lB,+1x,]}
|

-
Il

M~

.
[blTn, + (¢t — Ajm — Bl mi41) x,]}
|

-
Il
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with the convention that xo = 0 and Bry; = 0. Here the multipliers w; = &, (&), as well
as decisions x; = x,(§;7), are functions of the data process up to time ¢.
The dual functional is defined as

D(m) := )irr;foL(x, ),

where the minimization is performed over variables x;, = x,(§;)), ¢t = 1,..., T, in an
appropriate functional space subject to the nonnegativity constraints. The Lagrangian dual
of (3.9) is the problem

Mnax D(rm), (3.34)

where m lives in an appropriate functional space. Since, for a given &, the Lagrangian
L(-, ) is separable in x;, = x,(-), by the interchangeability principle (Theorem 7.80) we
can move the operation of minimization with respect to x, inside the conditional expectation
E[ - I&4]. Therefore, we obtain

T

D(x)=E [Z |:b,T7t, + inf (¢, — Ajm —E[B/ ms1|&0] )Tx,” )

xeR’!
=1 L

Clearly we have that inf , (¢ — Alm —E[B] m4 |.§[,]])T x, is equal to zero if Al 7, +
E[Bl m+11&1] < ¢, and to —oo otherwise. It follows that in the present case the dual
problem (3.34) can be written as

T
E T,
Max [Z b } (3.35)

t=1

st Alm +E[B. mlén] <c, t=1,...,T,

where for the uniformity of notation we set all 7 4 1 terms equal to zero. Each multiplier
vector 7, = w,(§), t = 1,..., T, of problem (3.35) is a function of &;. In that sense,
these multipliers form a dual implementable policy. Optimization in (3.35) is performed
over all implementable and feasible dual policies.

If the data process has a finite number of scenarios, then implementable policies x, (-)
and #;(-), t = 1,..., T, can be identified with finite dimensional vectors. In that case,
the primal and dual problems form a pair of mutually dual linear programming problems.
Therefore, the following duality result is a consequence of the general duality theory of
linear programming.

Theorem 3.6. Suppose that the data process has a finite number of possible realizations
(scenarios). Then the optimal values of problems (3.9) and (3.35) are equal unless both
problems are infeasible. If the (common) optimal value of these problems is finite, then both
problems have optimal solutions.

If the data process has a general distribution with an infinite number of possible
realizations, then some regularity conditions are needed to ensure zero duality gap between
problems (3.9) and (3.35).
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3.2.4 Dualization of Nonanticipativity Constraints

In this section we deal with a problem which is slightly more general than linear problem
(3.12). Let fi(x;,&),t = 1,...,T, be random polyhedral functions, and consider the
problem

K
Min YopfAeh + ogeh + Aeh e+ feb]
k=1
s.t. Apxk = by,
Bixx +  Akxk = b,
ka§ + A§x§ = b’;,
Bixk & Abxt 2
x{ >0, x§20, x§>0, xl}>0,
k=1,...,K.
Here Elk ey S%, k=1,..., K, is a particular realization (scenario) of the corresponding
data process, f¥(xF) = f,(x*,€) and (BF, A%, bY) = (B,(&"), A,(€M), b(&M), 1 =
2, ..., T. This problem can be formulated as a multlstage stochastic programming problem

by enforcing the corresponding nonanticipativity constraints.

As discussed in section 3.1.4, there are many ways to write nonanticipativity con-
straints. For example, let X be the linear space of all sequences (x{‘, e, x?), k=1,...,K
and £ be the linear subspace of X defined by the nonanticipativity constraints. (These spaces
were defined above (3.17).) We can write the corresponding multistage problem in the fol-
lowing lucid form:

K T
Min f(x) = ;Z pfEeah) st oxe g (3.36)
Clearly, f(-) is a polyhedral function, so if problem (3.36) has a finite optimal value, then
it has an optimal solution and the optimality conditions and duality relations hold true. Let
us introduce the Lagrangian associated with (3.36),

L(x, %) := f(x)+ X, x),

with the scalar product (-, -) defined in (3.17). By the definition of the subspace £, every point
x € £ can be viewed as an implementable policy. By £1 :={y € X : (y,x) =0, Vx € £}
we denote the orthogonal subspace to the subspace £.

Theorem 3.7. A policy x € £ is an optimal solution of (3.36) iff there exists a multiplier
vector . € £+ such that

¥ € argmin L(x, 1). (3.37)
xeX
Proof. Let A € £% and ¥ € £ be a minimizer of L(-, 1) over X. Then by the first-order

optimality conditions we have that 0 € 9, L(x, X). Note that there is no need here for a
constraint qualification since the problem is polyhedral. Now 9,L(x,i) = 9f(x) + A.
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Since Ng (%) = £1, it follows that 0 € 3f (¥) + Ng (%), which is a sufficient condition for
X to be an optimal solution of (3.36). Conversely, if X is an optimal solution of (3.36), then
necessarily 0 € 3f (¥) + Ne(¥). This implies existence of A € £ such that 0 € 9, L(x, X).
This, in turn, implies that X € £ is a minimizer of L, Moverx. 0O

Also, we can define the dual function

D()A) := inf L(x, 1),
xeX

and the dual problem

Max D(A). (3.38)
Aegt

Since the problem considered is polyhedral, we have by the standard theory of linear pro-
gramming the following results.

Theorem 3.8. The optimal values of problems (3.36) and (3.38) are equal unless both
problems are infeasible. If their (common) optimal value is finite, then both problems have
optimal solutions.

The crucial role in our approach is played by the requirement that A € £+. Let us

decipher this condition. For A = (Af) =1 T 1. g - thecondition} € £+ is equivalent to

T
ZZPk(kf,X,k) =0, Vxedt

t=1 k=1

We can write this in a more abstract form as

T
E |:Z(A,, x,)] =0, Vxedg. (3.39)

t=1

Since!* E,x, = x, for all x € £, and (A, E;x;) = (E;A;, x,), we obtain from
(3.39) that

T
E [Z(]E,A,, x,):| =0, Vxeg,

=1
which is equivalent to
E/x] =0, t=1,...,T. (3.40)

We can now rewrite our necessary conditions of optimality and duality relations in a more
explicit form. We can write the dual problem in the form

Max D(A) st Ey[A]=0, t=1,...,T. (3.41)
reX

1“In order to simplify notation, we denote in the remainder of this section by E|, the conditional expectation,
conditional on &p.
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Corollary 3.9. A policy x € £ is an optimal solution of (3.36) iff there exist multipliers
vector A satisfying (3.40) such that

X € argmin L(x, X).
xeXx

Moreover, problem (3.36) has an optimal solution iff problem (3.41) has an optimal solution.
The optimal values of these problems are equal unless both are infeasible.

There are many different ways to express the nonanticipativity constraints, and thus
there are many equivalent ways to formulate the Lagrangian and the dual problem. In partic-
ular, a dual formulation based on (3.18) is quite convenient for dual decomposition methods.
We leave it to the reader to develop the particular form of the dual problem in this case.

Exercises

3.1. Consider the inventory model of section 1.2.3.

(a) Specify for this problem the variables, the data process, the functions, and
the sets in the general formulation (3.1). Describe the sets X, (x;—1, &) as in
formula (3.20).

(b) Transform the problem to an equivalent linear multistage stochastic program-
ming problem.

3.2. Consider the cost-to-go function Q, (x;_1, &), t = 2, ..., T, of the linear multistage
problem defined as the optimal value of problem (3.7). Show that O, (x;_1, ;) is
convex in x;_q.

3.3. Consider the assembly problem discussed in section 1.3.3 in the case when all demand
has to be satisfied, by backlogging the orders. It costs b; to delay delivery of a unit
of product i by one period. Additional orders of the missing parts can be made after
the last demand D(T') is known. Write the dynamic programming equations of the
problem. How they can be simplified, if the demand is stagewise independent?

3.4. A transportation company has n depots among which they move cargo. They are
planning their operation in the next 7 days. The demand for transportation between
depot i and depot j # i on day t, where t = 1,2..., T, is modeled as a random
variable D;; (). The total capacity of vehicles currently available at depot i is denoted
si,i =1,...,n. Before each day t, the company considers repositioning their fleet
to better prepare to the uncertain demand on the coming day. It costs ¢;; to move a
unit of capacity from location i to location j. After repositioning, the realization of
the random variables D;;(¢) is observed, and the demand is served, up to the limit
determined by the transportation capacity available at each location. The profit from
transporting a unit of cargo from location i to location j is equal g;;. If the total
demand at location i exceeds the capacity available at this location, the excessive
demand is lost. It is up to the company to decide how much of each demand D;;
will be served, and which part will remain unsatisfied. For simplicity, we consider
all capacity and transportation quantities as continuous variables.

After the demand is served, the transportation capacity of the vehicles at each
location changes, as aresult of the arrivals of vehicles with cargo from other locations.
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Before the next day, the company may choose to reposition some of the vehicles to
prepare for the next demand. On the last day, the vehicles are repositioned so that
initial quantities s;, i = 1, ..., n, are restored.

(a) Formulate the problem of maximizing the expected profit as a multistage
stochastic programming problem.

(b) Write the dynamic programming equations for this problem. Assuming that
the demand is stagewise independent, identify the state variables and simplify
the dynamic programming equations.

(c) Develop a scenario-tree-based formulation of the problem.

3.5. Derive the dual problem to the linear multistage stochastic programming problem
(3.12) with nonanticipativity constraints in the form (3.18).

3.6. You have initial capital Cy which you may invest in a stock or keep in cash. You plan
your investments for the next 7' periods. The return rate on cash is deterministic and
equals r per each period. The price of the stock is random and equals S; in period
t = 1,...,T. The current price Sj is known to you and you have a model of the
price process S, in the form of a scenario tree. At the beginning, several American
options on the stock prize are available. There are n put options with strike prices
Pi, - .., pn and corresponding costs ¢y, ..., c¢,. For example, if you buy one put
option i, at any time ¢t = 1, ..., T you have the right to exercise the option and cash
pi — S; (this makes sense only when p; > S;). Also, m call options are available,
with strike prices 4, ..., 7, and corresponding costs g1, ..., g,. For example, if
you buy one call option j, at any time ¢ = 1, ..., T you may exercise it and cash
S; — m; (this makes sense only when 7; < ;). The options are available only at
t = 0. At any time period ¢ you may buy or sell the underlying stock. Borrowing
cash and short selling, that is, selling shares which are not actually owned (with
the hope of repurchasing them later with profit), are not allowed. At the end of
period T all options expire. There are no transaction costs, and shares and options
can be bought, sold (in the case of shares) or realized (in the case of options) in
any quantities (not necessarily whole numbers). The amounts gained by exercising
options are immediately available for purchasing shares.

Consider two objective functions:

(i) The expected value of your holdings at the end of period T'.

(i) The expected value of a piecewise linear utility function evaluated at the value
of your final holdings. Its form is

Cr if Cr >0,

C =
u(Cr) {(1+R)CT if Cp <0,

where R > 0 is some known constant.
For both objective functions,

(a) Develop a linear multistage stochastic programming model.

(b) Derive the dual problem by dualizing with respect to feasibility constraints.






Chapter 4

Optimization Models with
Probabilistic Constraints

Darinka Dentcheva

4.1 Introduction

In this chapter, we discuss stochastic optimization problems with probabilistic (also called
chance) constraints of the form

Min c(x)
st. Pr{g;(x,2) <0, je g} =p, 4.1
xeX.

Here XX C R" is anonempty set,c : R" — R, g; : R" x R* — R, j € ¢, where ¢ is an
index set, Z is an s-dimensional random vector, and p is a modeling parameter. We denote
by P the probability measure (probability distribution) induced by the random vector Z
on R’. The event A(x) = {gj x,2) <0, je g} in (4.1) depends on the decision vector
x, and its probability Pr{A(x)} is calculated with respect to the probability distribution Py.

This model reflects the point of view that for a given decision x we do not reject the
statistical hypothesis that the constraints g;(x, Z) < 0, j € §, are satisfied. We discussed
examples and a motivation for such problems in Chapter 1 in the contexts of inventory,
multiproduct, and portfolio selection models. We emphasize that imposing constraints on
probability of events is particularly appropriate whenever high uncertainty is involved and
reliability is a central issue. In such cases, constraints on the expected value may not be
sufficient to reflect our attitude to undesirable outcomes.

We also note that the objective function c(x) can represent an expected value function,
ie., c(x) = E[f(x, Z)]; however, we focus on the analysis of the probabilistic constraints
at the moment.

87
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(B) ©

(&) (D)

Figure 4.1. Vehicle routing network

We can write the probability Pr{ A(x)} as the expected value of the characteristic func-
tion of the event A(x), i.e., Pr{A(x)} =E [1 A(X)]. The discontinuity of the characteristic
function and the complexity of the event A(x) make such problems qualitatively different
from the expectation models. Let us consider two examples.

Example 4.1 (Vehicle Routing Problem). Consider a network with m arcs on which a
random transportation demand arises. A set of n routes in the network is described by the
incidence matrix 7. More precisely, 7 is an m x n dimensional matrix such that

o 1 if route j contains arc i,
Y 0 otherwise.
We have to allocate vehicles to the routes to satisfy transportation demand. Figure 4.1
depicts a small network, and the table in Figure 4.2 provides the incidence information
for 19 routes on this network. For example, route 5 consists of the arcs AB, BC, and CA.
Our aim is to satisfy the demand with high prescribed probability p € (0, 1). Let x;

be the number of vehicles assigned to route j, j = 1, ..., n. The demand for transportation
on each arc is given by the random variables Z;,i = 1,...,m. WesetZ = (Z,, ..., Z)'.
A cost ¢; is associated with operating a vehicle on route j. Setting ¢ = (cy, ..., c,)7, the

model can be formulated as follows: !>

Min c¢'x 4.2)
s.t. Pr{Tx > Z} > p, 4.3)
xeZ. (4.4)

In practical applications, we may have a heterogeneous fleet of vehicles with different
capacities; we may consider imposing constraints on transportation time or other
requirements.

In the context of portfolio optimization, probabilistic constraints arise in a natural
way, as discussed in Chapter 1.

5The notation Z, is used to denote the set of nonnegative integer numbers.
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Arc Route

2 3 4 5 6 7 8 9 10 1 12 13 14 15 16 17 18 19
AB | 1 1 1 1 1

AC 1 1 1 1 1

AD 1 1 1 1

AE 1 1 1 1 1
BA |1 1 1 1 1

BC 1 1 1 1

CA 1 1 1 1 1

CB 1 1 1 1

CD 1 1 1 1 1 1

DA 1 1 1 1

DC 1 1 1 1 1 1

DE 1 1 1 1
EA 1 1 1 1 1
ED 1 1 1 1

Figure 4.2. Vehicle routing incidence matrix

Example 4.2 (Portfolio Optimization with Value-at-Risk Constraint). We consider n
investment opportunities with random return rates Ry, ..., R, in the next year. We have
certain initial capital and our aim is to invest it in such a way that the expected value of our
investment after a year is maximized, under the condition that the chance of losing no more
than a given fraction of this amount is at least p, where p € (0, 1). Such a requirement is
called a Value-at-Risk (V@R) constraint (already discussed in Chapter 1).

Letxy, ..., x, be the fractions of our capital invested in the n assets. After a year, our
investment changes in value according to a rate that can be expressed as

n
gx,R) = Z Rix;.
i=1
We formulate the following stochastic optimization problem with a probabilistic constraint:

Max Xn: E[Ri]xi

i=1

s.t. Pr[ Rix; > 17} > p,
; 4.5)
i=1
x > 0.
For example, n = —0.1 may be chosen if we aim at protecting against losses larger

than 10%. N
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The constraint
Prigj(x,2) <0, jeg}t=p
is called a joint probabilistic constraint, while the constraints
Prigj(x,Z) <0} > p;, j €&, where p; € [0, 1],

are called individual probabilistic constraints.

In the vehicle routing example, we have a joint probabilistic constraint. If we were to
cover the demand on each arc separately with high probability, then the constraints would
be formulated as follows:

PiT'x > Z}>p;, i=1,....m,

where T denotes the ith row of the matrix 7. However, the latter formulation would not
ensure reliability of the network as a whole.

Infinitely many individual probabilistic constraints appear naturally in the context
of stochastic orders. For an integrable random variable X, we consider its distribution
function Fy(-).

Definition 4.3. A random variable X dominates in the first order a random variable Y
(denoted X >y Y) if
Fx(m) < Fy(m), VneR

The left-continuous inverse F’ )((_l) of the cumulative distribution function of a random
variable X is defined as follows:

Fy P (p) =inf {n: Fi(X;n) = p}. pe (0,1
Given p € (0, 1), the number g = gq(X; p) is called a p-quantile of the random variable X if
Pr{X <q} = p =Pr{X <gq}.

For p € (0, 1) the set of p-quantiles is a closed interval and F ,((_1)( p) represents its left end.
Directly from the definition of the first order dominance we see that

XY < F(p)=F @), Vpe@©. (4.6)

The first order dominance constraint can be interpreted as a continuum of probabilistic
(chance) constraints.

Denoting F ,((1) (n) = Fx(n), we define higher order distribution functions of a random
variable X € L£;_1(22, ¥, P) as follows:

n
F}{‘)(n):/ F{V@yde for k=2,3,4,....
—00
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We can express the integrated distribution function F )((2) as the expected shortfall function.
Integrating by parts, for each value 1, we have the following formula:'®

n
PO = [ Fe@ da B[~ 0).]. 47

The function F )((2)(-) is well defined and finite for every integrable random variable.
It is continuous, nonnegative, and nondecreasing. The function F)((z)(-) is also convex
because its derivative is nondecreasing as it is a cumulative distribution function. By
the same arguments, the higher order distribution functions are continuous, nonnegative,
nondecreasing, and convex as well.

Due to (4.7), the second order dominance relation can be expressed in an equivalent
way as follows:

X = Yiff E{ln — X]+} <E{ln - Y14}, VneR. (4.8)
The stochastic dominance relation generalizes to higher orders as follows.

Definition 4.4. Given two random variables X and Y in L;_1(2, ¥, P) we say that X
dominates Y in the kth order if

Fy'() < BV, Vi eR.
We denote this relation by X > Y.

We call the following semi-infinite (probabilistic) problem a stochastic optimization
problem with a stochastic ordering constraint:

Min c(x)
X

s.t. Prigx,2) <n} < Fy(n), n€la,bl, 4.9)
x e X.

Here the dominance relation is restricted to an interval [a, b)] C R. There are technical
reasons for this restriction, which will become apparent later. In the case of discrete distri-
butions with finitely many realizations, we can assume that the interval [a, b] contains the
entire support of the probability measures.

In general, we formulate the following semi-infinite probabilistic problem, which we
refer to as a stochastic optimization problem with a stochastic dominance constraint of
order k > 2:

Min c(x)
st Fg(lg,Z)(") <FP@), nela, bl (4.10)
xeX.

16Recall that [a],; = max{a, 0}.
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Example 4.5 (Portfolio Selection Problem with Stochastic Ordering Constraints). Re-
turning to Example 4.2, we can require that the net profit on our investment dominates certain
benchmark outcome Y, which may be the return rate of our current portfolio or the return
rate of some index. Then the Value-at-Risk constraint has to be satisfied at a continuum of
points n € R. Setting Pr{Y < n} = p,, we formulate the following model:

Max Xn: E[R;]x;

i=1

n
s.t. Pr{ZRixi < n} <p,, VneR,

i=1

@.11)

n
x; =1,
i—1

x > 0.

Using higher order stochastic dominance relations, we formulate a portfolio optimization
model of form

Max Zn: E[R,-]x,-

i=1

n
S.t. ZR,‘.X,‘ Z (k) Y,
i=1

n
E X = 1,
i=1

x> 0.

(4.12)

A second order dominance constraint on the portfolio return rate represents a constraint on
the shortfall function:

Z Rixi>»Y <<= E [(n — Z R,~x,->+:| <E[h-Y);]. VneR
i=1

i=1

The second order dominance constraint can also be viewed as a continuum of Average Value-
at-Risk'” (AV @R) constraints. For more information on this connection, see Dentcheva and
Ruszczysski [56]. N

We stress that if a = b, then the semi-infinite model (4.9) reduces to a problem with
a single probabilistic constraint, and problem (4.10) for £ = 2 becomes a problem with a
single shortfall constraint.

We shall pay special attention to problems with separable functions g;,i = 1,...,m,
that is, functions of form g; (x, z) = &;(x) + h;(z). The probabilistic constraint becomes

Pr{gi(x) = —hi(2), i=1,....m} = p.

17 Average Value-at-Risk is also called Conditional Value-at-Risk.
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We can view the inequalities under the probability as a deterministic vector function g :

R" — R™, & = [&1,...,8n]" constrained from below by a random vector ¥ with ¥; =
—hi(Z),i =1, ..., m. The problem can be formulated as
Min c(x)
X
st. Pr{g(x) =Y} = p, (4.13)
x e X,

where the inequality a < b for two vectors a, b € R" is understood componentwise.
We note again that the objective function can have a more specific form:

c(x) =E[f(x, Z)].

By virtue of Theorem 7.43, we have that if the function f (-, Z) is continuous at xo w.p. 1 and
there exists an integrable random variable 7 such that | f(x, Z(w))| < 7 (w) for P-almost
every w € 2 and for all x in a neighborhood of x, then for all x in a neighborhood of x, the
expected value function c(x) is well defined and continuous at xo. Furthermore, convexity
of f(-, Z) for a.e. Z implies convexity of the expectation function c(x). Therefore, we can
carry out the analysis of probabilistically constrained problems using a general objective
function c(x) with the understanding that in some cases it may be defined as an expectation
function.

Problems with separable probabilistic constraints arise frequently in the context of
serving certain demand, as in the vehicle routing Example 4.1. Another type of example is
an inventory problem, as the following one.

Example 4.6 (Cash Matching with Probabilistic Liquidity Constraint). We have ran-
dom liabilities L, in periods t = 1,...,T. We consider an investment in a bond port-
folio from a basket of n bonds. The payment of bond i in period ¢ is denoted by a;,. It is
zero for the time periods ¢ before purchasing of the bond is possible, as well as for ¢ greater
than the maturity time of the bond. At the time period of purchase, a;, is the negative of
the price of the bond. At the following periods, a;; is equal to the coupon payment, and
at the time of maturity it is equal to the face value plus the coupon payment. All prices of
bonds and coupon payments are deterministic and no default is assumed. Our initial capital

equals cg.
The objective is to design a bond portfolio such that the probability of covering the
liabilities over the entire period 1, ..., T is at least p. Subject to this condition, we want to

maximize the final cash on hand, guaranteed with probability p.
Let us introduce the cumulative liabilities

t
Z,:ZLT, t=1,...,T.
=1

Denoting by x; the amount invested in bond i, we observe that the cumulative cash flows
up to time ¢, denoted c;, can be expressed as follows:

n
c,:c,_l—i—é apxi, t=1,...,T.
i=1
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Using cumulative cash flows and cumulative liabilities permits the carryover of capital
from one stage to the next, while keeping the random quantities at the right-hand side of the
constraints. We represent the cumulative cash flow during the entire period by the vector
¢ =(cy,...,cr)". Letus assume that we quantify our preferences by using concave utility
function U : R — R. We would like to maximize the final capital at hand in a risk-averse
manner. The problem takes on the form

Max E [U(CT — ZT)]
X,c

st.Prie, > Z, t=1,...,T} > p,
n
Cl=cl—l+zait~xi9 t:1""7T9
i=1

x> 0.

This optimization problem has the structure of model (4.13). The first constraint can be
called a probabilistic liquidity constraint. 1

4.2 Convexity in Probabilistic Optimization

Fundamental questions for every optimization model concern convexity of the feasible set,
as well as continuity and differentiability of the constraint functions. The analysis of models
with probability functions is based on specific properties of the underlying probability dis-
tributions. In particular, the generalized concavity theory plays a central role in probabilistic
optimization as it facilitates the application of powerful tools of convex analysis.

4.2.1 Generalized Concavity of Functions and Measures

We consider various nonlinear transformations of functions f : @ — R, defined on a
convex set 2 C R".

Definition 4.7. A nonnegative function f(x) defined on a convex set Q@ C R" is said to
be a-concave, where a € [—00, +00], if for all x,y € Q2 and all . € [0, 1] the following
inequality holds true:

FOx + (0 =2)y) =me(f(x), f(¥), 1),
where my, : Ry x Ry x [0, 1] — R is defined as follows:
mgy(a,b,X) =0 if ab=0,

andifa >0,b>0,0 <A <1, then

a*b'=* if =0,
my(@. b)) = max{a, b} if o=o0,
T ) minda, b) if o= —o0,

(ra® + (1 — VDHYY  otherwise.
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In the case of & = 0 the function f is called logarithmically concave or log-concave
because In f(-) is a concave function. In the case of @ = 1, the function f is simply
concave.

It is important to note that if f and g are two measurable functions, then the func-
tion my (f (), g(-), A) is a measurable function for all @ and all A € (0, 1). Furthermore,
my(a, b, 1) has the following important property.

Lemma 4.8. The mapping o« +— my(a, b, A) is nondecreasing and continuous.

Proof. First we show the continuity of the mapping at « = 0. We have the following chain
of equations:

1
Inmy(a, b, 1) =In(a®+ (1 — )b = —1In (re*™ + (1 — 1)e*"?)
o

_! _ 2
= —In(1+a(ilna+ (1 - hb) +o@).

Applying the ’Hopital rule to the right-hand side in order to calculate its limit when ¢ — 0,
we obtain

. . Alna+ (1 —A)Inb + o(a)
lim Inmy(a, b, ) = lim

a—0 a0 1+a(rAlna+ (1 —2)Inb)+ o(a?)
i In(a*b=) + o(x)
a=0 1 4+ aln(a*b-») + o(a?)

= In(a*b™).

Now we turn to the monotonicity of the mapping. First, let us consider the case of
0<a < B. Weset

h(a) = my(a, b, \) = exp ((lx In[ra® + (1 — A)ba]) )

Calculating its derivative, we obtain

1 aa®Ina+(—np*Inb 1
o ra® + (1 — A)b® a?

W@ = he( In [2a” + (1 = 1p"]).

We have to demonstrate that the expression on the right-hand side is nonnegative. Substi-

tuting x = a* and y = b“, we obtain

AxInx + (1 —A)ylny
Ax+ (1 =21y

Using the fact that the function z + zIn z is convex for z > 0 and that both x, y > 0, we
have that

1
W (@) = a—zh(a)( In [Ax 4 (1 — ,\)y]).

AxInx 4+ (1 —X)ylny
Ax + (1 =Ny

As h(a) > 0, we conclude that A (-) is nondecreasing in this case. If « < B < 0, we have
the following chain of relations:

my(a, b, \) = [ma(é, %, )»)i|1 < [mﬁ((ll, %, A)]l =mg(a, b, ).

In[Ax 4+ (1 —=21)y] = 0.
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Inthecaseof 0 = o < B, wecanselectasequence {o } such thatey > Oandlimy_, o, o = 0.
We use the monotonicity of 4 (-) for positive arguments and the continuity at O to obtain the
desired assertion. Inthe case« < B = 0, we proceed in the same way, choosing appropriate
sequence approaching 0.

If ¢ < 0 < B, then the inequality

ma(a5 b? )") S mO(“v ba )") S mﬁ(a5 b7 )")

follows from the previous two cases. It remains to investigate how the mapping behaves
when o — 0o or ¢ — —oo. We observe that

max{1"%a, (1 — )V*b} < my(a, b, ) < max{a, b}.
Passing to the limit, we obtain that
ali_)ngo my(a, b, \) = max{a, b}.
We also conclude that

lim_mq(a,b.2) = lim [m_o(1/a,1/b. M1 = [max{1/a, 1/b}]"" = min{a, b}.

This completes the proof. [

This statement has the very important implication that «-concavity entails S-concavity
forall B < a. Therefore, all ¢-concave functions are (—oo)-concave, that is, guasi-concave.

Example 4.9. Consider the density function of a nondegenerate multivariate normal distri-
bution on R*:

6(x) = exp{—3(x— ' T —w},

1
V) det(2)

where X is a positive definite symmetric matrix of dimension s x s, det(X) denotes the
determinant of the matrix X', and u € R*. We observe that

o) =1 —w' ' x—p) —In (\/(Zn)sdet(Z‘))

is a concave function. Therefore, we conclude that € is O-concave, or log-concave. Nl

Example 4.10. Consider a convex body (a convex compact set with nonempty interior)
Q C R’. The uniform distribution on this set has density defined as follows:

1
ox) = | V@ X
0, xgQ

where V;(€2) denotes the Lebesgue measure of 2. The function 6 (x) is quasi-concave on
R* and +o0o-concaveon 2. N
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We point out that for two Borel measurable sets A, B in R*, the Minkowski sum
A+ B={x+y:x €A, ye B}isLebesgue measurable in R’.

Definition 4.11. A probability measure P defined on the Lebesgue measurable subsets of a
convex set Q C R’ is said to be a-concave if for any Borel measurable sets A, B C Q2 and
forall , € [0, 1] we have the inequality

P (AA+ (1 —21)B) = my(P(A), P(B), 1),
where \VA+ (1 —XM)B={Ax+ (1 —-A)y:x €A, ye B}

We say that a random vector Z with values in R” has an «-concave distribution if the
probability measure P, induced by Z on R” is a-concave.

Lemma 4.12. If a random vector Z induces an a-concave probability measure on R®, then
its cumulative distribution function Fy is an a-concave function.

Proof. Indeed, for given points 7!, z% € RS and X € [0, 1], we define
A={zeR:z<zl,i=1,...,s) and B={zeR:z <z} i=1,...,s}.
Then the inequality for Fz follows from the inequality in Definition 4.11. [

Lemma 4.13. Ifa random vector Z has independent components with log-concave marginal
distributions, then Z has a log-concave distribution.

Proof. For two Borel sets A, B C R* and A € (0, 1), we define the set C = AA+ (1 —X1)B.
Denote the projections of A, B and C on the coordinate axisby A;, B;and C;,i = 1,...,s,
respectively. For any number r € C; there is ¢ € C such that ¢; = r, which implies that we
havea € Aand b € B with ha + (1 — A)b = c and r = Aa; + (1 — A)b;. In other words,
r € AA; + (1 — L) B;, and we conclude that C; C AA; + (1 — A1) B;. On the other hand, if
r € M;+ (1 —X)B;,then wehavea € A and b € B suchthatr = Aa; + (1 — A)b;. Setting
¢ = Aa + (1 — A)b, we conclude that r € C;. We obtain

In[Pz(C)] =Y I[Pz, (C)] =Y _In[Pz,(hA; + (1 — 1) B;)]

i=1 i=1

> Y (MIn[Pz,(AD] + (1 — 1) In[Pz,(B))])
i=1

= AIn[Pz(A)] + (1 — M) In[Py(B)]. O

Asusually, concavity properties of a function imply a certain continuity of the function.
We formulate without proof two theorems addressing this issue.

Theorem 4.14 (Borell [24]). If P is a quasi-concave measure on R® and the dimension of
its support is s, then P has a density with respect to the Lebesgue measure.
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We can relate the a-concavity property of a measure to generalized concavity of its
density. (See Brascamp and Lieb [26], Prékopa [159], Rinott [168], and the references
therein.)

Theorem 4.15. Let Q2 be a convex subset of R® and let m > 0 be the dimension of the
smallest affine subspace L containing Q2. The probability measure P on 2 is y-concave
with y € [—oo, 1/m] iff its probability density function with respect to the Lebesgue
measure on L is a-concave with

/(L —my) ify € (—o0,1/m),
a=41—1/m ify = —o0,
400 ify =1/m.
Corollary 4.16. Let an integrable function 6 (x) be define and positive on a nondegenerate

convex set 2 C R*. Denote ¢ = fQ O(x)dx. If 0(x) is a-concave witha € [—1/s, oo] and
positive on the interior of 2, then the measure P on 2 defined by setting that

P(A):l/H(x)dx, A C Q,
cJa

is y-concave with

o/(1+sa) ifae(—1/s,00),
y =31/ ifa = oo,
—00 ifa=—1/s.

1/s

In particular, if a measure P on R® has a density function 6 (x) such that 8"/ is convex,

then P is quasi-concave.

Example 4.17. We observed in Example 4.10 that the density of the unform distribution on
a convex body €2 is a co-concave function. Hence, it generates a 1/s-concave measure on
2. On the other hand, the density of the normal distribution (Example 4.9) is log-concave,
and, therefore, it generates a log-concave probability measure.

Example 4.18. Consider positive numbers «1, . .., «; and the simplex

S = xeR’:infl, x,>0,i=1,...,s

i=1

The density function of the Dirichlet distribution with parameters «;, . .., «; is defined as
follows:
Moy +---+ _ _ . .
Mot +a) a'v)xf” lxgz L. x®71 ifx eint S,
O(x) =17 Tlag)---T(ey) ‘
0 otherwise.

Here T'(-) stands for the Gamma function I'(z) = [;° 1*~'e~"d1.
Assuming that x € int S, we consider

N

Inf(x) = Z((xi —Dlnx; +InT(og + - - +ay) — Zln (o).

i=1 i=1
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Ifo; > 1foralli =1,...,s, then In6(-) is a concave function on the interior of S and,
therefore, 6(x) is log-concave on cl S. If all parameters satisfy o; < 1, then 6(x) is log-
convex on cl (). For other sets of parameters, this density function does not have any
generalized concavity properties. i

The next results provide calculus rules for a-concave functions.

Theorem 4.19. Ifthe function f : R" — R, is a-concave and the function g : R" — R, is
B-concave, where «, 8 > 1, then the function h : R" — R, defined as h(x) = f(x) + g(x)
is y-concave with y = min{«, §}.

Proof. Given points x;, x, € R" and ascalar A € (0, 1), we set x; = Ax; + (1 —A)x,. Both
functions f and g are y-concave by virtue of Lemma 4.8. Using the Minkowski inequality,
which holds true for y > 1, we obtain

fx) +glx)
> [ (f D) + (1 - x)(f(xz))Vﬁ + [A(gD)” + (1 = 2)(g(x2))"]
> [A(F ) + ) + A =) (fx2) +g(x2) 7.

<=

|-

This completes the proof. O
Theorem 4.20. Let f be a concave function defined on a convex set C C R*andg : R — R

be a nonnegative nondecreasing a-concave function, @ € [—00, 0o]. Then the function go f
is a-concave.

Proof. Given x,y € R’ and a scalar A € (0, 1), we consider z = Ax + (1 — 1)y. We
have f(z) > Af(x) 4+ (1 — X) f(y). By monotonicity and «-concavity of g, we obtain the
following chain of inequalities:

[go f1(2) = g f(x) + (1 = W) f(¥) = ma(g(f (X)), &(f (1)), 1)
This proves the assertion. [
Theorem 4.21. Let the function f : R" x R® — R, be such that forally € Y C R’
the function f(-,y) is a-concave (¢ € [—00, o0]) on the convex set X C R™. Then the

Sfunction ¢(x) = inf ey f(x,y) is a-concave on X.

Proof. Let x1,x; € X and a scalar A € (0, 1) be given. We set z = Ax; + (1 — A)x,. We
can find a sequence of points y; € Y such that

p(z) =inf f(z,y) = lim f(z, yx).
yey k—o00

Using the a-concavity of the function f (-, y), we conclude that

f @ yi) = mo(f(x1, yi)s f (2, y0), 1).
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The mapping (a, b) — my(a, b, 1) is monotone for nonnegative a and b and A € (0, 1).
Therefore, we have that

[z ) = me(9(x1), 9(x2), 1).

Passing to the limit, we obtain the assertion. [

Lemma 4.22. Ifo; > 0,i =1,...,m, and )| | o; = 1, then the function f : R — R,
defined as f(x) = []/L, x{ is concave.

Proof. We shall show the statement for the case of m = 2. For points x,y € Ri and a
scalar A € (0, 1), we consider Ax + (1 — A)y. Define the quantities

ap = @Ax)", a=(1-=0yD)", b=@Gx2)*", b= (1-Wy)*".

Using Holder’s inequality, we obtain the following:

n AN /o 1\ %
fOx+ A=Ay = <af‘ +a2‘”> <bf2 +b;2)
> aiby + axby = Ax)'xy” + (1 — 1)y y32.

The assertion in the general case follows by induction. [

Theorem 4.23. If the functions f; : R" — Ry, i = 1,...,m, are o;-concave and «; are

such that Y | o; =" > O, then the function g : R"™ — R, defined as g(x) = [/~ f;(x:)
. . m —1 —1
is y-concave withy = (Y_I" a; ")

Proof. Fix points x1, x, € R, a scalar A € (0, 1) and set x, = Ax; + (1 — A)x;. By the
generalized concavity of the functions f;,i = 1, ..., m, we have the following inequality:

m

H e =[] (e + 0= ficr)

We denote y;; = fi(x;)*, j = 1,2. Substituting into the last displayed inequality and
raising both sides to power y, we obtain

m

m v
(H fi(x/\)) > H (Ayir + (1 = )\)yn)y/a,-.
i=1

i=1
We continue the chain of inequalities using Lemma 4.22:

m

[T G+ =23 = 2 [T + @ =0 [T [va] "™

i=1 i=1

Putting the inequalities together and using the substitutions at the right-hand side of the last
inequality, we conclude that

[TlAGD]) H fien] + —x)]"[ fie)]”

i=I i=1

asrequired. [
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In the special case, when the functions f; : R" — R, i =1, ..., k, are concave, we
can apply Theorem 4.23 consecutively to conclude that fi f; is %-concave and fy--- fr is

%—concave.

Lemma 4.24. If A is a symmetric positive definite matrix of size n X n, then the function
A det(A) is % -concave.

Proof. Consider two n x n symmetric positive definite matrices A, B and y € (0, 1). We
note that for every eigenvalue A of A, y A is an eigenvalue of y A, and, hence, det(y A) =
y™ det(A). We could apply the Minkowski inequality for matrices,

[det (A + B)]* > [det(A)]" + [det(B)]7, (4.14)

which implies the %-concavity of the function. As inequality (4.14) is not well known,
we provide a proof of it. First, we consider the case of diagonal matrices. In this case
the determinants of A and B are products of their diagonal elements and inequality (4.14)
follows from Lemma 4.22.
In the general case, let A'/? stand for the symmetric positive definite square root of
A and let A~'/? be its inverse. We have
det (A + B) =det (A"?A7'2(A + B)A™!2A'/?)

= det (A7'2(A + B)A™'?) det(A)

=det (I + A7'2BA™'?) det(A). (4.15)
Notice that A~'/2BA~!/2 is symmetric positive definite and, therefore, we can choose an
n x n orthogonal matrix R, which diagonalizes it. We obtain

det (I + A7'?BA™"?) =det (R" (I + A™'?BA™'?) R)
=det (I + RTA"'?BA™'R).

At the right-hand side of the equation, we have a sum of two diagonal matrices and we can
apply inequality (4.14) for this case. We conclude that

[det (I + A~ 12BA=12)]" = [det (I + RTA™V2BA-V2R)]"
1+ [det (RTA™12BA-I2R)]"
= 1 + [det(B)]" [det(A)] 7.

v

Combining this inequality with (4.15), we obtain (4.14) in the general case. [

Example 4.25 (Dirichlet Distribution Continued). We return to Example 4.18. We see
that the functions x; — xf " are 1/B;-concave, provided that 8; > 0. Therefore, the density
function of the Dirichlet distribution is a product of ﬁ-concave functions, given that all
parameters «; > 1. By virtue of Theorem 4.23, we obtain that this density is y-concave
with y = (a1 +oy — )7 provided that o; > 1,7 =1, ..., m. Due to Corollary 4.16,

.. e -1 .
the Dirichlet distribution is a (oz L+ ~ozm) -concave probability measure.  Hl
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Theorem 4.26. If the s-dimensional random vector Z has an a-concave probability distri-
bution, o € [—00, +00], and T is a constant m X s matrix, then the m-dimensional random
vector Y = T Z has an a-concave probability distribution.

Proof. Let A C R™ and B C R™ be two Borel sets. We define
A1={z€RS:Tz€A} and Blz{zeRs:TzeB}.

The sets A; and A, are Borel sets as well due to the continuity of the linear mapping z +— T'z.
Furthermore, for A € [0, 1] we have the relation

M+ (1 —=MB C{zeR :TzerA+ (1-1)B}.
Denoting P and Py the probability measure of Z and Y respectively, we obtain
Py{rA+ (1 —=0B} > Pz{rA; + (1 — 1B}
= mo(Pz{Ar}, P2{B1}. 2)
=ma(Py{A}, Py{B}, %).
This completes the proof. [

Example 4.27. A univariate gamma distribution is given by the following probability den-
sity function:
)\,1? Zﬂf 1 67)%
—  f 0,
f@) = r©) ore=
otherwise,

where A > 0 and ¢ > 0 are constants. For A = 1 the distribution is the standard gamma
distribution. If a random variable Y has the gamma distribution, then ¢Y has the standard
gamma distribution. It is not difficult to check that this density function is log-concave,
provided ¢ > 1.

A multivariate gamma distribution can be defined by a certain linear transformation
of m independent random variables Zi, ..., Z,, (1 < m < 2° — 1) that have the standard
gamma distribution. Let an s x m matrix A with 0-1 elements be given. Setting Z =
(Zy, ..., Z2_1), we define

Y=AZ.

The random vector Y has a multivariate standard gamma distribution.

We observe that the distribution of the vector Z is log-concave by virtue of
Lemma 4.13. Hence, the s-variate standard gamma distribution is log-concave by virtue
of Theorem 4.26. |l

Example 4.28. The Wishart distribution arises in estimation of covariance matrices and
can be considered as a multidimensional version of the 2- distribution. More precisely, let
us assume that Z is an s-dimensional random vector having multivariate normal distribution
with a nonsingular covariance matrix X and expectation w. Given aniid sample Z', ..., ZV
from this distribution, we consider the matrix

N
PR AIVAEYAL
i=1
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where Z is the sample mean. This matrix has Wishart distribution with N — 1 degrees of
freedom. We denote the trace of a matrix A by tr(A).

If N > s, the Wishart distribution is a continuous distribution on the space of sym-
metric square matrices with probability density function defined by

2= exp(—3tr(Z7'4))

det(A)

for A positive definite,
s(s

fA) =1 2% 77 det(2)" T ﬁ r (%)
i=1

0 otherwise.

If s = 1 and ¥ = 1, this density becomes the x2- distribution density with N — 1 degrees
of freedom.

If A} and A, are two positive definite matrices and A € (0, 1), then the matrix
AA] 4+ (1 — LM)A; is positive definite as well. Using Lemma 4.24 and Lemma 4.8 we
conclude that function A — Indet(A), defined on the set of positive definite Hermitian
matrices, is concave. This implies that if N > s 4 2, then f is a log-concave function on
the set of symmetric positive definite matrices. If N = s 4 1, then f is a log-convex on the
convex set of symmetric positive definite matrices. W

Recall that a function f : R* — R is called regular in the sense of Clarke or Clarke-
regular, at a point x, if the directional derivative f'(x; d) exists and
fQy+td)— f(y)

'(x;d) = i , VdeR"
fd)y=lim , €

It is known that convex functions are regular in this sense. We call a concave function f
regular with the understanding that the regularity requirement applies to — f. In this case,
we have 9°(— f)(x) = —9° f(x), where 9° f (x) refers to the Clarke generalized gradient
of f at the point x. For convex functions 9° f (x) = af (x).

Theorem 4.29. If f : R" — R is a-concave (¢ € R) on some open set U C R”
and f(x) > 0 for all x € U, then f(x) is locally Lipschitz continuous, directionally
differentiable, and Clarke-regular. Its Clarke generalized gradients are given by the formula

Hr@] ™ a[(F@)] if a #0,
f)3(In f(x)) if @ =0.

Proof. 1f f is an a-concave function, then an appropriate transformation of f is a concave
function on U. We define

°f(x) = {

= o JUFe))T ifa #0,
f(x)_{mf(x) ifo = 0.

If @ < 0, then f*(-) is convex. This transformation is well defined on the open subset U
since f(x) > 0 for x € U, and, thus, f(x) is subdifferentiable at any x € U. Further, we
represent f as follows:

(F)* ifa #0,

Je = {exp(f(x)) ifa =0.
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In this representation, f is a composition of a continuously differentiable function and
a concave function. By virtue of Clarke [38, Theorem 2.3.9(3)], the function f is locally
Lipschitz continuous, directionally differentiable, and Clarke-regular. Its Clarke generalized
gradient set is given by the formula

9 pory = |00 a0 ifa 20,
~ exp(f())df(x) ifa =0.

Substituting the definition of f yields the result. [

For a function f : R” — R, we consider the set of points at which it takes positive
values. It is denoted by dompos f, i.e.,

dompos f = {x e R" : f(x) > 0}.

Recall that Ny (x) denotes the normal cone to the set X at x € X.

Definition 4.30. We call a point X € R" a stationary point of an a-concave function f if
there is a neighborhood U of X such that f is Lipschitz continuous on U, and 0 € 9° f (X).
Furthermore, for a convex set X C domposf, we call X € X a stationary point of f
on X if there is a neighborhood U of x such that f is Lipschitz continuous on U and
0 € 3° fx(X) + Nx(X).

We observe that certain properties of the maxima of concave functions extend to
generalized concave functions.

Theorem 4.31. Let f be an a-concave function f and the set X C dompos f be convex.
Then all the stationary points of f on X are global maxima and the set of global maxima
of f on X is convex.

Proof. First, assume that « = 0. Let X be a stationary point of f on X. This implies that
0 f®(In f(X)) + Nx(X). (4.16)
Using that f(x) > 0, we obtain
0€d(lnf(®) + Nx(®). (4.17)

As the function f(x) = In f(x) is concave, this inclusion implies that X is a global maximal
point of f on X. By the monotonicity of In(-), we conclude that % is a global maximal
point of f on X. If a point ¥ € X is a maximal point of f on X, then inclusion (4.17) is
satisfied. It entails (4.16) as X C dompos f, and, therefore, ¥ is a stationary point of f
on X. Therefore, the set of maximal points of f on X is convex because this is the set of
maximal points of the concave function f.

In the case of o # 0, the statement follows by the same line of argument using the

function f(x) = [f(x)]a. O

Another important property of «-concave measures is the existence of so-called float-
ing body for all probability levels p € (1, 1).
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Definition 4.32. A measure P on R* has a floating body at level p > 0 if there exists a
convex body C, C R such for all vectors z € R’,

P{x eR :z'x > scp(z)} =1-p,

where S, () is the support function of the set C,,. The set C,, is called the floating body of
P at level p.

Symmetric log-concave measures have floating bodies. We formulate this result of
Meyer and Reisner [128] without proof.

Theorem 4.33. Any nondegenerate probability measure with symmetric log-concave density
Sunction has a floating body C,, at all levels p € (%, 1).

We see that a-concavity as introduced so far implies continuity of the distribution
function. As empirical distributions are very important in practical applications, we would
like to find a suitable generalization of this notion applicable to discrete distributions. For
this purpose, we introduce the following notion.

Definition 4.34. A distribution function F is called o-concave on the set A C R* with
o € [—o0, 00] if

F(Z) Z ma(F(X), F(y)v)\')

forallz,x,y € A, and A € (0, 1) such that z > *x + (1 — L)y.

Observe that if 4 = R, then this definition coincides with the usual definition of
a-concavity of a distribution function.

To illustrate the relation between Definition 4.7 and Definition 4.34, let us consider
the case of integer random vectors which are roundups of continuously distributed random
vectors.

Remark 4. If the distribution function of a random vector Z is a-concave on R® then the
distribution function of Y = [Z] is a-concave on 7.

This property follows from the observation that at integer points both distribution
functions coincide.

Example 4.35. Every distribution function of an s-dimensional binary random vector is
a-concave on Z°* for all @ € [—o0, 00].

Indeed, let x and y be binary vectors, A € (0, 1), and z > Ax + (1 — X)y. As z is
integer and x and y binary, then z > x and z > y. Hence, F(z) > max{F(x), F(y)} by
the monotonicity of the cumulative distribution function. Consequently, F is co-concave.
Using Lemma 4.8 we conclude that F is a-concave for all @ € [—o0, 00]. N

For a random vector with independent components, we can relate concavity of the
marginal distribution functions to the concavity of the joint distribution function. Note that
the statement applies not only to discrete distributions, as we can always assume that the
set « is the whole space or some convex subset of it.
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Theorem 4.36. Consider the s-dimensional random vector Z = (Z', ..., Z%), where the
subvectors Z', 1 =1, ..., L, are s;-dimensional and ZZL:I s; = s. Assume that Z', 1 =
l,..., L, are independent and that their marginal distribution functions Fz : R%" — [0, 1]

are ay-concave on the sets A; C Z°. Then the following statements hold true:

1. IfZ,LZIa,_' >0,1l=1,...,L, then Fz is a-concave on A = A X --- X A with
_ L —1\—1
a=0Q L0 )

2. Ifoy =0,1=1,..., L, then Fz is log-concave on A = A X --- X AL.

Proof. The proof of the first statement follows by virtue of Theorem 4.23 using the mono-
tonicity of the cumulative distribution function.

For the second statement consider A € (0, 1) and points x = &', .. xh) e s,
y=04L...,yb) e A,and z = (7, ..., zL) € A such that z > Ax + (1 — A)y. Using
the monotonicity of the function In(-) and of Fz(-), along with the log-concavity of the
marginal distribution functions, we obtain the following chain of inequalities:

L

In[Fz(z)] = In[F;(Ax + (1 —A)y)] = Zln [Fz0x"+ (1 —1)yh]
=1

M“

[*In[Fz (x)]+ (1 = 2) In[Fz (y)]]
=1

L
=) Z In[Fz 2]+ (1= 2) > In[Fz ("]
I=1 I=1
=AMFz)]I+ A = V[Fz(»)].
This concludes the proof. [

For integer random variables our definition of «-concavity is related to log-concavity
of sequences.

Definition 4.37. A sequence py, k € Z, is called log-concave if
Pi = Pr-1Pr+1, Yk €L
We have the following property. (See Prékopa [159, Theorem 4.7.2].)
Theorem 4.38. Suppose that for an integer random variable Y the probabilities p, =

Pr{Y =k}, k € Z, form a log-concave sequence. Then the distribution function of Y is
a-concave on Z for every a € [—00, 0].

4.2.2 Convexity of Probabilistically Constrained Sets

One of the most general results in the convexity theory of probabilistic optimization is the
following theorem.
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Theorem 4.39. Let the functions g; : R" x R®, j € g, be quasi-concave. If Z € R is a
random vector that has an «-concave probability distribution, then the function

Gix)=Plgj(x,2) 20, j € } (4.18)
is a-concave on the set
D={xeR":3z R suchthatg;(x,z) >0, j € g}.
Proof. Given the points x;, x, € D and A € (0, 1), we define the sets
Ai={zeR :1g;j(x;,2) >0, je g}, i=12,
and B = AA; + (1 — A)A,. We consider
GOxi+ (0 —=Mx) =Plgijxi +(1 —Mx2, 2) >0, j e g}

If z € B, then there exist points z; € A; such that z = Az; + (1 — A)z,. By virtue of the
quasi concavity of g; we obtain that

gi(Axi + (1 —X)xz, Azy + (1 — M)z2) > min{g;(x1, z1), &j(x2,220)} =0, Vjed.

This implies that z € {z € R® : g;(Ax; + (1 — L)x2,2) > 0, j € Z}, which entails that
Ax1 + (1 — M)x, € D and that

G(x1 + (1 —A)xp) > P{B}.
Using the «-concavity of the measure, we conclude that
G(xi + (1 = M)xz) = P{B} = mo{P{A1}, P{A2}, A} = mo{G(x1), G(x2), A},
as desired. U

Example 4.40 (The Log-Normal Distribution). The probability density function of the
one-dimensional log-normal distribution with parameters u and o is given by

£ = {ﬁe){p (-57) it =0
0

otherwise.

This density is neither log-concave nor log-convex. However, we can show that the cu-
mulative distribution function is log-concave. We demonstrate it for the multidimensional
case.

The m-dimensional random vector Z has the log-normal distribution if the vector
Y = (InZ,,...,InZ,)" has a multivariate normal distribution. Recall that the normal
distribution is log-concave. The distribution function of Z at a point z € R™, z > 0, can be
written as

Fr@) =Pr{Zi <21, Zn S 2} =Prlzi =] 20, 20 — €} 2 0).

We observe that the assumptions of Theorem 4.39 are satisfied for the probability function
on the right-hand side. Thus, F is a log-concave function. Wl
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As a consequence, under the assumptions of Theorem 4.39, we obtain convexity
statements for sets described by probabilistic constraints.

Corollary 4.41. Assume that the functions g;(-, ), j € ¢, are quasi-concave jointly in
both arguments and that Z € R® is a random variable that has an a-concave probability
distribution. Then the following set is convex and closed:

X0={xER”: Pr{g;(x, Z) > 0, i=1,...,m}2p}. (4.19)
Proof. Let G(x) be defined as in (4.18), and let x;, x, € X, A € [0, 1]. We have
G(xy + (1 = Mx2) = me{G(x1), G(x2), A} = min{G (x1), G(x2)} = p.
The closedness of the set follows from the continuity of «-concave functions. [

We consider the case of a separable mapping g when the random quantities appear
only on the right-hand side of the inequalities.

Theorem 4.42. Let the mapping g : R" — R™ be such that each component g; is a concave
function. Furthermore, assume that the random vector Z has independent components and
the one-dimensional marginal distribution functions Fz,, i = 1,...,m, are o;-concave.

Furthermore, let Zle a; U'> 0. Then the set
Xo={x eR": Prig(x) = 7) = p}
s convex.

Proof. Indeed, the probability function appearing in the definition of the set X, can be
described as follows:

Gx)=Plei) = Z, i =1,....m} = [ | Fz (g (xi).

i=1
Due to Theorem 4.20, the functions Fz, o g; are «;-concave. Using Theorem 4.23, we

conclude that G(-) is y-concave with y = (Zf:, o H=1. The convexity of X, follows the
same argument as in Corollary 4.41. [

Under the same assumptions, the set determined by the first order stochastic dominance
constraint with respect to any random variable Y is convex and closed.

Theorem 4.43. Assume that g(-, -) is a quasi-concave function jointly in both arguments,
and that Z has an a-concave distribution. Then the following sets are convex and closed:
Xe={xeR": gx.2) =y Y},

X.={xeR": Pr{g(x,Z2) = n} = Pr{Y > n}, Vnela,bl}.

Proof. Letus fix n € R and observe that the relation g(x, Z) >(;) ¥ can be formulated in
the following equivalent way:

Pr{g(x, Z) > n} > Pr{Y > r]}, Vn e R.
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Therefore, the first set can be defined as follows:
Xg= {x eR": Pr{g(x, Z)—n=> 0} > Pr{Y > n} Vn € IR}.
For any 1 € R, we define the set
X() ={xeR": Pr{g(x,Z) —n =0} = Pr{Y = n}}.

This set is convex and closed by virtue of Corollary 4.41. The set X is the intersection of
the sets X (n) for all n € R, and, therefore, it is convex and closed as well. Analogously,
the set X, is convex and closed as X, = ﬂne[a’b] X(m. 0O

Let us observe that affine in each argument functions g;(x,z) = z'x + b; are not
necessarily quasi-concave in both arguments (x, z). We can apply Theorem 4.39 to conclude
that the set

X, ={xeR": Prix'aq; <b;(2), i=1,...,m} > p} (4.20)

is convex if a;, i = 1, ..., m are deterministic vectors. We have the following.

Corollary 4.44. The set X, is convex whenever b;(-) are quasi-concave functions and Z
has a quasi-concave probability distribution function.

Example 4.45 (Vehicle Routing Continued). We return to Example 4.1. The probabilistic
constraint (4.3) has the form

Pr{TX > Z} = p,.
If the vector Z of a random demand has an «-concave distribution, then this constraint
defines a convex set. For example, this is the case if each component Z; has a uni-

form distribution and the components (the demand on each arc) are independent of each
other. N

If the functions g; are not separable, we can invoke Theorem 4.33.

Theorem 4.46. Let p; € (3, 1) foralli =1, ..., n. The set
X,={xeR": P,{(x"Z <b}=pi.i=1,....,m] 4.21)
is convex whenever Z; has a nondegenerate log-concave probability distribution, which is

symmetric around some point ju; € R".

Proof. If the random vector Z; has a nondegenerate log-concave probability distribution,
which is symmetric around some point p; € R”, then the vector ¥; = Z; — pu; has a
symmetric and nondegenerate log-concave distribution.

Given points x1, X, € X, and a number A € [0, 1], we define

K,-(x):{aeR”:aTbe,-}, i=1,...,n.

Letus fix an index i. The probability distribution of Y; satisfies the assumptions of Theorem
4.33. Thus, there is a convex set Cp, such that any supporting plane defines a half plane
containing probability p;:

Py, {y eR":y'x < Sc, (x)} =p; VxeR".
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Thus,
PrlzeR":7'x < Se, (0) + pix}=p; VxeR" (4.22)
Since Pz {K;(x1)} > p; and P {K;(x2)} = p; by assumption, then
KixpclzeR :2x <5, (0 +uix), j=12
bi = s, (x) +uix;, j=1.2
The properties of the support function entail that
bi = Ase, () +pix]+ (1 =W)[s., (¥2) + i x]
=5, (1) +5., (1= 2)x2) + wirxy + (1= A)x;
> s, (xr + (1= 2)x) + wirxy 4+ (1 — A)x.
Consequently, the set K; (x;) with x;, = Ax; 4+ (1 — A)x, contains the set
[zeR":2'x;, < Se,, (Xa) + ! %3},
and, therefore, using (4.22) we obtain that
Pz {Ki(axi + (1 = Dx2)} = pi.

Since i was arbitrary, we obtain that Ax; + (1 — A)x; € X . 00

Example 4.47 (Portfolio Optimization Continued). Let us consider the Portfolio Exam-
ple 4.2. The probabilistic constraint has the form

Pr {ZRixi =< '7} =Py

i=1

If the random vector R = (Ry, ..., R,)" has a multidimensional normal distribution or a
uniform distribution, then the feasible set in this example is convex by virtue of the last
corollary since both distributions are symmetric and log-concave. i

There is an important relation between the sets constrained by first and second or-
der stochastic dominance relation to a benchmark random variable (see Dentcheva and
Ruszczyriski [53]). We denote the space of integrable random variables by £(€2, ¥, P)
and set

A(Y)={Xe Ly(Q F,P): X =u Y},
AX)={XeLli(Q,F,P): X >y Y}

Proposition 4.48. ForeveryY € L£1(2, F, P) the set Ay(Y) is convex and closed.

Proof. By changing the order of integration in the definition of the second order function
F® _ we obtain

FP () =El(n — X).1. (4.23)
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Therefore, an equivalent representation of the second order stochastic dominance relation
is given by the relation

El(n — X)4]1 =E[(n - Y)4], VneR. (4.24)

Forevery n € R the functional X — E[(n— X).]isconvex and continuousin £ (2, ¥, P),
as a composition of a linear function, the “max” function, and the expectation operator.
Consequently, the set A,(Y) is convex and closed. [

The set A;(Y) is closed, because convergence in £; implies convergence in proba-
bility, but it is not convex in general.

Example 4.49. Suppose that Q = {w;, @y}, P{w;} = P{w;} = 1/2 and Y (w;) = —1,
Y(wp;) = 1. Then X; = Y and X, = —Y both dominate Y in the first order. However,
X = (X1 + X3)/2 = 0 is not an element of A;(Y) and, thus, the set A;(Y) is not convex.
We notice that X dominates Y in the second order. Wl

Directly from the definition we see that first order dominance relation implies the
second order dominance. Hence, A;(Y) C A,(Y). We have demonstrated that the set
A, (Y) is convex; therefore, we also have

conv(A(Y)) C Ax(Y). (4.25)

We find sufficient conditions for the opposite inclusion.

Theorem 4.50. Assume that 2 = {w;, ..., wy}, F contains all subsets of Q, and P{w;} =
1/N,k=1,...,N. IfY : (2, F, P) — Ris a random variable, then

conv(A;(Y)) = Ax(Y).

Proof. To prove the inverse inclusion to (4.25), suppose that X € A,(Y). Under the
assumptions of the theorem, we can identify X and Y with vectors x = (xj, ..., xy) and
y=01,...,yy)suchthatx; = X(i{) and y; = Y(i),i = 1, ..., N. As the probabilities of
all elementary events are equal, the second order stochastic dominance relation coincides
with the concept of weak majorization, which is characterized by the following system of

inequalities:
! /
Zx[k] = Zym, I=1,...,N,
k=1 k=1

where x; denotes the kth smallest component of x.
As established by Hardy, Littlewood, and Polya [73], weak majorization is equivalent
to the existence of a doubly stochastic matrix IT such that

x > Ily.

By Birkhoff’s theorem [20], we can find permutation matrices Q', ..., O™ and nonnegative
reals «y, ..., oy totaling 1, such that

M
M=) o0
j=1
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Setting z/ = Q/y, we conclude that

M
x> Za iz’
j=1
Identifying random variables Z Jon (2, ¥, P) with the vectors z/, we also see that

M
X() =) a2/ (o)

j=1
for all w € Q. Since each vector z/ is a permutation of y and the probabilities are equal,
the distribution of Z/ is identical with the distribution of Y. Thus

Zl =Y, j=1,...,M.

Let us define

M
2j(a))=Zj(a))+<X(a))—Zaka(w)>, weQ, j=1,...,M.
k=1

Then the last two inequalities render VARS A(Y),j=1,...,M,and
M
X() =) o;Z (o),
j=1

asrequired. [

This result does not extend to general probability spaces, as the following example
illustrates.

Example 4.51. We consider the probability space Q2 = {w;, w,}, P{w} = 1/3, P{w,} =
2/3. The benchmark variable Y is defined as Y (w;) = —1, Y(w,) = 1. Itis easy to see that
X >q) Y iff X(w1) > —1 and X (w;) > 1. Thus, A;(Y) is a convex set.

Now, consider the random variable Z = E[Y] = 1/3. It dominates Y in the second
order, but it does not belong to conv A (Y) = A;(Y). N

It follows from this example that the probability space must be sufficiently rich to
observe our phenomenon. If we could define a new probability space Q' = {w;, w21, w22},
in which the event w; is split in two equally likely events w,;, wy;, then we could use
Theorem 4.50 to obtain the equality conv A{(Y) = A,(Y). In the context of optimization
however, the probability space has to be fixed at the outset and we are interested in sets of
random variables as elements of «£,(€2, ¥, P; R"), rather than in sets of their distributions.

Theorem 4.52. Assume that the probability space (2, ¥, P) is nonatomic. Then
A>(Y) = cl{conv(A(Y))}.

Proof. If the space (2, ¥, P) is nonatomic, we can partition 2 into N disjoint subsets, each
of the same P-measure 1/N, and we verify the postulated equation for random variables
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which are piecewise constant on such partitions. This reduces the problem to the case
considered in Theorem 4.50. Passing to the limit with N — oo, we obtain the desired
result. We refer the interested reader to Dentcheva and Ruszczyriski [55] for technical
details of the proof. [

4.2.3 Connectedness of Probabilistically Constrained Sets

Let X C R" be a closed convex set. In this section we focus on the following set:
X:{xeX:Pr[gj(x,Z)zo,jeg]zp},

where ¢ is an arbitrary index set. The functions g; : R” x R — R are continuous, Z
is an s-dimensional random vector, and p € (0, 1) is a prescribed probability. It will be
demonstrated later (Lemma 4.61) that the probabilistically constrained set X with separable
functions g; is a union of cones intersected by X. Thus, X could be disconnected. The
following result provides a sufficient condition for X to be topologically connected. A more
general version of this result is proved in Henrion [84].

Theorem 4.53. Assume that the functions g;(-, Z), j € ¢ are quasi-concave and that they
satisfy the following condition: for all x', x*> € R" there exists a point x* € X such that

gj(x*, z) = min{g;(x',2), g;(x*,2)}, VzeR’, Vjed.
Then the set X is connected.
Proof. Let x', x?> € X be arbitrary points. We construct a path joining the two points,

which is contained entirely in X. Let x* € X be the point that exists according to the
assumption. We set

(1 —26)x" + 2¢x* forO0 <t <1/2,

T[(t)z * 2
2(1 —t)x*+ 2t — Dx for1/2 <t <1.

First, we observe that w(¢) € X for every ¢t € [0, 1] since x!, x2, x* € X and the set X is
convex. Furthermore, the quasi concavity of g;, j € &, and the assumptions of the theorem
imply for every j and for 0 < ¢t < 1/2 the following inequality:

8, (1 = 20)x" +21x*, 2) = min{g;(x', 2), g, (x*, 2)} = g;(x", 2).
Therefore,

Prigi(m(®),Z2) >0, j e g} = Prig(x") >0, j Fy=p for 0<t<1/2.

A similar argument applies for 1/2 < ¢ < 1. Consequently, 7 (¢) € X, and this proves the
assertion. [
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4.3 Separable Probabilistic Constraints

We focus our attention on problems with separable probabilistic constraints. The problem
that we analyze in this section is

Min c(x)
X
s.t. Pr{g(x) > Z} > p, (4.26)
x e X.
We assume that ¢ : R” — R is a convex function and g : R" — R” is such that each
component g; : R” — Risaconcave function. We assume that the deterministic constraints

are expressed by a closed convex set X; C R”. The vector Z is an m-dimensional random
vector.

4.3.1 Continuity and Differentiability Properties of Distribution
Functions

When the probabilistic constraint involves inequalities with random variables on the right-
hand side only as in problem (4.26), we can express it as a constraint on a distribution
function:

Prigx) > 2} >p <= Fz(g) = p.

Therefore, it is important to analyze the continuity and differentiability properties of dis-
tribution functions. These properties are relevant to the numerical solution of probabilistic
optimization problems.

Suppose that Z has an @-concave distribution function with@ € R and that the support
of it, supp Pz, has nonempty interior in R*. Then F(-) is locally Lipschitz continuous on
int supp Pz by virtue of Theorem 4.29.

Example 4.54. We consider the following density function:

1
0(z) = N for z e.(O, 1),
0 otherwise.

The corresponding cumulative distribution function is

0 forz <0,
F(z) =14z forze(0,1),
1 forz > 1.

The density 6 is unbounded. We observe that F is continuous but it is not Lipschitz
continuous at z = 0. The density 6 is also not (—1)-concave and that means that the
corresponding probability distribution is not quasi-concave. i

Theorem 4.55. Suppose that all one-dimensional marginal distribution functions of an s-
dimensional random vector Z are locally Lipschitz continuous. Then F is locally Lipschitz
continuous as well.
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Proof. The statement can be proved by straightforward estimation of the distribution func-
tion by its marginals for s = 2 and induction on the dimension of the space. [

It should be noted that even if the multivariate probability measure P has a contin-
uous and bounded density, then the distribution function F is not necessarily Lipschitz
continuous.

Theorem 4.56. Assume that Pz has a continuous density 0(-) and that all one-dimensional
marginal distribution functions are continuous as well. Then the distribution function Fz
is continuously differentiable.

Proof. In order to simplify the notation, we demonstrate the statement for s = 2. It will be
clear how to extend the proof for s > 2. We have that

21 22 21
Fz(z1,220) =Pr(Z1 <21, 2, < 20) = / / O(t1, )dhdt, = / Y (t, 22)dt,
—o00 J—00 -0

where (11, z2) = f_zio 0(t, t)dt,. Since ¥ (-, z») is continuous, by the Newton—-Leibnitz
theorem we have that

OF, 2
—(21,22) =¥ (21, 22) = / 0(z1, )do.

821 00

In a similar way,

oF, g
—(21,22)—/ 0(t1, zo)dt,.
ke oo

Let us show continuity of oz *“(z1,22). Given the points z € R? and y* € R?, such

L/ 0(zy, 1)dt — /'eghwm

+’/W&hﬂ—9@fﬂﬁﬁ

that limy_, o y = z, we have

— (@

‘BFZ BFZ

=<

2
f 0(yf, Hdt
22

First, we observe that the mapping (z;, z2) — f;z 0(z1, t)dt is continuous for every a € R

by the uniform continuity of (-) on compact sets in R?. Therefore, | f yz : G(y{‘, tydt| - 0

whenever k — o0. Furthermore, |f [6(z1,1) — G(yll‘,t)]dﬂ — 0 as well, due to the
continuity of the one-dimensional margmal functlon F 21 Moreover, by the same reason, the
convergence is uniform about z;. This proves that 2z P 97 (7) is continuous.

The continuity of the second partial derivative follows by the same line of argu-
ment. As both partial derivatives exist and are continuous, the function F is continuously
differentiable. 0

4.3.2 p-Efficient Points

We concentrate on deriving an equivalent algebraic description for the feasible set of prob-
lem (4.26).
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The p-level set of the distribution function Fz(z) = Pr{Z < z} of Z is defined as
follows:

Z,={zeR": F;(2) = p}. (4.27)
Clearly, problem (4.26) can be compactly rewritten as
Min c(x)

st.g(x) € Z,, (4.28)
xeX.

Lemma 4.57. For every p € (0, 1) the level set Z,, is nonempty and closed.

Proof. The statement follows from the monotonicity and the right continuity of the distri-
bution function. [

We introduce the key concept of a p-efficient point.

Definition 4.58. Let p € (0,1). A point v € R" is called a p-efficient point of the
probability distribution function F if F(v) > p and there is no z < v, z # v such that
F(z) = p.

The p-efficient points are minimal points of the level set Z, with respect to the partial
order in R™ generated by the nonnegative cone R’}.

Clearly, for a scalar random variable Z and for every p € (0, 1) there is exactly one
p-efficient point, which is the smallest v such that F(v) > p, i.e., Fé_l) (p).

Lemma 4.59. Let p € (0, 1) and let

1= (Fy " (p),....F5 "(p). (4.29)

m

Then every v € R™ such that Fz(v) > p must satisfy the inequality v > [.

Proof. Letv; = F éi_l) (p) be the p-efficient point of the ith marginal distribution function.
We observe that Fz(v) < Fyz (v;) forevery v € R" andi = 1, ..., m, and, therefore, we
obtain that the set of p-efficient points is bounded from below. [

Let p € (0,1) andlet v/, j € &, be all p-efficient points of Z. Here & is an arbitrary
index set. We define the cones

Kj:vj+R$, 168

The following result can be derived from Phelps theorem [150, Lemma 3.12] about
the existence of conical support points, but we can easily prove it directly.

Theorem 4.60. It holds that Z, = | J ;¢ K-
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Proof. If y € Z,,, then either y is p-efficient or there exists a vector w such that w <y,
w#y, weZ, ByLemma4.59, one musthave/ < w <y. ThesetZ, ={z € Z,:[ <
z < y} is compact because the set Z, is closed by virtue of Lemma 4.57. Thus, there exists
w! € Z; with the minimal first coordinate. If w' is a p-efficient point, then y € w' + R,
what had to be shown. Otherwise, we define Z, = {z € Z, : | <z < w'} and choose
a point w?> € Z, with the minimal second coordinate. Proceeding in the same way, we
shall find the minimal element w™ in the set Z, with w" < wrl <. < y. Therefore,

y € w™ + R, and this completes the proof. U

By virtue of Theorem 4.60 we obtain (for 0 < p < 1) the following disjunctive
semi-infinite formulation of problem (4.28):

Min c¢(x)
st.g(x) e | K. (4.30)
jeé
x e X.
This formulation provides insight into the structure of the feasible set and the nature of its

nonconvexity. The main difficulty here is the implicit character of the disjunctive constraint.
Let S stand for the simplex in R"+!,

m+1
S:iaeRm“:Zaizl,a,-ZO}.

i=1

Denote the convex hull of the p-efficient points by E, i.e., E = conv{v/, j € &}. We
obtain a semi-infinite disjunctive representation of the convex hull of Z,.

Lemma 4.61. It holds that
conv(Z,) = E + R.

Proof. By Theorem 4.60, every point y € convZ can be represented as a convex combina-

tion of points in the cones K ;. By the theorem of Caratheodory the number of these points

3 . 1 ;. . .
is no more than m + 1. Thus, we can write y = Z:":l a; (v + w'), where w' € R,

o € S, and j; € & The vector w = Z;”:l] a;w’ belongs to R%. Therefore, y €
Srlai +R7. O

We also have the representation E = { Z;":ll aviia €S, j € 8}

Theorem 4.62. For every p € (0, 1) the set convZ, is closed.

Proof. Consider a sequence {zX} of points of convZ » Which is convergent to a point z.
Using Carathéodory’s theorem again, we have

m+1

k k k
= E ;Y
i=1
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with y{‘ €2Z,, af > 0, and 271:11 alk = 1. By passing to a subsequence, if necessary, we
can assume that the limits

@ = lim of
k—o0
existforalli = 1,...,m + 1. By Lemma 4.59, all points y{‘ are bounded below by some

vector /. For simplicity of notation we may assume that / = 0.
Let I = {i : a; > 0}. Clearly, Ziel o; = 1. We obtain

=) abyl 4.31)
iel

We observe that 0 < af‘ y{‘ < zFforalli € I and all k. Since {z*} is convergent and
ak — a; > 0, each sequence { y{‘}, i € I, is bounded. Therefore, we can assume that each

i
of them is convergent to some limit y;, i € I. By virtue of Lemma 4.57, y; € Z,. Passing
to the limit in inequality (4.31), we obtain

> Z&,&i € convZ.

iel
Due to Lemma 4.61, we conclude that z € convZ,. a

For a general random vector, the set of p-efficient points may be unbounded and not
closed, as illustrated in Figure 4.3.

P{Y<V]Ep

Figure 4.3. Example of a set Z, with p-efficient points v.
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We encounter also a relation between the p-efficient points and the extreme points of
the convex hull of Z ,.

Theorem 4.63. For every p € (0, 1), the set of extreme points of convZ, is nonempty and
it is contained in the set of p-efficient points.

Proof. Consider the lower bound / defined in (4.29). The set convZ, is included in / + R",
by virtue of Lemmas 4.59 and 4.61. Therefore, it does not contain any line. Since convZ,
is closed by Theorem 4.62, it has at least one extreme point.

Let w be an extreme point of convZ,. Suppose that w is not a p-efficient point.
Then Theorem 4.60 implies that there exists a p-efficient point v < w, v # w. Since
w+RY C convZ,, the point w is a convex combination of v and w+(w—v). Consequently,
w cannot be extreme. [

The representation becomes very handy when the vector Z has a discrete distribution
on Z™, in particular, if the problem is of form (4.57). We shall discuss this special case in
more detail. Let us emphasize that our investigations extend to the case when the random
vector Z has a discrete distribution with values on a grid. Our further study can be adapted
to the case of distributions on nonuniform grids for which a uniform lower bound on the dis-
tance of grid points in each coordinate exists. In this presentation, we assume that Z € Z™.
In this case, we can establish that the distribution function F; has finitely many p-efficient
points.

Theorem 4.64. For each p € (0, 1) the set of p-efficient points of an integer random vector
is nonempty and finite.

Proof. First we shall show that at least one p-efficient point exists. Since p < 1, there
exists a point y such that Fz(y) > p. By Lemma 4.59, the level set Z, is bounded from
below by the vector / of p-efficient points of one-dimensional marginals. Therefore, if y is
not p-efficient, one of finitely many integer points v such that/ < v < y mustbe p-efficient.

Now we prove the finiteness of the set of p-efficient points. Suppose that there exists an
infinite sequence of different p-efficient points v/, j = 1,2, .... Since they are integer, and
the first coordinate v{ is bounded from below by /1, with no loss of generality we may select a
subsequence which is nondecreasing in the first coordinate. By a similar token, we can select
further subsequences which are nondecreasing in the first k coordinates (k = 1, ..., m).
Since the dimension m is finite, we obtain a subsequence of different p-efficient points which
isnondecreasing in all coordinates. This contradicts the definition of a p-efficientpoint. [

Note the crucial role of Lemma 4.59 in this proof. In conclusion, we have obtained
that the disjunctive formulation (4.30) of problem (4.28) has a finite index set §.

Figure 4.4 illustrates the structure of the probabilistically constrained set for a discrete
random variable.

The concept of a-concavity on a set can be used at this moment to find an equivalent
representation of the set Z, for a random vector with a discrete distribution.

Theorem 4.65. Let A be the set of all possible values of an integer random vector Z. If
the distribution function Fz of Z is a-concave on 4 + Z for some a € [—00, 00], then
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vy
v,
) v,
V4
P{Y<v}>p 5
Figure 4.4. Example of a discrete set Z , with p-efficient points vy, .. ., vs.

for every p € (0, 1) one has

Z, = yeR’”:yzzzz:)»jv-’,ZA,-:I,)»,-EO,ZGZ’” ,
jeé jeé

where v/, j € &, are the p-efficient points of F.

Proof. The representation (4.30) implies that

Z,CyyeR": yZzzZAjvj, ZM:I, Aj>0,zeZ"
je€ je€

We have to show that every point y from the set at the right-hand side belongs to Z. By
the monotonicity of the distribution function Fz, we have Fz(y) > F7(z) whenever y > z.
Therefore, itis sufficient to show that Pr{Z < z} > pforallz € Z" suchthatz > > . o A;v/
with A; > 0,3 ¢ Aj = 1. We consider five cases with respect to a.
Case 1: o = oo. It follows from the definition of «-concavity that

je€

Fz(z) > max{Fz(v/), j € & : 1; #0} > p.

Case 2: o = —oo. Since Fz(v/) > p for each index j € & such that A; # 0, the
assertion follows as in Case 1.
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Case 3: o = 0. By the definition of a-concavity, we have the following inequalities:

Fz@) = [[IFz0N1 = [Tp = p.

jeé jeé

Case 4: o € (—00,0). By the definition of «-concavity,

[Fz@)1* <Y ajlF, )" <Y ap* = p.

je&€ je&

Since @ < 0, we obtain Fz(z) > p.
Case 5: o € (0, 00). By the definition of «-concavity,

[Fz@1" = Y ajlFz ()" = Y ap® = p°,

jeé jeé
concluding that z € Z, as desired. O

The consequence of this theorem is that under the «-concavity assumption, all integer
points containedinconvZ, = E+R’} satisfy the probabilistic constraint. This demonstrates
the importance of the notion of a-concavity for discrete distribution functions as introduced
in Definition 4.34. For example, the set Z, illustrated in Figure 4.4 does not correspond to
any a-concave distribution function, because its convex hull contains integer points which
do not belong to Z,,. These are the points (3,6), (4,5), and (6,2).

Under the conditions of Theorem 4.65, problem (4.28) can be formulated in the
following equivalent way:

Mil)} c(x) (4.32)
X,2,
s.t. g(x) >z, (4.33)
2= Y, (4.34)
jeé
zeZ™, (4.35)
Sa=1, (4.36)
jeé
A >0, jeé, 4.37)
xeX. (4.38)

In this way, we have replaced the probabilistic constraint by algebraic equations and
inequalities, together with the integrality requirement (4.35). This condition cannot be
dropped, in general. However, if other conditions of the problem imply that g(x) is integer,
then we may remove z entirely form the problem formulation. In this case, we replace
constraints (4.33)—(4.35) with

gx) = ) A,
jeé
For example, if the definition of X contains the constraint x € Z", and, in addition, g(x) =
Tx, where T is a matrix with integer elements, then we can dispose of the variable z.
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If Z takes values on a nonuniform grid, condition (4.35) should be replaced by the
requirement that z is a grid point.

Corollary 4.66. If the distribution function Fz of an integer random vector Z is o-concave
on the set Zﬁ for some o € [—00, 00], then for every p € (0, 1) one has

Z,NZ} =convZ,NZ".

4.3.3 Optimality Conditions and Duality Theory

In this section, we return to problem formulation (4.28). We assume that ¢ : R — R is
a convex function. The mapping g : R* — R™ has concave components g; : R" — R.
The set X C R” is closed and convex; the random vector Z takes values in R”. The set
Z, is defined as in (4.27). We split variables and consider the following formulation of the
problem:

Min c(x)
X,Z

s.t. g(x) >z, (4.39)
x e X,
2 € Z,.

Associating a Lagrange multiplier # € R with the constraint g(x) > z, we obtain the
Lagrangian function:

L(x,z,u) = c(x) +u' (z — g(x)).

The dual functional has the form

¥ (u) = inf  L(x,z,u) =h(u)+du),
(x,2)€XxZ,
where
h(u) = inf{c(x) —u'g(x) : x € X}, (4.40)
dw)=inf{u'z : z€ 2Z,)}. (4.41)

For any u € R’} the value of ¥ (u) is a lower bound on the optimal value ¢* of the
original problem. The best Lagrangian lower bound will be given by the optimal value ¥*
of the problem:

sup ¥ (u). (4.42)

u>0

We call (4.42) the dual problem to problem (4.39). For u # 0 one has d(u) = —oo,
because the set Z, contains a translation of R’}. The function d(-) is concave. Note that
d(u) = —sz,(—u), where s  (-) is the support function of the set Z,. By virtue of Theorem
4.62 and Hiriart-Urruty and Lemaréchal [89, Chapter V, Proposition 2.2.1], we have

du) =inf{u'z : z € convZ,}. (4.43)
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Let us consider the convex hull problem:
Min c(x)
X,z

s.t. g(x) >z, (4.44)
x e X,

z €convzy.
We impose the following constraint qualification condition:
There exist points x’eXand € convz, such that g(xo) > 7% (4.45)

If this constraint qualification condition is satisfied, then the duality theory in convex pro-
gramming Rockafellar [174, Corollary 28.2.1] implies that there exists &# > 0 at which the
minimum in (4.42) is attained, and ¥* = W (&) is the optimal value of the convex hull
problem (4.44).

We now study in detail the structure of the dual functional ¥. We shall characterize
the solution sets of the two subproblems (4.40) and (4.41), which provide the values of the
dual functional. Observe that the normal cone to the positive orthant at a point u > 0 is the
following:

Nay(u) ={d € R" :d; = 0ifu; >0, i = 1,...,m). (4.46)

We define the set
V(u) ={veR":u"v=d(u)and v is a p-efficient point}. (4.47)

Lemma 4.67. For every u > 0 the solution set of (4.41) is nonempty. For every u > 0 it
has the following form: Z(u) =V (u) — Nz (u).

Proof. First we consider the case u > 0. Then every recession direction g of Z, satisfies
u'q > 0. Since Z p» 1s closed, a solution to (4.41) must exist. Suppose that a solution z to
(4.41) is not a p-efficient point. By virtue of Theorem 4.60, there is a p-efficient v € Z,
such that v < z, and v # z. Thus, u"v < u'z, which is a contradiction. Therefore, we
conclude that there is a p-efficient point v, which solves problem (4.41).

Consider the general case # > 0 and assume that the solution set of problem (4.41)
is nonempty. In this case, the solution set always contains a p-efficient point. Indeed,
if a solution z is not p-efficient, we must have a p-efficient point v dominated by z, and
u'v < u'z holds by the nonnegativity of u. Consequently, u'v = u'z for all p-efficient
v < z, which is equivalent to z € {v} — Mgy (1), as required.

If the solution set of (4.41) is empty, then V (1) = ¢ by definition and the assertion is
true as well. [

The last result allows us to calculate the subdifferential of the function d in a closed
form.

Lemma 4.68. For every u > 0 one has 9d(u) = conv(V(u)) — Ngn (u). If u > 0, then
ad(u) is nonempty.
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Proof. From (4.41) we obtain d(u) = =S, (—u), where S, (+) is the support function of
Z, and, consequently, of conv Z,. Consider the indicator function Icony z,() of the set
conv Z,. By virtue of Corollary 16.5.1 in Rockafellar [174], we have

Szp (M) = Hz:konv z, (M),
where the latter function is the conjugate of the indicator function I oy z,(*). Thus,
od(u) = —8H;‘0nvzp(—u).

Recall that conv Z,, is closed, by Theorem 4.62. Using Rockafellar [174, Theorem 23.5],
we observe that y € dI* (—u) iff T* (—u) + Leonvz, (y) = —yTu. It follows that

conv Z, conv Z,
y econvZ,and I3, 7 (—u) = — y'u. Consequently,
yu=du). (4.48)

Since y € conv Z, we can represent it as follows:

m+1
y = E aje’ +w,
j=1

where e/, j =1,..., m + 1, are extreme points of conv Z, and w > 0. Using Theorem
4.63 we conclude that e’ are p-efficient points. Moreover, applying u#, we obtain

m+1
yTu = ZajuTej +ulw > du), (4.49)
j=1
because u'e/ > d(u) and u'w > 0. Combining (4.48) and (4.49) we conclude that
u'el = d(u) forall j,and u"w = 0. Thus y € conv V (1) — Nrr ().
Conversely, if y € conv V(1) — Mgz (1), then (4.48) holds true by the definitions of

the set V (1) and the normal cone. This implies that y € ad(u), as required.
Furthermore, the set dd (1) is nonempty for # > 0 due to Lemma 4.67. [

Now, we analyze the function /(). Define the set of minimizers in (4.40),
Xw)={xeX:ckx)—u'gx)=hw}.

Since the set X is convex and the objective function of problem (4.40) is convex for all
u > 0, we conclude that the solution set X () is convex for all u > 0.

Lemma 4.69. Assume that the set X is compact. For every u € R™, the subdifferential of
the function h is described as follows:

oh(u) =conv{—g(x):x € X(u)}.

Proof. The function £ is concave on R”. Since the set X is compact, ¢ is convex, and
gi, 1 =1,...,m, are concave, the set X (1) is compact. Therefore, the subdifferential of
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h(u) for every u € R™ is the closure of conv {—g(x) : x € X(u)}. (See Hiriart-Urruty and
Lemaréchal [89, Chapter VI, Lemma 4.4.2].) By the compactness of X (1) and concavity
of g, the set {—g(x) : x € X(u)}is closed. Therefore, we can omit taking the closure in the
description of the subdifferential of A (x). [

This analysis provides the basis for the following necessary and sufficient optimality
conditions for problem (4.42).

Theorem 4.70. Assume that the constraint qualification condition (4.45) is satisfied and that
the set X, is compact. A vector u > 0 is an optimal solution of (4.42) iff there exists a point

x € X)), points v', ..., v € V(u) and scalars i ..., Bus1 = O with Z;:ll B =1
such that
m+1
D B — g(x) € Ny (). (4.50)
j=1

Proof. Using Rockafellar [174, Theorem 27.4], the necessary and sufficient optimality
condition for (4.42) has the form
0 € —0W(u) + Ny (u). 4.51)
Since intdomd # ¢ and dom h = R™, we have 0¥ (u) = dh(u) + dd(u). Using Lemma
4.68 and Lemma 4.69, we conclude that there exist
p-efficient points v/ € V(u), j=1,....,m+1,
m+1

B =0, j=1....m+1, Y Bi=1,
j=1

xeXw, j=1,....m+1, (4.52)
m—+1

ol 20, j=1....m+1, > aj=1,
j=1

such that
m+1 m+1
D aig(xl) =Y Bivl € —Nan(u). (4.53)
j=1 j=1

If the function ¢ was strictly convex, or g was strictly concave, then the set X (#) would be a
singleton. In this case, all x/ would be identical and the above relation would immediately
imply (4.50). Otherwise, let us define

m+1

_E: x/
X = ajx’.
j=1

By the convexity of X (u) we have x € X (u). Consequently,

c() =Y uigi(x) =h@w) =c(x)) =Y wig(x)), j=1,....m+1 (454

i=1 i=1
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Multiplying the last equation by «; and adding, we obtain

m m+1 m m m+1
cx) =D uigi(x) =) a [c(xf) — Zu,»gxxf)] > c(x) = Y i ) o)),

i=1 j=1 i=1 i=1  j=1

The last inequality follows from the convexity of c. We have the following inequality:

m m+1
Zui |:gi(x) - Zajgi(x])] <0.
i=1 j=1
Since the functions g; are concave, we have g;(x) > Z'}’:ll a;gi (x/). Therefore, we

conclude that u; = 0 whenever g; (x) > ;f:ll o;gi (x7). This implies that

m+1
g(x) = Y a;g(x)) € —Nen ().

Jj=1

Since Mgz (u) is a convex cone, we can combine the last relation with (4.53) and obtain
(4.50), as required.

Now, we prove the converse implication. Assume that we have x € X (u), points
v, .., v e V(u), and scalars B ..., Buy1 = 0 with Z;”;l B; = 1 such that (4.50)
holds true. By Lemma 4.68 and Lemma 4.69 we have

m+1

—g(x)+ Y Bjv’ € aw ().

j=1

Thus (4.50) implies (4.51), which is a necessary and sufficient optimality condition for
problem (4.42). [0

Using these optimality conditions we obtain the following duality result.

Theorem 4.71. Assume that the constraint qualification condition (4.45) for problem (4.39)
is satisfied, the probability distribution of the vector Z is «-concave for some o € [—00, o],
and the set X is compact. If a point (X, Z) is an optimal solution of (4.39), then there exists
a vector i > 0, which is an optimal solution of (4.42) and the optimal values of both
problems are equal. If u is an optimal solution of problem (4.42), then there exist a point X
such that (x, g(X)) is a solution of problem (4.39), and the optimal values of both problems
are equal.

Proof. The a-concavity assumption implies that problems (4.39) and (4.44) are the same.
If & is optimal solution of problem (4.42), we obtain the existence of points X € X (it),
v, ..., v e V(u) and scalars B; ..., Buy1 = O with ZT:; B; = 1 such that the
optimality conditions in Theorem 4.70 are satisfied. Setting Z = g(x) we have to show that
(X, z) is an optimal solution of problem (4.39) and that the optimal values of both problems

are equal. First we observe that this point is feasible. We choose y € —Ngn () such
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that y = g(¥) — ZTLI B;v/. From the definitions of X (1), V (it), and the normal cone,
we obtain
m+1
h(@) = c(X) —a'g(®) = c(&) — ﬁT(ZﬁjU] + y)
j=1
m+1
=c(®) = ) Bd(@) =iy = c(¥) —d(@).
j=1
Thus,
c(R) = h(d) + d@@) = ¥* > ¢,

which proves that (X, z) is an optimal solution of problem (4.39) and ¥* = c*.
If (%, 2) is a solution of (4.39), then by Rockafellar [174, Theorem 28.4] there is a
vector & > 0 such that u;(z; — g;(X)) = 0 and

0€dc(®) + ' g(X) — 2 + Nyxz(%, 2).
This means that
0 € dc(xX) — du' g(R) + Ng(%) (4.55)
and
0 €+ Nz(2). (4.56)

The first inclusion (4.55) is optimality condition for problem (4.40), and thus x € X (i1). By
virtue of Rockafellar [174, Theorem 23.5] the inclusion (4.56) is equivalent to Z € BHE,, ).
Using Lemma 4.68 we obtain that

z € ad(ir) = convV (it) — Ngr (it).

Thus, there exists points v',...,v"*! € V(u) and scalars B;...,Bns1 = 0 with
Z'j’.’:ll B; = 1 such that

m+1
- Zﬂjvf S —JVRK(L;)
j=1

Using the complementarity condition #;(Z; — g; (X)) = 0 we conclude that the optimal-
ity conditions of Theorem 4.70 are satisfied. Thus, & is an optimal solution of problem
4.42). 0O

For the special case of discrete distribution and linear constraints we can obtain more
specific necessary and sufficient optimality conditions.

In the linear probabilistic optimization problem, we have g(x) = Tx, where T is an
m X n matrix, and ¢(x) = ¢'x with ¢ € R”. Furthermore, we assume that X is a closed
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convex polyhedral set, defined by a system of linear inequalities. The problem reads as

follows:
Min ¢'x

s.t. Pr{Tx > Z} > p, (4.57)
Ax > b,
x > 0.

Here A is an s x n matrix and b € R’.

Definition 4.72. Problem (4.57) satisfies the dual feasibility condition if
A={uw eR™ : ATw+T"u<c} #0.

Theorem 4.73. Assume that the feasible set of (4.57) is nonempty and that Z has a discrete
distribution on Z". Then (4.57) has an optimal solution iff it satisfies the LQ condition,
defined in (4.72).

Proof. 1f (4.57) has an optimal solution, then for some j € & the linear optimization
problem
N{Cin c'x
s.t. Tx > v/, 4.58)
Ax > b,
x>0,

has an optimal solution. By duality in linear programming, its dual problem
Max u"v/ + b'w
st. Tu+ ATw <ec, (4.59)
u,w >0,
has an optimal solution and the optimal values of both programs are equal. Thus, the dual
feasibility condition (4.72) must be satisfied. On the other hand, if the dual feasibility
condition is satisfied, all dual programs (4.59) for j € & have nonempty feasible sets, so the

objective values of all primal problems (4.58) are bounded from below. Since at least one
of them has a nonempty feasible set by assumption, an optimal solution must exist. [

Example 4.74 (Vehicle Routing Continued). We return to the vehicle routing Example
4.1, introduced at the beginning of the chapter. The convex hull problem reads

Min ¢'x
XA
s.t. Z tix; > Z )\j vj, (4.60)
i=1 je&
Sa=1, 4.61)
jeé

x>0, A>0.
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We assign a Lagrange multiplier u to constraint (4.60) and a multiplier u to constraint (4.61).
The dual problem has the form

Max u

u,

=

m
S.t. E tiup <c¢;, i=172,...,
=1

w<uv, jeé,

u>0.
We see that u; provides the increase of routing cost if the demand on arc / increases by
one unit, u is the minimum cost for covering the demand with probability p, and the
p-efficient points v/ correspond to critical demand levels that have to be covered. The
auxiliary problem Min. . z u" z identifies p-efficient points, which represent critical demand

levels. The optimal value of this problem provides the minimum total cost of a critical
demand. W

Our duality theory finds interesting interpretation in the context of the cash matching
problem in Example 4.6.

Example 4.75 (Cash Matching Continued). Recall the problem formulation
Max E[U (cr — Z7)]
X,C

S.t. PI‘{Ct > Zt, t = 1,...,T} > P,
n
¢ = Cr—1 +Zanxi, t=1,...,T,
i=1

x > 0.

If the vector Z has a quasi-concave distribution (e.g., joint normal distribution), the resulting
problem is convex.
The convex hull problem (4.44) can be written as follows:

Mflx E[U(cr — Z7)] (4.62)
s.t.¢, = ¢ +Za,~,xl~, r=1,...,T, (4.63)
i=1
T+1 .
=Y aul, t=1,....T, (4.64)
j=1
T+1
Zx i=1, (4.65)
j=1
A>0, x>0. (4.66)
In constraint (4.64) the vectors v/ = (v{, e, v%) for j = 1,...,T + 1 are p-efficient

trajectories of the cumulative liabilities Z = (Z,..., Zr). Constraints (4.64)—(4.66)
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require that the cumulative cash flows are greater than or equal to some convex combination
of p-efficient trajectories. Recall that by Lemma 4.61, no more than 7 + 1 p-efficient
trajectories are needed. Unfortunately, we do not know the optimal collection of these

trajectories.
Let us assign nonnegative Lagrange multipliers u = (uy, ..., ur) to the constraint
(4.64), multipliers w = (wy, ..., wr) to the constraints (4.63) and a multiplier p € R to

the constraint (4.65). To simplify notation, we define the function U : R — R as follows:
U(y) =E[U( — Zr)]-

It is a concave nondecreasing function of y due to the properties of U(-). We make the
convention that its conjugate is defined as follows:

U*(u) = inf{uy — U(y).

Consider the dual function of the convex hull problem:

T n
D(w,u, p) = ng}igo,c { —Uler) + Zl w; (Cz —Cr1 — ;anxi)
1= i=

T T+1 ) T+1
+Zu,<zw _c,> +p(1 - ZAJ-)}
=1 j=1 j=1
n T T+1 T )
—max Y awx; +r§12ig2 ( 1 v/ u, — p) M+ p
j=1 \1=

i=1 t=I

-1
+mcin { th(wt — U — wiq1) — wico +cr(wr —ur) — U(CT)}

t=1

=p —wico + U*(wr — ur).

The dual problem becomes

Min — U*(wr —uz) + wico — p (4.67)
u,w,p
stow;, =wpy+u, t=T-—-1,...,1, (4.68)
T
Y wap <0, i=1,....n, (4.69)
=1
T .
p=Y uwl, j=1,....T+1 (4.70)
=1
u > 0. 4.71)

We can observe that each dual variable u, is the cost of borrowing a unit of cash for one
time period, . The amount u, is to be paid at the end of the planning horizon. It follows
from (4.68) that each multiplier w, is the amount that has to be returned at the end of the
planning horizon if a unit of cash is borrowed at ¢ and held until time 7.
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The constraints (4.69) represent the nonarbitrage condition. For each bond i we can
consider the following operation: borrow money to buy the bond and lend away its coupon
payments, according to the rates implied by w,. At the end of the planning horizon, we
collect all loans and pay off the debt. The profit from this operation should be nonpositive
for each bond in order to comply with the no-free-lunch condition, which is expressed
via (4.69).

Let us observe that each product u,v; is the amount that has to be paid at the end,
for having a debt in the amount v] in period #. Recall that v] is the p-efficient cumulative
liability up to time ¢. Denote the implied one-period liabilities by

Jo_ . J _

L; =v, —v,_,, t=2,...,T,
Jo__ .

L =vy.

Changing the order of summation, we obtain

T T t T T T

i ) ) )
E uv; = E u, E Ll = E L! E U = E Li(w; +ur — wr).
=1 t=1 =1 =1 t=t

=1

It follows that the sum appearing on the right-hand side of (4.70) can be viewed as the
extra cost of covering the jth p-efficient liability sequence by borrowed money, that is, the
difference between the amount that has to be returned at the end of the planning horizon,
and the total liability discounted by w7 — ur.

If we consider the special case of a linear expected utility,

Ucr) = er — ElZ7],

then we can skip the constant E[Z7] in the formulation of the optimization problem. The
dual function of the convexified cash matching problem becomes

n T T+1 T
D(w,u, p) = —max} | aiiw;x; + min Zl (21: vy — p) hjtp
j=1 \1=

- i=1 =1

T-1
+min ) Y e (= = W) = wico + er(wr — ur — 1)}
c

t=1

= p — WiCy.
The objective function of the dual problem takes on the form

Min w;cy — p,

u,w,p
and the constraints (4.68) extends to all time periods:
w[:w[+1+ut, t=T,T_1,...,l,

with the convention wyy; = 1.
In this case, the sum on the right-hand side of (4.70) is the difference between the cost
of covering the jth p-efficient liability sequence by borrowed money and the total liability.
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The variable p represents the minimal cost of this form for all p-efficient trajectories.
This allows us to interpret the dual objective function in this special case as the amount
obtained at T for lending away our capital ¢y decreased by the extra cost of covering a
p-efficient liability sequence by borrowed money. By duality this quantity is the same as
cr, which implies that both ways of covering the liabilities are equally profitable. In the case
of a general utility function, the dual objective function contains an additional adjustment
term. N

4.4 Optimization Problems with Nonseparable
Probabilistic Constraints

In this section, we concentrate on the following problem:
Min c(x)
S.t. Pr{g(x, Z) > 0} > p, 4.72)
x e X.

The parameter p € (0, 1) denotes some probability level. We assume that the func-
tions c : R" x R® — Rand g : R” x R® — R™ are continuous and the set XX C R" is a
closed convex set. We define the constraint function as follows:

G(x) = Pr{g(x, Z) > 0}.

Recall that if G(-) is a-concave function, @ € R, then a transformation of it is a
concave function. In this case, we define

Inp —In[G(x)] if ao=0,
Gx)=3p*—[GW)]* if a>0, 4.73)
[Gx)]* —p* if a<O.

We obtain the following equivalent formulation of problem (4.72):
Min c(x)

st. G(x) <0, (4.74)
xeX.

Assuming that c(-) is convex, we have a convex problem.

Recall that Slater’s condition is satisfied for problem (4.72) if there is a point x° € intX
such that G(x*) > 0. Using optimality conditions for convex optimization problems, we
can infer the following conditions for problem (4.72).

Theorem 4.76. Assume that c(-) is a continuous convex function, the functions g : R" x
RS — R™ are quasi-concave, Z has an a-concave distribution, and the set X, C R" is
closed and convex. Furthermore, let Slater’s condition be satisfied and int dom G # .
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A point X € X is an optimal solution of problem (4.72) iff there is a number A € R,
such that \[G(X) — p] = 0 and

1
0€dc(®) + A—GRX)' 4G (X)* + N (%) ifa #0,
o
or

0 €0c(X) + AG(®)3(In G(X)) + N (£) ifa=0.

Proof. Under the assumptions of the theorem, problem (4.72) can be reformulated in form
(4.74), which is a convex optimization problem. The optimality conditions follow from
the optimality conditions for convex optimization problems using Theorem 4.29. Due to
Slater’s condition, we have that G(x) > 0 on a set with nonempty interior, and therefore
the assumptions of Theorem 4.29 are satisfied. [

4.4.1 Differentiability of Probability Functions and Optimality
Conditions

We can avoid concavity assumptions and replace them by differentiability requirements.

Under certain assumptions, we can differentiate the probability function and obtain opti-

mality conditions in a differential form. For this purpose, we assume that Z has a probability

density function 6(z) and that the support of P is a closed set with a piecewise smooth

boundary such that supp Pz = cl{int(supp Pz)}. For example, it can be the union of several

disjoint sets but cannot contain isolated points, or surfaces of zero Lebesgue measure.
Consider the multifunction H : R” = R, defined as follows:

Hx)={zeR :g(x,2)>0,i=1,....m}.

We denote the boundary of a set H (x) by bd H (x). For an open set U C R” containing the
origin, we set

Hy =l (Uer H(x)) and AHy =cl (Uer de(x)),
Vo=clU x Hy and AVy =clU x AHy.

For any of these sets, we indicate with upper subscript r its restriction to the supp Pz, e.g.,
Hj, = Hy NsuppP;. Let

Si(x) = {z €suppPz : gi(x,2) =0, g;j(x,2) 20, j # i}, i=1,...,m.
We use the notation
S(x) =UM, Si(x), AH; =int(Uey (3{gi(x,2) = 0} N H' (x))).

The (m — 1)-dimensional Lebesgue measure is denoted by P,_;. We assume that the
functions g;(x, z),i = 1, ..., m, are continuously differentiable and such that bdH (x) =
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S(x) with S(x) being the (s — 1)-dimensional surface of the set H (x) C R®. The set Hy is
the union of all sets H (x) when x € U, and, correspondingly, A Hy contains all surfaces
S(x)whenx € U.

First we formulate and prove a result about the differentiability of the probability
function for a single constraint function g(x, z), that is, m = 1. In this case we omit the
index for the function g as well as for the set S(x).

Theorem 4.77. Assume that

(i) the vector functions V. g(x, z) and V,g(x, z) are continuous on AV},;

(ii) the vector functions V,g(x, z) > 0 (componentwise) on the set AV},

(iii) the function |V, g(x, 2)|| > 0 on AV],.

Then the probability function G(x) = Pr{g(x, Z) > 0} has partial derivatives for
almost all x € U that can be represented as a surface integral,

0G " 0
( (x)) =/ __9Q) G o(x.2)dS.
0x; i=1 bd H (x)Nsupp Pz IV.g(x, )l

Proof. Without loss of generality, we shall assume that x € U C R.
For two points x, y € U, we consider the difference:

Gx)—G(y) = / 0(z)dz —/ 0(z)dz
H(x) H(y)

:/ O(Z)dz—/ 0(z)dz. 4.75)
H"(x)\H" (y) H"(y)\H" (x)

By the implicit function theorem, the equation g(x, z) = 0 determines a differentiable
function x(z) such that

V,g(x,2)

gx(z),z2) =0 and Vox(z) = V.. 2)

x=x(2)

Moreover, the constraint g(x, z) > 0 is equivalent to x > x(z) for all (x,z) € U x AH],,
because the function g(-, z) strictly increases on this set due to the assumption (iii). Thus,
for all points x, y € U such that x < y, we can write

HO\H (y) ={zeR’ :g(x,2) >0, g03,2) <0} ={zeR :x>x(2) >y} =0
H' ()\H (x) ={zeR :g(y,2) 20, g(x,2) <0} ={z e R" 1 y > x(z) > x}.

Hence, we can continue our representation of the difference (4.75) as follows:

G@)—G@>=—/1 6(2)dz.
{zeRs:y>x(z)>x}

Now, we apply Schwarz [194, Vol. 1, Theorem 108] and obtain

o(2)
G -G = dSd
) =Gk /(Lﬂwm”nvman !

\Y
=/ / | xg(t’Z)W(Z)det.
y Jodaey  1Vzg(x, 2)|
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By Fubini’s theorem [194, Vol. 1, Theorem 77], the inner integral converges almost ev-
erywhere with respect to the Lebesgue measure. Therefore, we can apply Schwarz [194,
Vol. 1, Theorem 90] to conclude that the difference G(x) — G(y) is differentiable almost
everywhere with respect to x € U and we have

9 V,g(x,2)0
ZGx) =f Ves6, 906) g
dx barr o Vg, 2l

We have used assumption (ii) to set |V, g(x, z)| = V,g(x,z). U

Obviously, the statement remains valid if assumption (ii) is replaced by the opposite
strict inequality, so that the function g(x, z) would be strictly decreasing on U x AH{,.

We note that this result does not imply the differentiability of the function G at any
fixed pointxy € U. However, this type of differentiability is sufficient for many applications,
as is elaborated in Ermoliev [65] and Usyasev [216].

The conditions of this theorem can be slightly modified so that the result and the
formula for the derivative are valid for piecewise smooth function.

Theorem 4.78 (Raik [166]). Given a bounded open set U C R", we assume that

(i) the density function 6(-) is continuous and bounded on the set AH; for each
i=1,...,m;

(ii) the vector functions V, g;(x, z) and V, g; (x, z) are continuous and bounded on the
set U x AH; foreachi =1,...,m;

(iii) the function ||V, gi(x, 2)|| = 8 > 0 on the set U x AH; foreachi =1,...,m;

(iv)the following conditions are satisfied foralli = 1,... ,mandallx € U:

Pui{Six)NS;(x)} =0, i#j. Pu_1{bd(suppPz N S;(x))} = 0.
Then the probability function G (x) is differentiable on U and

m

0(2)
VG = —Vx i s dS 476
" ;/s,.(x) IV gi(x, 2)| 8i(x. 2) (4.76)

The precise proof of this theorem is omitted. We refer to Kibzun and Tretyakov [104] and
Kibzun and Uryasev [105] for more information on this topic.

For example, if g(x, Z) = x"Z, m = 1, and Z has a nondegenerate multivariate
normal distribution N (Z, X), then g(x, Z) ~ N (x'Z, x" Xx), and hence the probability
function G (x) = Pr{g(x, Z) > 0} can be written in the form

G) = ( ik )
x) = —,
VxTXx
where @ (-) is the cdf of the standard normal distribution. In this case, G (x) is continuously
differentiable at every x # 0.

For problem (4.72), we impose the following constraint qualification at a point X € X.
There exists a point x” € X such that

m

0(z) roaT .
5 00 m(x — x) ngi(x, Z)dS < 0. (477)
i (x z8i\As

i=1
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This condition implies Robinson’s condition. We obtain the following necessary optimality
conditions.

Theorem 4.79. Under the assumption of Theorem 4.78, let the constraint qualification
(4.77) be satisfied, let the function c(-) be continuously differentiable, and let X € X be an
optimal solution of problem (4.72). Then there is a multiplier A > 0 such that

. 0(z) .
0evV —,\2: —  _V,gi(x,2)dS + Nx (%), 4.78
e L /s.m Vosinof 8 xe @79
A[GE) — p] =0. (4.79)

Proof. The statement follows from the necessary optimality conditions for smooth opti-
mization problems and formula (4.76). 0

4.4.2 Approximations of Nonseparable Probabilistic Constraints
Smoothing Approximation via Steklov Transformation

In order to apply the optimality conditions formulated in Theorem 4.76, we need to calculate
the subdifferential of the probability function G defined by the formula (4.73). The calcu-
lation involves the subdifferential of the probability function and the characteristic function
of the event

{gi(x,2)>0,i=1,...,m}.

The latter function may be discontinuous. To alleviate this difficulty, we shall approximate
the function G (x) by smooth functions.
Let k : R — R be a nonnegative integrable symmetric function such that

+00
f k()dt = 1.

o0

It can be used as a density function of a random variable K, and, thus,

T
Fyx(t) = / k(t)dt.
—00
Taking the characteristic function of the interval [0, co), we consider the Steklov—Sobolev
average functions for ¢ > 0:
+o00

+o00 1
Fy(t) =/ 1j0,00) (T + )k (t)dt = 5/

o] —0Q

10,00 (DK (“TT) di.  (4.80)

We see that by the definition of F§, and 1jg o), and by the symmetry of k(-) we have

+oo +00
Fe (1) :/ l[o,m)(r+8t)k(t)dt=f k(t)dt
> -1/
T/e T/e
=/ k(—t)dt:/ k(r)dt (4.81)
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Setting
gm(x,z) = min g(x,z),
1<i<m

we note that g, is quasi-concave, provided that all g; are quasi-concave functions. If the
functions g; (-, z) are continuous, then g,,(-, z) is continuous as well.
Using (4.81), we can approximate the constraint function G(-) by the function

G.(x) =/ F;‘((gM(x,z)—c)sz
R.\'

:f Fy (M>dP (4.82)
_ // (’+gM(x Z))dthZ.

Now, we show that the functions G (-) uniformly converge to G (-) when € converges to zero.

Theorem 4.80. Assume that Z has a continuous distribution, the functions g;(-, z) are
continuous for almost all z € R and that, for certain constant c € R, we have

PrizeR®: gy(x,2) =c} =0.

Then for any compact set C C X the functions G, uniformly converge on C to G when
g — 0, ie.,

lim max |G (x) — G(x)| =0.
el0 xeC

Proof. Defining §(¢) = ¢'~# with B € (0, 1), we have

limé(e) =0 and lim Fg <@) =1, lim Fg (_8(8)) =0. (4.83)
e—0 e—0 & e—0 &

Define for any § > 0 the sets

Ax,8) ={z e R": gy(x,2) —c < =6},
B(x,8) ={z € R : gy(x,z) —c >3},
Cx,8) ={zeR :|gux,z) —c| <3}

On the set A(x, §(¢)) we have 1o ) (gM (x,2) — c) = 0 and, using (4.81), we obtain

Fi(gm(x.2) — ) = F (M) e (—6(e)> |

& &

On the set B(x, §(¢)) we have 1o o) (gM(x, z) — c) = 1land

Fic(gm(x.2) —¢) = Fg (M) Fe (8<s>>

& &
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On the set C(8(¢)) we use the fact that 0 < 1j9 o)(f) < 1 and 0 < Fg(t) < 1. We obtain
the following estimate:

|G(x) — G.(x)|

= A; [Li0.00) (81 (. 2) =€) = Fi (gu(x,2) = ¢)[d P,

<—8(s)) d(e)

€ A(x,8(e)) € B(x.,5(e)) C(x,8(e))
—8(¢e) 8(e)

SFK< - )+<1_FI( <T>>+2PZ(C(X78(8)))-

The first two terms on the right-hand side of the inequality converge to zero when ¢ — 0
by the virtue of (4.83). It remains to show that lim,_.o Pz{C (x, §(¢))} = 0 uniformly with
respecttox € C. The function (x, z, §) — |gm (x, 7)—c|—38is continuousin (x, §) and mea-
surable in z. Thus, it is uniformly continuous with respect to (x, §) on any compact set C x
[—60, o] with 8y > 0. The probability measure Py is continuous, and, therefore, the function

O, 8) = P{lgu(x.2) —c| =8 < 0} = P{ Ng_s C(x, B))

is uniformly continuous with respect to (x, §) on C x [—§, 8¢]. By the assumptions of the
theorem

Ox,0) = Pz{ze R : |gy(x,2) —c| =0} =0,
and, thus,

lin(l) Pz{z e R :|gu(x,z) —c| <8(e)} = ;irrz)@(x, §) =0.
£— -

As ©(, 8) is continuous, the convergence is uniform on compact sets with respect to the
first argument. [

Now, we derive a formula for the Clarke generalized gradients of the approximation
G.. We define the index set

I(x,2) ={i:g(x,2) =gmx,2),1 <i <m}.
Theorem 4.81. Assume that the density function k(-) is nonnegative, bounded, and con-
tinuous. Furthermore, let the functions g;(-, z) be concave for every z € R* and their
subgradients be uniformly bounded as follows:

sup{s € 9gi(y, 2), lly — x| =6} <ls(x,2), § >0, Vi=1,....,m,

wherels(x, z) is an integrable function of 7 forall x € X. Then G .(-) is Lipschitz continuous
and Clarke-regular, and its Clarke generalized gradient set is given by

9°G,(x) = é/ k (M) conv {3g;(x,2) : i € I(x,2)} dP;.
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Proof. Under the assumptions of the theorem, the function Fk (-) is monotone and continu-
ously differentiable. The function gy (-, z) is concave forevery z € R® and its subdifferential
are given by the formula

dgm(y, z) = conv{s; € 3gi(y,2) : &(y,2) = gm (¥, 2)}.
Thus the subgradients of g,, are uniformly bounded:

sup{s € dgm(y. 2), ly — x|l =8} < ls(x,2), § > 0.

Therefore, the composite function Fg (gM (XE’Z)_C) is subdifferentiable and its subdifferential
can be calculated as

9°Fk (_gM(x, - C> = ik <—gM(x ;) > -9gm(x, 2).

&

The mathematical expectation function

Gs(x>=/ Fi(gu(x,2) — )dP, =f Fx (M) JP.
R Rs P

is regular by Clarke [38, Theorem 2.7.2], and its Clarke generalized gradient set has the
form

8°G8(x):/ 3°Fx (M)dpzzé/ k(%)ﬂg/u(x,z)dpz.

e
Using the formula for the subdifferential of gy (x, z), we obtain the statement. [
Now we show that if we choose K to have an «-concave distribution, and all assump-

tions of Theorem 4.39 are satisfied, the generalized concavity property of the approximated
probability function is preserved.

Theorem 4.82. Ifthe density function k is a-concave (o« > 0), Z has y-concave distribution
(y = 0), the functions g;(-,z), i = 1,...,m, are quasi-concave, then the approximate
probability function G has a B-concave distribution, where

ﬁ_{ '+ A +sa)/0)" ifa+y >0,
1o

if a+y=0.

Proof. 1f the density function k is «-concave (o > 0), then K has a y-concave distribution
with y = «/(1 + sa). If Z has y’-concave distribution (y > 0), then the random vector
(Z, K)" has a B-concave distribution according to Theorem 4.36, where

f = G '+yHt ify+y >0,
1o ify +9 =0.

Using the definition G.(x) of (4.82), we can write

—c (gm(x,2)—c)/e
Ge(®) —f Fk (—gM(x’Z) ‘)sz—/ f k(t)dt d Py
& s
/ / {gur.0)—0)/e>1yd Px dP; = / / dPgdP,, (4.84)
: s JH.(x)
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where

Ho(x) ={(z, 1) e R 2 gy (x, 2) — et > ¢}

Since g (-, z) is quasi-concave, the set H.(x) is convex. Representation (4.84) of G, and
the B-concavity of (Z, K) imply the assumptions of Theorem 4.39, and, thus, the function
G, is B-concave.

This theorem shows that if the random vector Z has a generalized concave distribution,
we can choose a suitable generalized concave density function k(-) for smoothing and obtain
an approximate convex optimization problem.

Theorem 4.83. In addition to the assumptions of Theorems 4.80,4.81, and 4.82. Then
on the set {x € R" : G(x) > 0}, the function G, is Clarke-regular and the set of Clarke
generalized gradients 0°G.(x®) converge to the set of Clarke generalized gradients of G,
0°G (x) in the following sense: if for any sequences € | 0, x* — x and s° € 3°G.(x®) such
that s°* — s, then s € 3°G(x).

Proof. Consider a point x such that G(x) > 0 and points x* — x as ¢ | 0. All points x°
can be included in some compact set containing x in its interior. The function G is gener-
alized concave by virtue of Theorem 4.39. It is locally Lipschitz continuous, directionally
differentiable, and Clarke-regular due to Theorem 4.29. It follows that G(y) > 0 for all
point y in some neighborhood of x. By virtue of Theorem 4.80, this neighborhood can be
chosen small enough, so that G.(y) > O for all ¢ small enough, as well. The functions G,
are generalized concave by virtue of Theorem 4.82. It follows that G, are locally Lipschitz
continuous, directionally differentiable, and Clarke-regular due to Theorem 4.29. Using
the uniform convergence of G, on compact sets and the definition of Clarke generalized
gradient, we can pass to the limit with ¢ | 0 in the inequality

1
lim ;[Gs(y + td) — Gg(y)] >d's® foranyd e R".

t}0, y—>x¢
Consequently, s € 3°G(x). U

Using the approximate probability function we can solve the following approximation
of problem (4.72):

Min c(x)
s.t. G.(x) > p, (4.85)
xeX.

Under the conditions of Theorem 4.83 the function G, is B-concave for some
B > 0. We can specify the necessary and sufficient optimality conditions for the approxi-
mate problem.

Theorem 4.84. In addition to the assumptions of Theorem 4.83, assume that c(+) is a convex
function, the Slater condition for problem (4.85) is satisfied, and intG, # (. A point x € X
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is an optimal solution of problem (4.85) iff a nonpositive number A exists such that

0 € dc(®) —i—sk/ k<M>ConV{8gi(£, )i el )} dPs + Nx(®),
s 5

MGe(X) — pl =0.
Here
e Ge@) T o0,
= a1-1 )

[G.(0)] if B=0.
Proof. We shall show the statement for 8 = 0. The proof for the other case is analogous.
Setting G.(x) = In G.(x), we obtain a concave function G, and formulate the problem

Min c(x)

st. Inp — Ge(x) <0, (4.86)
x € X.

Clearly, x is a solution of the problem (4.86) iff it is a solution of problem (4.85). Problem
(4.86) is a convex problem and Slater’s condition is satisfied for it as well. Therefore, we
can write the following optimality conditions for it. The point X € X is a solution iff a

number Ao > 0 exists such that
0 € dc(x) + 29[ — G.(B)] + N (B), (4.87)
MG (X) — p] =0. (4.88)

We use the formula for the Clarke generalized gradients of generalized concave functions
to obtain

9°G, (%) = 9°G, ().

G (%)

Moreover, we have a representation of the Clarke generalized gradient set of G, which
yields

_ 1 A’ _ .
3°G, (%) = § k sux,z) —c¢ - dgm(E, 2)d Py
eGe(x) Jrs &

Substituting the last expression into (4.87), we obtain the result. [

Normal Approximation

In this section we analyze approximation for problems with individual probabilistic con-
straints, defined by linear inequalities. In this setting it is sufficient to consider a problem
with a single probabilistic constraint of form
Max c(x)
st. Pr{x"'Z >n} > p, (4.89)
x e X.
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Before developing the normal approximation for this problem, let us illustrate its
potential on an example. We return to our Example 4.2, in which we formulated a portfolio
optimization problem under a Value-at-Risk constraint.

Max i E[R,‘]xi

i=1

n
s.t. Pr{z Rix; > —n} > p,
i=1

(4.90)

We denote the net increase of the value of our investment after a period of time by
n
G(x,R) =) E[R/]x:.
i=1

Let us assume that the random return rates Ry, ..., R, have a joint normal probability dis-
tribution. Recall that the normal distribution is log-concave and the probabilistic constraint
in problem (4.90) determines a convex feasible set, according to Theorem 4.39.

Another direct way to see that the last transformation of the probabilistic constraint
results in a convex constraint is the following. We denote r; = E[R;], 7 = (7ry, ..., )T,
and assume that 7 is not the zero-vector. Further, let X be the covariance matrix of the
joint distribution of the return rates. We observe that the total profit (or loss) G(x, R) is a
normally distributed random variable with expected value E[G (x, R)] = 7'x and variance

Var[G(x, R)] = x" Xx. Assuming that X is positive definite, the probabilistic constraint
Pr{Gx,R) > —n} = p

can be written in the form (see the discussion on page 16)
zp«/)m —7'x <n.

Hence problem (4.90) can be written in the following form:

Max 7' x

s.t. sz/m —r'x <,
n
in =1
i=1

x > 0.

(4.91)

Note that v/x" Xx is a convex function, of x, and z, = ®~!(p) is positive for p > 1/2,
and hence (4.91) is a convex programming problem.
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Now, we consider the general optimization problem (4.89). Assuming that the n-
dimensional random vector Z has independent components and the dimension # is relatively
large, we may invoke the central limit theorem. Under mild additional assumptions, we can
conclude that the distribution of x" Z is approximately normal and convert the probabilistic
constraint into an algebraic constraint in a similar manner. Note that this approach is
appropriate if Z has a substantial number of components and the vector x has appropriately
large number of nonzero components, so that the central limit theorem would be applicable
to x" Z. Furthermore, we assume that the probability parameter p is not too close to one,
such as 0.9999.

We recall several versions of the central limit theorem (CLT). Let Z;,i = 1,2, ...,
be a sequence of independent random variables defined on the same probability space. We
assume that each Z; has finite expected value u; = [E[Z;] and finite variance oiz = Var[Z;].
Setting

n n
sf = Z"iz and r,? = ZE(|Zi - N«i|3),
i=1 i=1

we assume that r? is finite for every n and that

lim 2 =o0. (4.92)

n—00 §,
Then the distribution of the random variable

Yo(Zi — )

Sn

(4.93)

converges toward the standard normal distribution as n — oo.

The condition (4.92) is called Lyapunov’s condition. In the same setting, we can
replace the Lyapunov’s condition with the following weaker condition, proposed by Linde-
berg. For every ¢ > 0 we define

V. — (Zi — w)*/sp i 1Zi — il > esy,
in — .
0 otherwise.

The Lindeberg’s condition reads

nlirgo Z ]E(Yin) =0.

i=I

Let us denote z = (i, ..., ,un)T. Under the conditions of the CLT, the distribution
of our random variable x" Z is close to the normal distribution with expected value x 'z and
variance ) ;_, o/x? for problems of large dimensions. Our probabilistic constraint takes
on the form

'x—n
> 2.

n 2.2
V D e 07X
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Define X = {x eRL: YT X < 1}. Denoting the matrix with diagonal elements
o1, ...,0, by D, problem (4.89) can be replaced by the following approximate problem:

Min c(x)
X

st. z,|Dx|| < Z'x —n,
xeX.

The probabilistic constraint in this problem is approximated by an algebraic convex con-
straint. Due to the independence of the components of the random vector Z, the matrix D
has a simple diagonal form. There are versions of the CLT which treat the case of sums of
dependent variables, for instance, the n-dependent CLT, the martingale CLT, and the CLT
for mixing processes. These statements will not be presented here. One can follow the
same line of argument to formulate a normal approximation of the probabilistic constraint,
which is very accurate for problems with large decision space.

4.5 Semi-infinite Probabilistic Problems

In this section, we concentrate on the semi-infinite probabilistic problem (4.9). We recall
its formulation:

Min c(x)

st.Pr{g(x, Z2) = n} = Pr{Y = n}, nela, bl
x e X.

Our goal is to derive necessary and sufficient optimality conditions for this problem.
Denote the space of regular countably additive measures on [a, b] having finite variation
by M([a, b]) and its subset of nonnegative measures by M ([a, b]).

We define the constraint function G (x, n) = P{z : g(x, z) > n}. As we shall develop
optimality conditions in differential form, we impose additional assumptions on problem
4.9):

(i) The function c is continuously differentiable on X.

(ii) The constraint function G (-, -) is continuous with respect to the second argument
and continuously differentiable with respect to the first argument.

(iii) The reference random variable Y has a continuous distribution.

The differentiability assumption on G may be enforced taking into account the results
in section 4.4.1. For example, if the vector Z has a probability density 6(-), the function
g(-,-) is continuously differentiable with nonzero gradient V,g(x, z) and such that the
quantity ”vﬁ—i{z)u V.g(x, z) is uniformly bounded (in a neighborhood of x) by an integrable
function, then the function G is differentiable. Moreover, we can express its gradient with
respect to x a follows:

0(z)
V.G(x,n) = ————V.g(x,2)dP,_y,
vdH(m 1V:8(x, 2)|l

where bd H (z, ) is the surface of the set H(z, n) = {z : g(x,z) > n} and P,_, refers to
Lebesgue measure on the (m — 1)-dimensional surface.
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We define the set U ([a, b]) of functions u(-) satisfying the following conditions:

u(-) is nondecreasing and right continuous;
u(t) =0, Vt<a;
u(t) =ul), Vt=>b.

It is evident that U ([a, b]) is a convex cone.
First we derive a useful formula.

Lemma 4.85. For any real random variable Z and any measure u € M(la, b]) we have

b
/ Pr{Z = n}du(m) = E[u(2)], (4.94)

where u(z) = u(la, z]).
Proof. We extend the measure u to the entire real line by assigning measure 0 to sets not

intersecting [a, b]. Using the probability measure P, induced by Z on R and applying
Fubini’s theorem, we obtain

b
/ Pr{Z > n}du@m) —/ Pr{Z > n}du@m) = / / dPz(z) du(n)
f f du(n) dPz(z) = / u(la, z1) dPz(z) = E[n(a, Z])].

We define u(z) = u([a, z]) and obtain the stated result. [

Let us observe that if the measure u in the above lemma is nonnegative, then u €
U([a, b]). Indeed, u(-) is nondecreasing since for z; > z, we have

u(zy) = p(la, z1)) = pn(la, 221) + u((z1, z21) = u(la, z2]) = u(z2).

Furthermore, u(z) = u(la, z]) = u(la, b]) = u(b) for z > b.
We introduce the functional L : R” x U — R associated with problem (4.9):

Lx,u)=clkx)+E [u(g(x, Z)) — u(Y)].

We shall see that the functional L plays the role of a Lagrangian of the problem.
We also set v(n) = Pr{Y > n}.

Definition 4.86. Problem (4.9) satisfies the differential uniform dominance condition at
the point £ € X if there exists x° € X such that

min [G(&,m +V.GE M =) — v >0

a<n<b

Theorem 4.87. Assume that X is an optimal solution of problem (4.9) and that the differ-
ential uniform dominance condition is satisfied at the point x. Then there exists a function
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i € U, such that
—V,L(x, i) € Ny(x), (4.95)
E[i(g(%, 2))] = E[a(V)]. (4.96)
Proof. We consider the mapping I" : X — C([a, b]) defined as follows:

F'(x)(m) =Pr{g(x,2) = n} —v(m). ne€la,bl (4.97)

We define K as the cone of nonnegative functions in C([a, b]). Problem (4.9) can be

formulated as follows:
Min c(x)
X

st. T'(x) € K, (4.98)
xeX.

At first we observe that the functions c(-) and I'(-) are continuously differentiable by the as-
sumptions made at the beginning of this section. Second, the differential uniform dominance
condition is equivalent to Robinson’s constraint qualification condition:

0eint{F(£)+VxF(£)(X—J?)—K}. (4.99)

Indeed, it is easy to see that the uniform dominance condition implies Robinson’s condition.
On the other hand, if Robinson’s condition holds true, then there exists & > 0 such that the
function identically equal to ¢ is an element of the set at the right-hand side of (4.99). Then
we can find x° such that

F@&0m +[V.I&m]a’ =% =e,  Vnela, bl

Consequently, the uniform dominance condition is satisfied.

By the Riesz representation theorem, the space dual to C([a, b]) is the space M([a, b])
of regular countably additive measures on [a, b] having finite variation. The Lagrangian
A :R" x M([a, b]) — R for problem (4.98) is defined as follows:

b
Ax, n) = c(x) +/ Qo) () du(n). (4.100)

The necessary optimality conditions for problem (4.98) have the form, There exists a measure
€ My ([a, b)) such that

—ViAR, 1) € Nx (D), (4.101)

b
/ F&@mdam) =0. (4.102)

a

Using Lemma 4.85, we obtain the equation for all x:

b b
/F(x)(n)dﬂ(n)zf (Prlst.2) = n} = Pr{y = n}) ditn)
=E[i(g(x, 2)] - E[a()],
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where () = j1([a, n]). Since & is nonnegative, the corresponding utility function # is an
element of U([a, b]). The correspondence between nonnegative measures u € M([a, b])
and utility functions u € U and the last equation imply that (4.102) is equivalent to (4.96).
Moreover,

A(x, ) = L(x,u),
and, therefore, (4.101) is equivalent to (4.95). O

We note that the functions u € U([a, b]) can be interpreted as von Neumann—
Morgenstern utility functions of rational decision makers. The theorem demonstrates that
one can view the maximization of expected utility as a dual model to the model with stochas-
tic dominance constraints. Utility functions of decision makers are very difficult to elicit.
This task becomes even more complicated when there is a group of decision makers who
have to come to a consensus. Model (4.9) avoids these difficulties by requiring that a bench-
mark random outcome, considered reasonable, be specified. Our analysis, departing from
the benchmark outcome, generates the utility function of the decision maker. It is implicitly
defined by the benchmark used and by the problem under consideration.

We will demonstrate that it is sufficient to consider only the subset of U([a, b] con-
taining piecewise constant utility functions.

Theorem 4.88. Under the assumptions of Theorem 4.87 there exist piecewise constant
utility function w(-) € U satisfying the necessary optimality conditions (4.95)—(4.96).
Moreover, the function w(-) has at most n + 2 jump points: there exist numbers n; €
[a,b], i =1,...,k, such that the function w(-) is constant on the intervals (—o0o, n1],
Mmoo, (g, 00), and 0 < k < n +2.

Proof. Consider the mapping I" defined by (4.97). As already noted in the proof of the pre-

vious theorem, it is continuously differentiable due to the assumptions about the probability
function. Therefore, the derivative of the Lagrangian has the form

b
VeAG, ) = Vee() + / VPG ) d).
The necessary condition of optimality (4.101) can be rewritten as follows:
b
~Vee(d) - / VTR ) di(n) € Nx (D).

Considering the vector
g = Vic(®) = Vo AR, ),

we observe that the optimal values of multipliers /& have to satisfy the equation

b
/ VL) () duln) = g. (4.103)

At the optimal solution x we have I'(x)(-) < 0 and & > 0. Therefore, the complementarity
condition (4.102) can be equivalently expressed as the equation

b
/ L&) () du(n) =0. (4.104)
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Every nonnegative solution p of (4.103)—(4.104) can be used as the Lagrange multiplier
satisfying conditions (4.101)—(4.102) at x. Define

b
a=f din).

We can add to (4.103)—(4.104) the condition

b
/ du(n) = a. (4.105)

The system of three equations (4.103)—(4.105) still has at least one nonnegative solution,
namely, f. If i = 0, then the dominance constraint is not active. In this case, we can set
w(n) = 0, and the statement of the theorem follows from the fact that conditions (4.103)—
(4.104) are equivalent to (4.101)—(4.102).

Now, consider the case of [t # 0. In this case, we have a > 0. Normalizing by a, we
notice that (4.103)—(4.105) are equivalent to the following inclusion:

[g(/)a] € conv {[VFI(;?()H(;)} :n € [a, b]} c R,

By Carathéodory’s theorem, there exist numbers n; € [a,b], and o; > 0,7 = 1,...,k,

such that
k
glal _ V. T(X)(m:)
[0 }—Z""’[ (&) () }

i=1

k
i=1
and

1 <k<n+2.

We define atomic measure v having atoms of mass cq; at points n;, i = 1,...,k. It
satisfies (4.103)—(4.104):

b k
[ vrem avn = - v.rdmea =
i=1

a

b k
[ T avon = - r e =o.
i=1

a

Recall that (4.103)—(4.104) are equivalent to (4.101)—(4.102). Now, applying Lemma 4.85,
we obtain the utility functions

w(m) =vla,nl, nekR.

It is straightforward to check that w € U([a, b]) and the assertion of the theorem holds
true. 0O
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It follows from Theorem 4.88 that if the dominance constraint is active, then there
exist at least one and at most n+2 target values n; and target probabilities v; = Pr{ Y>un }
i =1,...,k,whichare critical for problem (4.9). They define arelaxation of (4.9) involving
finitely many probabilistic constraints:

Min c(x)

st. Prigx, 2y =i} = v, i=1,... .k,
xeX.

The necessary conditions of optimality for this relaxation yield a solution of the optimality
conditions of the original problem (4.9). Unfortunately, the target values and the target
probabilities are not known in advance.

A particular situation, in which the target values and the target probabilities can be
specified in advance, occurs when Y has a discrete distribution with finite support. Denote
the realizations of Y by

m<mnm<--<n

and the corresponding probabilities by p;,i = 1, ..., k. Then the dominance constraint is
equivalent to

k
Prigtx. 2) = mi} = > pj. i=1.... .k
Jj=i

Here, we use the fact that the probability distribution function of g(x, Z) is continuous and
nondecreasing.

Now, we shall derive sufficient conditions of optimality for problem (4.9). We assume
additionally that the function g is jointly quasi-concave in both arguments and Z has an
a-concave probability distribution.

Theorem 4.89. Assume that a point X is feasible for problem (4.9). Suppose that there exists
a function u € U, u # 0, such that conditions (4.95)—(4.96) are satisfied. If the function ¢
is convex, the function g satisfies the concavity assumptions above and the variable Z has
an a-concave probability distribution, then X is an optimal solution of problem (4.9).

Proof. By virtue of Theorem 4.43, the feasible set of problem (4.98)) is convex and closed.

Let the operator I" and the cone K be defined as in the proof of Theorem 4.87. Using
Lemma 4.85, we observe that optimality conditions (4.101)—(4.102) for problem (4.98) are
satisfied. Consider a feasible direction d at the point X. As the feasible set is convex, we
conclude that

'x+1td) ek

for all sufficiently small T > 0. Since I" is differentiable, we have
1
—[T&+71d) —T®] - V,I'®)(d) whenever t 0.
T

This implies that
ViI'(X)(@) € Tk (I'(X)),
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where Tk (y) denotes the tangent cone to K at y. Since
Tk(y) =K+ {ty :t e R},

there exists # € R such that
V.I'x)(d) +tT'(x) € K. (4.106)

Condition (4.101) implies that there exists g € N (X) such that

b
Vee(®) + / V@) () dp(n) = —q.

Applying both sides of this equation to the direction d and using the fact that ¢ € N (X)
and d € Tx(X), we obtain

b
Vic(X)(d) +/ (VT @) () (d) dpe(n) = 0. (4.107)

Condition (4.102), relation (4.106), and the nonnegativity of x imply that

b b
[ @r@maanmn = [ [(w.r@m)a +(r@)m]duom <o

Substituting into (4.107) we conclude that
d'V.e(®) =0

for every feasible direction d at X. By the convexity of ¢, for every feasible point x we
obtain the inequality
c(x) = e(®) +d"Vie(@) = e(®),

as stated. [

Exercises

4.1. Are the following density functions «-concave and do they define a y -concave prob-
ability measure? What are o and y?

(a) Ifthe m-dimensional random vector Z has the normal distribution with expected
value u© = 0 and covariance matrix X', the random variable Y is independent
of Z and has the X/? distribution, then the distribution of the vector X with

components
Zi .
[ =) t=1,...,m,
JVY/k
is called a multivariate Student distribution. Its density function is defined as
follows:
(ot 1 —(m+h)/2
9,,,()6) = 3 ( 2 ) (1 + —XTE%X) .
['(3)v/2m)"det(X) k
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If m = k = 1, then this function reduces to the well-known univariate Cauchy
density

(b) The density function of the m-dimensional F-distribution with parameters
ng, ..., Ny, andn = Y ., n;, is defined as follows:

—n/2
9(x)—cnx"/2l<no+2nx,> , x;>0,i=1,...,m,

where c is an appropriate normalizing constant.

(c) Consider another multivariate generalization of the beta distribution, which is
obtained in the following way. Let S; and S, be two independent sampling
covariance matrices corresponding to two independent samples of sizes s; + 1
and s, + 1, respectively, taken from the same g-variate normal distribution with
covariance matrix X'. The joint distribution of the elements on and above the
main diagonal of the random matrix

(S + 52)%52(51 + 872

is continuous if s; > ¢ and s, > ¢g. The probability density function of this
distribution is defined by

C(Sls Q)C(s% Q)

det(X)2 797D det(] — X)z¢1=4=D
0(X) = c(s1 + 52, 9)

for X, I — X positive definite,
0 otherwise.

Here I stands for the identity matrix, and the function c(:, -) is defined as
follows:

q
L oakgaanp l—[ ( _l+1).
c(k, q) il

The number of independent variables in X is s = %q(q + 1).

(d) The probability density function of the Pareto distribution is

) -1 ) —(a+s)
Ox)=a@+1)...(a+s—1) ]"[@,» Z@;‘xj—s+1

j=1 =
forx; > ®;, i =1,...,s,and 6(x) = 0 otherwise. Here ®;, i = 1,...,s

are positive constants.

4.2. Assume that P is an a-concave probability distribution and A C R” is a convex set.
Prove that the function f(x) = P(A + x) is @-concave.
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4.3.

4.4,

4.5.

4.6.

4.7.

4.8.

Prove that if & : R — R is a log-concave probability density function, then the
functions

F(x):/ O()dt and F(x)=1— F(x)

are log-concave as well.

Check that the binomial, the Poisson, the geometric, and the hypergeometric one-
dimensional probability distributions satisfy the conditions of Theorem 4.38 and are,
therefore, log-concave.

Let Zy, Z,, and Z3 be independent exponentially distributed random variables with
parameters Aj, Ay, and A3, respectively. We define Y| = min{Z;, Z3} and ¥, =
min{Z,, Z3}. Describe G (11, n2) = P(Y1 > n1, Y2 > n,) for nonnegative scalars
n1 and 7, and prove that G (5, 1) is log-concave on R?.

Let Z be a standard normal random variable, W be a x>-random variable with one
degree of freedom, and A be an n x n positive definite matrix. Is the set

[xer:Pr(z = VGTADOW = 0) = 0.9]

convex?

If Y is an m-dimensional random vector with a log-normal distribution, and g :
R" — R™ is such that each component g; is a concave function, show that the set

c= {x eR": Pr(g(x) > ¥) > 0.9}

is convex.

(a) Find the set of p-efficient points for m = 1, p = 0.9 and write an equivalent
algebraic description of C.

(b) Assume that m = 2 and the components of Y are independent. Find a disjunctive
algebraic formulation for the set C.

Consider the following optimization problem:

Min ¢"x
X

st. Pr{gix) = Y, i = 1,2} = 0.9,

x > 0.

Here c e R", g; : R* — R, i = 1,2, is a concave function, and Y; and Y, are
independent random variables that have the log-normal distribution with parameters
u=0,0=2.

Formulate necessary and sufficient optimality conditions for this problem.

4.9. Assuming that Y and Z are independent exponentially distributed random variables,

show that the following set is convex:

{x eR: Pr(xl2 4+ x2 + Yy + x0x3 + Y3 < Z) > 0.9}.

4.10. Assume that the random variable Z is uniformly distributed in the interval [—1, 1]

ande = (1,..., 1)". Prove that the following set is convex:

[x eR": Pr(exp(x'y) > (e')Z, VyeR':|yl|=<1)=> 0.95}.
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4.11. Let Z be a two-dimensional random vector with Dirichlet distribution. Show that
the following set is convex:

{x € Rz : Pr(min(x] +2x2 + Z1,x12Z> —xlz — Z%) > y) > e Y Vy € [%74]}

4.12. Let Z be an n-dimensional random vector uniformly distributed on a set A. Check
whether the set
[rer:pPr(x"z <1) = 0.95]

is convex for the following cases:

(@ A={zeR":|z|l < 1}.

b)) A={zeR":0<z; <i,i=1,...,m}

) A={zeR":Tz<0,-1<z;<1,i=1,...,m},whereTisan(n—1) xn
matrix of form

1 -1 0 0
0 1 -1 0
T = .
0 0 0 ~1

4.13. Assume that the two-dimensional random vector Z has independent components,
which have the Poisson distribution with parameters A; = A, = 2. Find all p-
efficient points of F; for p = 0.8.






Chapter 5

Statistical Inference

Alexander Shapiro

5.1 Statistical Properties of Sample Average
Approximation Estimators

Consider the following stochastic programming problem:
Min {f(x) := E[F(x, )]} (.1

Here X is a nonempty closed subset of R”, & is a random vector whose probability dis-
tribution P is supported on a set 2 C R?, and F : X x & — R. In the framework of
two-stage stochastic programming, the objective function F(x, &) is given by the optimal
value of the corresponding second-stage problem. Unless stated otherwise, we assume
in this chapter that the expectation function f(x) is well defined and finite valued for all
x € X. This implies, of course, that for every x € X the value F(x, &) is finite for a.e.
& € E. In particular, for two-stage programming this implies that the recourse is relatively
complete.

Suppose that we have a sample £', ..., &V of N realizations of the random vector &.
This random sample can be viewed as historical data of N observations of &, or it can be
generated in the computer by Monte Carlo sampling techniques. For any x € X we can
estimate the expected value f(x) by averaging values F'(x, & 7, j=1,..., N. This leads
to the so-called sample average approximation (SAA)

. 1 & .
Min 1 fy (x) :ZNX;F(X’SJ) (5.2)
=

155
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of the “true” problem (5.1). Let us observe that we can write the sample average function
as the expectation

fn(x) =Ep, [F(x, )] (5.3)

taken with respect to the empirical distribution'® (measure) Py = N~! Z?’:l A(ED).
Therefore, for a given sample, the SAA problem (5.2) can be considered as a stochastic
programming problem with respective scenarios £', ..., £V, each taken with probabil-
ity 1/N.

As with data vector &, the sample gl ..., &N can be considered from two points
of view: as a sequence of random vectors or as a particular realization of that sequence.
Which of these two meanings will be used in a particular situation will be clear from the
context. The SAA problem is a function of the considered sample and in that sense is
random. For a particular realization of the random sample, the corresponding SAA problem
is a stochastic programming problem with respective scenarios £!, ..., £V each taken with
probability 1/N. We always assume that each random vector £/ in the sample has the same
(marginal) distribution P as the data vector £. If, moreover, each g€,j=1,...,N,is
distributed independently of other sample vectors, we say that the sample is independently
identically distributed (iid).

By the Law of Large Numbers we have that, under some regularity conditions, fN (x)
converges pointwise w.p. 1 to f(x) as N — oo. In particular, by the classical LLN this
holds if the sample is iid. Moreover, under mild additional conditions the convergence is
uniform (see section 7.2.5). We also have that E[fN )] = fx),ie., fN (x) is an unbiased
estimator of f(x). Therefore, it is natural to expect that the optimal value and optimal
solutions of the SAA problem (5.2) converge to their counterparts of the true problem (5.1)
as N — oo. We denote by ¢* and S the optimal value and the set of optimal solutions,
respectively, of the true problem (5.1) and by Py and Sy the optimal value and the set of
optimal solutions, respectively, of the SAA problem (5.2).

We can view the sample average functions f v (x) as defined on a common probability
space (€2, ¥, P). For example, in the case of the iid sample, a standard construction is to
consider the set Q := E of sequences {(&, .. .)};ez.ieN, equipped with the product of the
corresponding probability measures. Assume that F (x, &) is a Carathéodory function, i.e.,
continuous in x and measurable in £. Then fN x) = fN (x, w) is also a Carathéodory func-
tion and hence is a random lower semicontinuous function. It follows (see section 7.2.3 and
Theorem 7.37 in particular) that 1§N = 191\; (w) and S'N = S'N (w) are measurable. We also
consider a particular optimal solution Xy of the SAA problem and view it as a measurable
selection Xy (w) € S ~v(w). Existence of such measurable selection is ensured by the mea-
surable selection theorem (Theorem 7.34). This takes care of the measurability questions.

Next we discuss statistical properties of the SAA estimators 9y and Sy. Let us make
the following useful observation.

N

Proposition 5.1. Let f : X — Rand fy : X — R be a sequence of (deterministic) real
valued functions. Then the following two properties are equivalent: (i) for any x € X and
any sequence {xy} C X converging to x it follows that fn(xy) converges to f(x), and
(i) the function f(-) is continuous on X and fy(-) converges to f(-) uniformly on any
compact subset of X.

18Recall that A(£) denotes measure of mass one at the point £.
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Proof. Suppose that property (i) holds. Consider a point X € X, a sequence {xy} C X con-
verging to X and a number ¢ > 0. By taking a sequence with each element equal x;, we have
by (i) that fy(x;) = f(x1). Therefore, there exists N such that | fx, (x1) — f(x1)| < &/2.
Similarly, there exists N, > N; such that | fy,(x2) — f(x2)| < £/2, and so on. Consider
now a sequence, denoted x},, constructed as follows: x/ = x;, i = 1,..., Nj, x| = x,
i=N;+1,..., Ny, and so on. We have that this sequence x;\, converges to x and hence
| fn(xy)— f(X)] < e/2forall N large enough. We also have that | fy, (x) ) — f (xx)| < &/2,
and hence | f (x;) — f (x| < € for all k large enough. This shows that f(x;) — f(x) and
hence f(-) is continuous at x.

Now let C be a compact subset of X. Arguing by contradiction, suppose that fy(-)
does not converge to f(-) uniformly on C. Then there exists a sequence {xy} C C and
& > O such that | fy (xy) — f(xn)| = e forall N. Since C is compact, we can assume that
{xn} converges to a point x € C. We have

[fnGen) = FOam)] < IfvGen) — FOO 4+ fen) — FGOI. 54

The first term in the right-hand side of (5.4) tends to zero by (i) and the second term tends
to zero since f(-) is continuous, and hence these terms are less that ¢ /2 for N large enough.
This gives a designed contradiction.

Conversely, suppose that property (ii) holds. Consider a sequence {xy} C X con-
verging to a point X € X. We can assume that this sequence is contained in a compact
subset of X. By employing the inequality

[fnGn) = fFOl < I fv@n) = fFEm+ 1 fn) — fO)I (5.9

and noting that the first term in the right-hand side of this inequality tends to zero because
of the uniform convergence of fy to f and the second term tends to zero by continuity of f,
we obtain that property (i) holds.  [I

5.1.1 Consistency of SAA Estimators

In this section we discuss convergence properties of the SAA estimators Dy and Sy. It
is said that an estimator Oy of a parameter 6 is consistent if Oy converges w.p. 1 to 6 as
N — oo. Let us consider first consistency of the SAA estimator of the optimal value. We
have that for any fixed x € X, f}N < fN (x), and hence if the pointwise LLN holds, then

limsupdy < lim fy(x) = f(x) w.p. 1.
N—oo N—o0

It follows that if the pointwise LLN holds, then

limsup ¥y < 0* wp. 1. (5.6)

N—o0

Without some additional conditions, the inequality in (5.6) can be strict.

Proposition 5.2. Suppose that fN (x) converges to f(x) wp. 1, as N — oo, uniformly on
X. Then vy converges to v* w.p. 1 as N — oo.
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Proof. The uniform convergence w.p. 1 of fN (x) = fN (x, ) to f(x) means that for any
e > 0and a.e. w € Q thereis N* = N*(e, ) such that the following inequality holds for
all N > N*:

sup [ f (v, @) = f ()] < &. (5.7)

It follows then that |19N (w) — 9*| < eforall N > N*, which completes the proof. [

In order to establish consistency of the SAA estimators of optimal solutions, we need
slightly stronger conditions. Recall that D(A, B) denotes the deviation of set A from set B.
(See (7.4) for the corresponding definition.)

Theorem 5.3. Suppose that there exists a compact set C C R" such that: (i) the set S of
optimal solutions of the true problem is nonempty and is contained in C, (ii) the function
f (x) is finite valued and continuous on C, (iii) fN (x) convergesto f(x)wp.1,as N — oo,
uniformly in x € C, and (iv) w.p. 1 for N large enough the set Sy is nonempty and Sy c C.
Then 1A9N — O andD(SN, S)— Owp.las N — oo.

Proof. Assumptions (i) and (iv) imply that both the true and the SAA problem can be
restricted to the set X N C. Therefore we can assume without loss of generality that the set
X is compact. The assertion that Dy — O* w.p. 1 follows by Proposition 5.2. It suffices to
show now that D(S’N (w), §) — Oforevery w € 2 such that o (w) — ¥* and assumptions
(iii) and (iv) hold. This is basically a deterministic result; therefore, we omit w for the sake
of notational convenience.

We argue now by a contradiction. Suppose that D(Sy, S) # 0. Since X is compact,
by passing to a subsequence if necessary, we can assume that there exists Xy € Sy such
that dist(xy, S) > & for some ¢ > 0 and that Xy tends to a point x* € X. It follows that
x* & § and hence f(x*) > ¥*. Moreover, Dy = fN(fN) and

Fv@N) = F&) = v @) — FENI+ LFEN) — FE]. (5-8)

The first term in the right-hand side of (5.8) tends to zero by assumption (iii) and the
second term by continuity of f(x). That is, we obtain that 9y tends to f(x*) > 9%, a
contradiction. [

Recall that by Proposition 5.1, assumptions (ii) and (iii) in the above theorem are
equivalent to the condition that for any sequence {xy} C C converging to a point X it
follows that fN (xy) = f(x) w.p. 1. Assumption (iv) in the above theorem holds, in
particular, if the feasible set X is closed, the functions fN (x) are lower semicontinuous,
and for some o > ¥* the level sets {x e X: fN x) < a} are uniformly bounded w.p. 1.
This condition is often referred to as the inf-compactness condition. Conditions ensuring
the uniform convergence of fN (x) to f(x) (assumption (iii)) are given in Theorems 7.48
and 7.50, for example.

The assertion that ]D)(S'N, S) — 0 w.p. 1 means that for any (measurable) selection
£y € Sy, of an optimal solution of the SAA problem, it holds that dist(xy, S) — 0 w.p. 1.
If, moreover, S = {x} is a singleton, i.e., the true problem has unique optimal solution X,
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then this means that Xy — X w.p. 1. The inf-compactness condition ensures that Xy cannot
escape to infinity as N increases.

If the problem is convex, it is possible to relax the required regularity conditions. In
the following theorem we assume that the integrand function F(x, &) is an extended real
valued function, i.e., can also take values 00. Denote

F(x,8) = F(x,£) +Ix(x), f(x) = f(x) +Ix(x), fy(x) = fx(x) +Ix(x), (5.9)

ie, f(x) = f(x)ifx € X and f(x) = +oo if x & X, and similarly for functions F(-, &)
and fy(-). Clearly f(x) = E[F(x, )] and fy(x) = N~ ZL F(x, &7). Note that if the
set X is convex, then the above penalization operation preserves convexity of respective
functions.

Theorem 5.4. Suppose that: (i) the integrand function F is random lower semicontinuous,
(ii) for almost every & € E the function F (-, &) is convex, (iii) the set X is closed and
convex, (iv) the expected value function f is lower semicontinuous and there exists a point
X € X such that f(x) < 400 for all x in a neighborhood of x, (v) the set S of optimal
solutions of the true problem is nonempty and bounded, and (vi) the LLN holds pointwise.
Then ¥y — ©* and D(S’N, S)— Owp. las N — oo.

Proof. Clearly we can restrict both the true and the SAA problem to the affine space
generated by the convex set X. Relative to that affine space, the set X has a nonempty
interior. Therefore, without loss of generality we can assume that the set X has a nonempty
interior. Since it is assumed that f(x) possesses an optimal solution, we have that 9* is
finite and hence f(x) > ¥* > —oo forall x € X. Since f(x) is convex and is greater than
—o00 on an open set (e.g., interior of X), it follows that f(-) is subdifferentiable at any point
x € int(X) such that f(x) is finite. Consequently f(x) > —oo for all x € R”, and hence
f is proper.

Observe that the pointwise LLN for F'(x, &) (assumption (vi)) implies the correspond-
ing pointwise LLN for F(x, £). Since X is convex and closed, it follows that f is convex
and lower semicontinuous. Moreover, because of the assumption (iv) and since the interior
of X is nonempty, we have that dom f has a nonempty interior. By Theorem 7.49 it follows

then that fN 5 f w.p. 1. Consider a compact set K with a nonempty interior and such
that it does not contain a boundary point of dom f, and f(x) is finite valued on K. Since

dom f has a nonempty interior, such a set exists. Then it follows from fv 5 f that fy ()
converge to f(-) uniformly on K, all w.p. 1 (see Theorem 7.27). It follows that w.p. 1 for
N large enough the functions fy (x) are finite valued on K and hence are proper.

Now let C be a compact subset of R" such that the set S is contained in the interior of C.
Such set exists since it is assumed that the set S is bounded. Consider the set Sy of minimizers
of fy(x) over C. Since C is nonempty and compact and fy (x) is lower semicontinuous
and proper for N large enough, and because by the pointwise LLN we have that for any
x € 8, fy(x) is finite w.p. 1 for N large enough, the set Sy is nonempty w.p. 1 for N large

enough. Let us show that ]D)(SN, S) — 0 w.p. . Let w € Q be such that fN(-, ) 5 £E).
We have that this happens for a.e. w € Q. We argue now by a contradiction. Suppose
that there exists a minimizer Xy = Xy (w) of fN (x, w) over C such that dist(xy, S) > &
for some ¢ > 0. Since C is compact, by passing to a subsequence if necessary, we can
assume that X tends to a point x* € C. It follows that x* € S. On the other hand, we have
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by Proposition 7.26 that x* € arg min,cc f(x). Since arg min,cc f(x) = S, we obtain a
contradiction.

Now because of the convexity assumptions, any minimizer of fN (x) over C which
lies inside the interior of C is also an optimal solution of the SAA problem (5.2). Therefore,
w.p. 1 for N large enough we have that §N = Sy. Consequently, we can restrict both the
true and the SAA optimization problems to the compact set C, and hence the assertions of
the above theorem follow. [

Let us make the following observations. Lower semicontinuity of f(-) follows from
lower semicontinuity F' (-, &), provided that F'(x, -) is bounded from below by an integrable
function. (See Theorem 7.42 for a precise formulation of this result.) It was assumed in the
above theorem that the LLN holds pointwise for all x € R". Actually, it suffices to assume
that this holds for all x in some neighborhood of the set S. Under the assumptions of the
above theorem we have that f(x) > —oo for every x € R”. The above assumptions do not
prevent, however, f(x) from taking value 400 at some points x € X. Nevertheless, it was
possible to push the proof through because in the considered convex case local optimality
implies global optimality. There are two possible reasons f(x) can be +00. Namely, it
can be that F(x, -) is finite valued but grows sufficiently fast so that its integral is +o0, or
it can be that F(x, -) is equal 400 on a set of positive measure. Of course, it can be both.
For example, in the case of two-stage programming it may happen that for some x € X the
corresponding second stage problem is infeasible with a positive probability p. Then w.p. 1
for N large enough, for at least one of the sample points £/ the corresponding second-stage
problem will be infeasible, and hence fN (x) = 4o00. Of course, if the probability p is very
small, then the required sample size for such event to happen could be very large.

We assumed so far that the feasible set X of the SAA problem is fixed, i.e., inde-
pendent of the sample. However, in some situations it also should be estimated. Then the
corresponding SAA problem takes the form

Min Fn (), (5.10)

where Xy is a subset of R” depending on the sample and therefore is random. As before

we denote by Py and Sy the optimal value and the set of optimal solutions, respectively, of
the SAA problem (5.10).

Theorem 5.5. Suppose that in addition to the assumptions of Theorem 5.3 the following
conditions hold:

(a) If xy € Xy and xy converges w.p. 1 to a point x, then x € X.

(b) For some point x € S there exists a sequence xy € Xy such that xy — x w.p. 1.
Then 1A9N — 9 and]D)(gN, S)— Owp.las N — oo.

Proof. Consideran Xy € Sy. By compactness arguments we can assume that Xy converges
w.p. 1 to a point x* € R”. Since S'N C Xy, we have that Xy € Xy, and hence it follows
by condition (a) that x* € X. We also have (see Proposition 5.1) that Dy = fN (xy) tends
w.p. 1 to f(x*), and hence liminf y_, » éN > ¢* w.p. 1. On the other hand, by condition
(b), there exists a sequence xy € Xy converging to a point x € S w.p. 1. Consequently,
5‘1\/ < fN(iN) — f(x) = 9* w.p. 1, and hence limsupy_, 1§N < ¢9*. It follows that
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Dy — 9* w.p. 1. The remainder of the proof can be completed by the same arguments as
in the proof of Theorem 5.3. [

The SAA problem (5.10) is convex if the functions fN (+) and the sets X are convex
w.p. 1. It is also possible to show consistency of the SAA estimators of problem (5.10)
under the assumptions of Theorem 5.4 together with conditions (a) and (b) of the above
Theorem 5.5, and convexity of the set X .

Suppose, for example, that the set X is defined by the constraints

X ={xeXy:gx)<0,i=1,...,p}, (5.11)

where X is a nonempty closed subset of R” and the constraint functions are given as the
expected value functions

gi(x) :ZE[Gi(X,é)], l= 11--"p3 (512)
with G;(x,&),i = 1,..., p, being random lower semicontinuous functions. Then the set
X can be estimated by

Xy = {xexo:gm(x)go, i:l,...,p}, (5.13)

where

1 & .
giv) = ; Gi(x, &).

If for a given point x € X, every function g;5 converges uniformly to g; w.p. 1 on a
neighborhood of x and the functions g; are continuous, then condition (a) of Theorem 5.5
holds.

Remark 5. Let us note that the samples used in construction of the SAA functions fN and
gin,i =1,..., p, can be the same or can be different, independent of each other. That is,
for random samples £'', ..., &/Ni possibly of different sample sizes N;,i =1, ..., p, and
independent of each other and of the random sample used in fN, the corresponding SAA
functions are

N:

. l < TN

giNi(x) = EZ]Gi(xvéj)v 1= 17~~'»p'
j=

The question of how to generate the respective random samples is especially relevant for
Monte Carlo sampling methods discussed later. For consistency type results we only need
to verify convergence w.p. 1 of the involved SAA functions to their true (expected value)
counterparts, and this holds under appropriate regularity conditions in both cases—of the
same and independent samples. However, from a variability point of view, it is advantageous
to use independent samples (see Remark 9 on page 173).

In order to ensure condition (b) of Theorem 5.5, one needs to impose a constraint
qualification (on the true problem). Consider, for example, X := {x € R : g(x) < 0} with
g(x) := x2. Clearly X = {0}, while an arbitrary small perturbation of the function g(-) can
result in the corresponding set Xy being empty. It is possible to show that if a constraint
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qualification for the true problem is satisfied at x, then condition (b) follows. For instance,
if the set X is convex and for every & € & the functions G; (-, £) are convex, and hence
the corresponding expected value functions g;(-),i = 1, ..., p, are also convex, then such
a simple constraint qualification is the Slater condition. Recall that it is said that the Slater
condition holds if there exists a point x* € X such that g;(x*) <0,i =1,..., p.

As another example, suppose that the feasible set is given by probabilistic (chance)
constraints in the form

X={xeR":Pr(Ci(x,6§) <0)=1—a;, i=1,...,p}, (5.14)

where o; € (0,1)and C; : R" x E — R, i =1, ..., p, are Carathéodory functions. Of
course, we have that!®

Pr(Ci(x,£) < 0) = E[1—oo0(Ci(x, £)]. (5.15)
Consequently, we can write the above set X in the form (5.11)—(5.12) with X, := R" and
Gi(x,8) :=1—0; — L—o0(Ci(x, ). (5.16)

The corresponding set Xy can be written as

N
n 1 j .
Xy={xeR :NE leooo(Ci(x, E)) =1 -, i=1,....p¢. (5.17)

j=1

Note that Zjvzl 1—00.01 (C (x, &7 )), in the above formula, counts the number of times

that the event “C;(x, /) < 0”, j = 1,..., N, happens. The additional difficulty here is
that the (step) function 1(_ ¢)(¢) is discontinuous at t = 0. Nevertheless, suppose that the
sample is iid and for every x in a neighborhood of the set X andi = 1, ..., p, the event
“Ci(x, &) = 0” happens with probability zero, and hence G; (-, &) is continuous at x for
a.e. £. By Theorem 7.48 this implies that the expectation function g; (x) is continuous and
gin (x) converge uniformly w.p. 1 on compact neighborhoods to g; (x), and hence condition
(a) of Theorem 5.5 holds. Condition (b) could be verified by ad hoc methods.

Remark 6. As pointed out in Remark 35, it is possible to use different, independent of each
other, random samples €', .. ., €'V possibly of different sample sizes N;,i = 1, ..., p, for
constructing the corresponding SAA functions. That is, constraints Pr(Ci (x,&) > 0) <
are approximated by

N;
Z 0,00 (Ci(x, ED) <0, i =1,..., p. (5.18)

From the point of view of reducing variability of the respective SAA estimators, it could be
preferable to use this approach of independent, rather than the same, samples.

19Recall that 1(790_0]([) = 1ifr < 0and 1(,;,040](1) =0ifr > 0.



5.1. Statistical Properties of Sample Average Approximation Estimators 163

5.1.2 Asymptotics of the SAA Optimal Value

Consistency of the SAA estimators gives a certain assurance that the error of the estimation
approaches zero in the limit as the sample size grows to infinity. Although important
conceptually, this does not give any indication of the magnitude of the error for a given
sample. Suppose for the moment that the sample is iid and let us fix a point x € X. Then
we have that the sample average estimator fN (x), of f(x), is unbiased and has variance
az(x)/N, where o2(x) := Var[F(x, £)] is supposed to be finite. Moreover, by the CLT
we have that

N2 fvo = ] 2 v, (5.19)

where 2 denotes convergence in distribution and Y, has a normal distribution with mean 0
and variance o2 (x), written Y, ~ W (0, 6%(x)). That s, f (x) has asymptotically normal
distribution, i.e., for large N, fN (x) has approximately normal distribution with mean f (x)
and variance o 2(x) /N.

This leads to the following (approximate) 100(1 — )% confidence interval for f(x):

[ﬁv(x) - % fvo) + %} : (5.20)
where zq/2 := ®7'(1 — «/2) and®
20 =S [Fesh - ] (s.21)
N —14 ’ N ’

J=1

is the sample variance estimate of 0% (x). That is, the error of estimation of f (x) is (stochas-
tically) of order O, (N —172y,

Consider now the optimal value 9y of the SAA problem (5.2). Clearly we have that
for any x” € X the inequality fN (x") > infex fN (x) holds. By taking the expected value
of both sides of this inequality and minimizing the left-hand side over all x” € X, we obtain

inf B [fN(x)] >E [}i;g{ fN(x)} : (5.22)

Note that the inequality (5.22) holds even if f(x) = +o00 or f(x) = —oo for some x € X.
Since E[ fy (x)] = f(x), it follows that 9* > E[dy]. In fact, typically, E[#y] is strictly
less than 9%, i.e., 1§N is a downward biased estimator of 9#*. As the following result shows,
this bias decreases monotonically with increase of the sample size N.

Proposition 5.6. Let D be the optimal value of the SAA problem (5.2), and suppose that
the sample is iid. Then E[Vy] < E[Vy41] < 0 forany N € N.

20Here ®(-) denotes the cdf of the standard normal distribution. For example, to 95% confidence intervals
corresponds zg 25 = 1.96.
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Proof. 1t was already shown above that E[@N] < ¢* for any N € N. We can write

N+1
1

frn(x) = N+1Z ZF(x )

J#l

Moreover, since the sample is iid we have

Elbyii] = Efinfiex fyni@)]
= El:lnfxex N1 ZNH (i Zj# F(X,Ej)>]
> E [ﬁ SN (mfox N 2z F(x, &7 ))]
- N+l ZNHIE[lnfxeXNZ#i F(Xﬁgl)]
= 7 YV EDN] = Eldy],

which completes the proof. [

First Order Asymptotics of the SAA Optimal Value
We use the following assumptions about the integrand F:
(A1) For some point x € X the expectation E[F(x, & )2] is finite.
(A2) There exists a measurable function C : E — R, such that E[C(£)?] is finite and
|F(x,&) — F(x', &) < C®)lx — x| (5.23)
forallx,x’ € Xandae. £ € E

The above assumptions imply that the expected value f(x) and variance o2(x) are finite
valued for all x € X. Moreover, it follows from (5.23) that

If) = fOD klx =X, Vx,x" € X,

where « := E[C(§)], and hence f(x) is Lipschitz continuous on X. If X is compact, we
have then that the set S, of minimizers of f(x) over X, is nonempty.

Let Y, be random variables defined in (5.19). These variables depend on x € X and
we also use notation Y (x) = Y,. By the (multivariate) CLT we have that for any finite
set {x1,...,x,} C X, the random vector (Y (x;), ..., Y(x,;)) has a multivariate normal
distribution with zero mean and the same covariance matrix as the covariance matrix of
(F(x1,&),..., F(xy,&)). Moreover, by assumptions (A1) and (A2), compactness of X,
and since the sample is iid, we have that N''/2( fN — f) converges in distribution to Y, viewed
as a random element*' of C(X). This is a so-called functional CLT (see, e.g., Araujo and
Giné [4, Corollary 7.17]).

2IRecall that C(X) denotes the space of continuous functions equipped with the sup-norm. A random
element of C(X) is a mapping ¥ : @ — C(X) from a probability space (2, ¥, P) into C(X) which is
measurable with respect to the Borel sigma algebra of C (X), i.e., Y (x) = Y (x, w) can be viewed as a random
function.



5.1. Statistical Properties of Sample Average Approximation Estimators 165

Theorem 5.7. Let Oy be the optimal value of the SAA problem (5.2). Suppose that the
sample is iid, the set X is compact, and assumptions (A1) and (A2) are satisfied. Then the
following holds:

dy = inf fy(x) +0,(N7172), (5.24)
xXe
N2 (f}N - 19*) 2 inf Y (). (5.25)
xes

If, moreover, S = {x} is a singleton, then
N2 (By = 97) 2 N (0, 0%(D)). (5.26)

Proof. Proofisbased on the functional CLT and the Delta theorem (Theorem 7.59). Consider
Banach space C(X) of continuous functions ¢ : X — R equipped with the sup-norm
Il = sup,cx [¥(x)|. Define the min-value function V (¥) := inf,cx ¥ (x). Since X is
compact, the function V : C(X) — R is real valued and measurable (with respect to the
Borel sigma algebra of C(X)). Moreover, it is not difficult to see that |V (1) — V()| <
vy — 2 || forany ¥y, ¥, € C(X),1.e., V(-) is Lipschitz continuous with Lipschitz constant
one. By the Danskin theorem (Theorem 7.21), V (-) is directionally differentiable at any
u € C(X) and

Vli((S) = inf §(x), V§e CX), (5.27)

xeX(u)

where X () := arg min,cx n(x). Since V (-) is Lipschitz continuous, directional differen-
tiability in the Hadamard sense follows (see Proposition 7.57). As discussed above, we also
have here under assumptions (A1) and (A2) and since the sample is iid that N 172( fN -0
converges in distribution to the random element ¥ of C(X). Noting that Iy = V( fN),
9* = V(f),and X(f) = S, and by applying the Delta theorem to the min-function V (-) at
w = f and using (5.27), we obtain (5.25) and that

Dy — 0% = inf [fy(x) = F0)] +0,(N7172). (5.28)

Since f(x) = 0™ for any x € S, we have that assertions (5.24) and (5.28) are equivalent.
Finally, (5.26) follows from (5.25). [0

Under mild additional conditions (see Remark 32 on page 382), it follows from (5.25)
that Nl/z]E[ﬁN — 19*] tends to ]E[infxeg Y(x)] as N — oo, that is,

E[dy] — 0* = N~'2E |:in£ Y(x)] + o(N~/?). (5.29)

In particular, if S = {x} is a singleton, then by (5.26) the SAA optimal value Py has
asymptotically normal distribution and, since E[Y (x)] = 0, we obtain that in this case
the bias E[f)N] — 9* is of order o(N~'/?). On the other hand, if the true problem has
more than one optimal solution, then the right-hand side of (5.25) is given by the minimum
of a number of random variables. Although each Y (x) has mean zero, their minimum
inf . cs Y (x) typically has a negative mean if the set S has more than one element. Therefore,
if S is not a singleton, then the bias E[dy] — 0* typically is strictly less than zero and is of
order O (N~'/2). Moreover, the bias tends to be bigger the larger the set S is. For a further
discussion of the bias issue, see Remark 7 on page 168.
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5.1.3 Second Order Asymptotics

Formula (5.24) gives a first order expansion of the SAA optimal value Py. In this section
we discuss a second order term in an expansion of Dy. It turns out that the second order
analysis of Dy is closely related to deriving (first order) asymptotics of optimal solutions of
the SAA problem. We assume in this section that the true (expected value) problem (5.1) has
unique optimal solution X and denote by Xy an optimal solution of the corresponding SAA
problem. In order to proceed with the second order analysis we need to impose considerably
stronger assumptions.

Our analysis is based on the second order Delta theorem, Theorem 7.62, and second
order perturbation analysis of section 7.1.5. As in section 7.1.5, we consider a convex
compact set U C R” such that X C int(U), and we work with the space W' (U) of
Lipschitz continuous functions ¥ : U — R equipped with the norm

IVl = sup [ ()] + sup VYl (5.30)

where U’ C int(U) is the set of points where v (-) is differentiable.
We make the following assumptions about the true problem:

(S1) The function f(x) is Lipschitz continuous on U, has unique minimizer x over x € X,
and is twice continuously differentiable at x.

(S2) The set X is second order regular at x.

(S3) The quadratic growth condition (7.70) holds at x.

Let X be the subset of W!>°(U) formed by differentiable at X functions. Note that
the set X forms a closed (in the norm topology) linear subspace of W' (U). Assumption
(S1) ensures that f € K. In order to ensure that fN € KX w.p. 1, we make the following
assumption:

(S4) Function F (-, £) is Lipschitz continuous on U and differentiable at x for a.e. £ € E.

We view fy as a random element of W' (U), and assume, further, that N'/2(fy — f)
converges in distribution to a random element ¥ of W (U).
Consider the min-function V : W1%(U) — R defined as

V) = inf y(x), Ve whe ().

By Theorem 7.23, under assumptions (S1)—(S3), the min-function V(-) is second order
Hadamard directionally differentiable at f tangentially to the set J and we have the fol-
lowing formula for the second order directional derivative in a direction § € X:

Vi) = hig{f) [2h"V8 (%) + ATV f(E)h —s(— Vf(X), T (E, h)}. (5.31)
eC(x
Here C(x) is the critical cone of the true problem, sz (x, h) is the second order tangent set

to X at x and s(-, A) denotes the support function of set A. (See page 386 for the definition
of second order directional derivatives.)
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Moreover, suppose that the set X is given in the form
X:={xeR":Gkx) e K}, (5.32)

where G : R” — R™ is a twice continuously differentiable mapping and K C R” is a
closed convex cone. Then, under Robinson constraint qualification, the optimal value of
the right-hand side of (5.31) can be written in a dual form (compare with (7.84)), which
results in the following formula for the second order directional derivative in a direction
s e K:

V/(©®) = inf sup {2h"V8(X)+ 'V L, Mh—s(k T(h)}. (5.33)
N hEC(x) )»GA(X)

Here
T(h) := rJ'Kz(G()E), [VG()E)]h), (5.34)

and L (x, A) is the Lagrangian and A (x) is the set of Lagrange multipliers of the true problem.

Theorem 5.8. Suppose that the assumptions (S1)—(S4) hold and N'/*( fN — f) converges
in distribution to a random element Y of W' (U). Then

By = @ + 1Vi(fn = )+ o,(N7D, (5.35)
and R 1)
N[on — fn(®)] = 3Vi). (5.36)

Moreover, suppose that for every § € KX the problem in the right-hand side of (5.31)
has unique optimal solution h = h(§). Then

N2 (2y — %) 3 h(Y). (5.37)

Proof. By the second order Delta theorem, Theorem 7.62, we have that

Gy =0+ Vi(fx — )+ V(v — ) +0,(NH)
and o

N[dy =" = Vi(fw = N] = 3Vi D).
We also have (compare with formula (5.27)) that
Vilfy — ) = fv (@) — &) = fv (@) — 9",
and hence (5.35) and (5.36) follow.
Now consider a (measurable) mapping r : W (U) — R” such that

YY) € argminy (x), ¥ € whe ).

We have that ¢(f) = x, and by (7.82) of Theorem 7.23 we have that r(-) is Hadamard
directionally differentiable at f tangentially to X, and for 6 € K the directional deriva-
tive ¢'(f, 8) is equal to the optimal solution in the right-hand side of (5.31), provided
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that it is unique. By applying the Delta theorem, Theorem 7.61, this completes the proof
of (5.37). O

One of the difficulties in applying the above theorem is verification of convergence
in distribution of N'!/%( fN — f) in the space W1 (X). Actually, it could be easier to prove
asymptotic results (5.35)—(5.37) by direct methods. Note that formulas (5.31) and (5.33),
for the second order directional derivatives V}’( fN — f), involve statistical properties of
f v (x) only at the (fixed) point x. Note also that by the (finite dimensional) CLT we have that

N/ 2[V fN x)—=Vf ()E)] converges in distribution to normal A (0, X') with the covariance
matrix

T =E[(VFE &) — VD) (VFG &) - VFE)], (5.38)

provided that this covariance matrix is well defined and E[V F (x, §)] = V f(X), i.e., the
differentiation and expectation operators can be interchanged (see Theorem 7.44).

Let Z be arandom vector having normal distribution, Z ~ N (0, X'), with covariance
matrix X defined in (5.38), and let the set X be given in the form (5.32). Then by the above
discussion and formula (5.33), we have that under appropriate regularity conditions,

A A 1D
N[9y — fn(®)] = 10(2), (5.39)
where v(Z) is the optimal value of the problem

Min sup {2h'Z + A"V L, Mh —s(h, T(h)}, (5.40)
heC(x) reA(X)

with €(h) being the second order tangent set defined in (5.34). Moreover, if for all Z,
problem (5.40) possesses unique optimal solution & = §(Z), then

N'"2(%y — %) 2 5(2). (5.41)

Recall also that if the cone K is polyhedral, then the curvature term s(k, T(h)) vanishes.

Remark 7. Note that IE[ fN ()E)] = f(x) = v*. Therefore, under the respective regularity
conditions, in particular under the assumption that the true problem has unique optimal
solution x, we have by (5.39) that the expected value of the term %N ~1v(Z) can be viewed
as the asymptotic bias of Dy. This asymptotic bias is of order O(N~!). This can be
compared with formula (5.29) for the asymptotic bias of order O (N ~'/?) when the set of
optimal solutions of the true problem is not a singleton. Note also that v(-) is nonpositive;
to see this, just take 4 = 0 in (5.40).

As an example, consider the case where the set X is defined by a finite number of
constraints:

X = {xER”:g,-(x):O, i=1,...,q, gkx) <0, i=q+1,...,p} (5.42)

with the functions g;(x),7 = 1, ..., p, being twice continuously differentiable. This is a
particular form of (5.32) with G (x) := (g1 (x), ..., g,(x)) and K := {0,} x R”"?. Denote

Jx)={i:g(x)=0,i=q+1,...,p}
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the index set of active at x inequality constraints. Suppose that the linear independence
constraint qualification (LICQ) holds at x, i.e., the gradient vectors Vg; (x),i € {1, ..., q}U
J(x), are linearly independent. Then the corresponding set of Lagrange multipliers is a
singleton, A(X) = {A}. In that case

CE) ={h:n"Vg@)=0,iefl,....q}Uds(Q), h'Vgi(¥) <0,i € LM},
where
Jo) :={i € 4(X) : &; =0} and 41(A) == {i € 4(¥) : &; > 0} .
Consequently problem (5.40) takes the form

Min 2h"Z +h"V2 L(x, M)h
heR? . i} (5.43)
st. A'Vg(x)=0,ie{l,...,q}Ud (1), h"Vgi(X) <0,i € Jo(A).

This is a quadratic programming problem. The linear independence constraint qualification
implies that problem (5.43) has a unique vector «(Z) of Lagrange multipliers and that it has
a unique optimal solution h(Z) if the Hessian matrix H := V2 _L(X, 1) is positive definite
over the linear space defined by the first ¢ + |4 (1)| (equality) linear constraints in (5.43).

If, furthermore, the strict complementarity condition holds, i.e., A > Oforalli e
44+ (A), or in other words do(A) = @ , then & = h(Z) and @ = «(Z) can be obtained as

solutions of the following system of linear equations

e ]lel-15) a0

Here H = V)%XL()E, 1) and A is the n x (g + |4(x)]) matrix whose columns are formed by
vectors Vg;(x),i € {1,...,q} U d(x). Then

N1/2|: ;N _i{ } B N0, I, (5.45)
v

where

provided that the matrix J is nonsingular.

Under the linear independence constraint qualification and strict complementarity
condition, we have by the second order necessary conditions that the Hessian matrix H =
fo L(X, ) is positive semidefinite over the linear space {h : ATh = 0}. Note that this linear
space coincides here with the critical cone C (x). It follows that the matrix J is nonsingular
iff H is positive definite over this linear space. That is, here the nonsingularity of the matrix
J is equivalent to the second order sufficient conditions at x.

Remark 8. As mentioned earlier, the curvature term S(A, T (h)) in the auxiliary problem

(5.40) vanishes if the cone K is polyhedral. In particular, this happens if K = {0,} x R”™9,
and hence the feasible set X is given in the form (5.42). This curvature term can also
be written in an explicit form for some nonpolyhedral cones, in particular for the cone of
positive semidefinite matrices (see [22, section 5.3.6]).
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5.1.4 Minimax Stochastic Programs

Sometimes it is worthwhile to consider minimax stochastic programs of the form

Min sup {fGx,y) =E[F(x,y. §)1}, (5.46)
XeX ye

where X C R"and Y C R™ areclosed sets, F : X XY x E — Rand & = &(w) is arandom
vector whose probability distribution is supported on set 2 C R?. The corresponding SAA
problem is obtained by using the sample average as an approximation of the expectation
f(x,y), that is,

. 1 & .
Minsup { fy(x,y) :=N2F(x,y,$f) . (5.47)
j=1

Xe er

As before, denote by, 9* and 1§N the optimal values of (5.46) and (5.47), respectively,
andby S, C X and S'x, ~ C X therespective sets of optimal solutions. Recall that F'(x, y, &)
is said to be a Carathéodory function if F(x,y,&(-)) is measurable for every (x, y) and
F(-, -, &) is continuous for a.e. £ € E. We make the following assumptions:

(A'1) F(x,y, &) is a Carathéodory function.
(A’2) The sets X and Y are nonempty and compact.

(A’3) F(x,y, &)isdominated by an integrable function, i.e., there is an open set N C R+
containing the set X x Y and an integrable, with respect to the probability distribution
of the random vector &, function 2(£) such that | F(x, y, &)| < h(§) forall (x,y) € N
andae. £ € E.

By Theorem 7.43 it follows that the expected value function f (x, y) is continuous on
X x Y. Since Y is compact, this implies that the max-function

¢ (x) := sup f(x,y)

yeY

is continuous on X . Italso follows that the function fN (x,y) = fN (x, ¥, w)isaCarathéodory
function. Consequently, the sample average max-function

o (x, ®) := sup fy(x,y, w)
yeY

is a Carathéodory function. Since Dy = Dy (w) is given by the minimum of the Carathéodory
function ¢y (x, w), it follows that it is measurable.

Theorem 5.9. Suppose that assumptions (A'1)—(A’3) hold and the sample is iid. Then
Py — 0 and D(Sy n, Sx) = Owp. las N — oo.

Proof. By Theorem 7.48 we have that under the specified assumptions, fN (x, ¥) converges
to f(x,y) w.p. I uniformly on X x Y. Thatis, Ay — O w.p. 1 as N — oo, where

Ay:i= sup |fvGx,y)— fx, ).
(x,y)eXxY
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Consider (]3N(x) = SUp,cy fN(x, y) and ¢ (x) := sup,y f(x, y). We have that

sup |py (x) — ¢ (x)| < Ay,

xeX

and hence |1§‘N — 19*| < Ay. It follows that 191\; — 0* wp. L.
The function ¢ (x) is continuous and qAbN (x) is continuous w.p. 1. Consequently, the

set S, is nonempty and S'x, ~ is nonempty w.p. 1. Now to prove that ]D)(S‘L Ny Sy) = Ow.p. 1,
one can proceed exactly in the same way as in the proof of Theorem 5.3. [

We discuss now asymptotics of Py in the convex—concave case. We make the fol-
lowing additional assumptions:

(A’4) The sets X and Y are convex, and or a.e. & € E the function F(-, -, &) is convex—
concave on X X Y, i.e., the function F (-, y, §) is convex on X for every y € Y, and
the function F(x, -, £) is concave on Y for every x € X.

It follows that the expected value function f(x, y) is convex concave and continuous
on X x Y. Consequently, problem (5.46) and its dual

Max inf f(x, y) (5.48)

yeY xeX

have nonempty and bounded sets of optimal solutions S, C X and S, C Y, respectively.
Moreover, the optimal values of problems (5.46) and (5.48) are equal to each other and
Sy x 8, forms the set of saddle points of these problems.

(A’5) For some point (x, y) € X x Y, the expectation E[F (x, y, & )?] is finite, and there
exists a measurable function C : E — R, such that E[C (£)?] is finite and the
inequality

[F(x,y,8) — F(x',y, &) < C(E)(HX x|+ lly - y/ll) (5.49)
holds for all (x, y), (x’,y’) € X x Y and a.e. £ € E.

The above assumption implies that f(x, y) is Lipschitz continuous on X x Y with
Lipschitz constant k = E[C(§)].

Theorem 5.10. Consider the minimax stochastic problem (5.46) and the SAA problem
(5.47) based on an iid sample. Suppose that assumptions (A'1)—(A'2) and (A'4)—(A’5) hold.
Then

19;\1 = inf sup fN(x, y) + op(N_l/z). (5.50)
XES,\- yeSy

Moreover, if the sets S, = {x} and S, = {y} are singletons, then N1/2(1§N — 0%*) converges
in distribution to normal with zero mean and variance o> = Var[F (%, v, &)1

Proof. Consider the space C(X, Y) of continuous functions ¥ : X x ¥ — R equipped
with the sup-norm [|{ || = sup,cx yey [¥ (x, ¥)|, and set KX C C(X,Y) formed by convex—
concave on X x Y functions. It is not difficult to see that the set K is a closed (in the



172 Chapter 5. Statistical Inference

norm topology of C(X, Y)) and convex cone. Consider the optimal value function V :
C(X,Y) — R defined as

V() = inf supy(x, y) for ¥ € C(X.Y). (5.51)
xXe yey

Recall that it is said that V (-) is Hadamard directionally differentiable at f € J, tangentially
to the set X, if the following limit exists for any y € Tx (f):

Vi e fim YU =V
1) = .

t}0,n—>y t
fHtneX

(5.52)

By Theorem 7.24 we have that the optimal value function V (-) is Hadamard directionally
differentiable at f tangentially to the set K and

Vi(y) = inf sup y(x, y) (5.53)

i
XESy yESy

forany y € Tx(f).

By the assumption (A'5) we have that N'/2(fy — f), considered as a sequence of
random elements of C(X, Y), converges in distribution to a random element of C(X, Y).
Then by noting that ¥* = f(x*, y*) for any (x*, y*) € S x §, and using Hadamard
directional differentiability of the optimal value function, tangentially to the set K, together
with formula (5.53) and a version of the Delta method given in Theorem 7.61, we can
complete the proof. [

Suppose now that the feasible set X is defined by constraints in the form (5.11). The
Lagrangian function of the true problem is

p
L(x,2) = f00)+ Y higi(x).
i=1
Suppose also that the problem is convex, that is, the set X is convex and for all £ € E the
functions F (-, £) and G;(-, £),i = 1, ..., p,are convex. Suppose, further, that the functions
f(x) and g; (x) are finite valued on a neighborhood of the set S (of optimal solutions of the
true problem) and the Slater condition holds. Then with every optimal solution x € S is

associated a nonempty and bounded set A of Lagrange multipliers vectors A = (A1, ..., X))
satisfying the optimality conditions
X € argmi}gl L(x,)), A >0 and X g;(x)=0,i=1,...,p. (5.54)
xeXo

The set A coincides with the set of optimal solutions of the dual of the true problem and
therefore is the same for any optimal solution x € S.

Let 9y be the optimal value of the SAA problem (5.10) with Xy given in the form
(5.13). That is, 1§N is the optimal value of the problem

Min fu(x) subjectto gin(x) <0, i=1,...,p, (5.55)
XeXo
with fN (x) and g;y(x) being the SAA functions of the respective integrands F(x, &) and

Gi(x,¢),i = 1,..., p. Assume that conditions (A1) and (A2), formulated on page 164,
are satisfied for the integrands F and G;,i = 1, ..., p, i.e., finiteness of the corresponding
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second order moments and the Lipschitz continuity condition of assumption (A2) hold for
each function. It follows that the corresponding expected value functions f(x) and g; (x) are
finite valued and continuous on X. As in Theorem 5.7, we denote by Y (x) random variables
which are normally distributed and have the same covariance structure as F(x, §). We
also denote by Y;(x) random variables which are normally distributed and have the same
covariance structure as G; (x, £),i =1,..., p.

Theorem 5.11. Let 9y be the optimal value of the SAA problem (5.55). Suppose that the
sample is iid, the problem is convex, and the following conditions are satisfied: (i) the set S,
of optimal solutions of the true problem, is nonempty and bounded, (ii) the functions f(x)
and g;(x) are finite valued on a neighborhood of S, (iii) the Slater condition for the true
problem holds, and (1v) the assumptions (A1) and (A2) hold for the integrands F and G;,
i=1,...,p. Then

P
12(5 _ 9%\ 2 - v
N (z?N 9 ) % inf sup |:Y(x) + Z:x Y, (x):| . (5.56)
If. moreover, S = {x} and A = {)} are singletons, then
N2 ([9N - 19*) 2 N, 0?) (5.57)
with
p -
0% = Var [F()E, £+ LGi(x, g)} . (5.58)
i=1

Proof. Since the problem is convex and the Slater condition (for the true problem) holds,
we have that 9* is equal to the optimal value of the (Lagrangian) dual
Max inf L(x, A), (5.59)
2>0 xeXy
and the set of optimal solutions of (5.59) is nonempty and compact and coincides with
the set of Lagrange multipliers A. Since the problem is convex and S is nonempty and
bounded, the problem can be considered on a bounded neighborhood of S, i.e., without loss
of generality it can be assumed that the set X is compact. The proof can now be completed
by applying Theorem 5.10. [

Remark 9. There are two possible approaches to generating random samples in construction
of SAA problems of the form (5.55) by Monte Carlo sampling techniques. One is to use
the same sample &', ..., &V for estimating the functions f(x) and g;(x),i = 1,..., p,
by their SAA counterparts. The other is to use independent samples, possibly of different
sizes, for each of these functions (see Remark 5 on page 161). The asymptotic results of
Theorem 5.11 are for the case of the same sample. The (asymptotic) variance o2, given
in (5.58), is equal to the sum of the variances of F(x, £) and )_»iG,-()E, &,i=1,..., p,and
all their covariances. If we use the independent samples construction, then a similar result
holds but without the corresponding covariance terms. Since in the case of the same sample
these covariance terms could be expected to be positive, it would be advantageous to use the
independent, rather than the same, samples approach in order to reduce variability of the
SAA estimates.
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5.2 Stochastic Generalized Equations

In this section we discuss the following so-called stochastic generalized equations. Consider
arandom vector & whose distribution is supported onaset E C RY, amapping ® : R"x & —
R”, and a multifunction I : R” = R". Suppose that the expectation ¢ (x) := E[D(x, §)]
is well defined and finite valued. We refer to

d(x) € I'(x) (5.60)

as true, or expected value, generalized equation and say that a point x € R” is a solution of
(5.60) if p(x) € T'(x).
The above abstract setting includes the following cases. If I'(x) = {0} for every
x € R”", then (5.60) becomes the ordinary equation ¢ (x) = 0. As another example, let
I'(-) := Nx(-), where X is a nonempty closed convex subset of R” and Ny (x) denotes the
(outward) normal cone to X at x. Recall that, by the definition, Nx (x) = Jif x ¢ X. Inthat
case x is a solution of (5.60) iff x € X and the following so-called variational inequality
holds:
x—%Tp(x) <0, VxelX. (5.61)

Since the mapping ¢ (x) is given in the form of the expectation, we refer to such variational
inequalities as stochastic variational inequalities. Note that if X = R", then Ny (x) = {0}
for any x € R”, and hence in that case the above variational inequality is reduced to the
equation ¢ (x) = 0. Let us also remark that if ®(x, §) := —V, F(x, §) for some real valued
function F(x, &), and the interchangeability formula E[V, F(x, §)] = V f(x) holds, i.e.,
¢(x) = =V f(x), where f(x) := E[F(x, &)], then (5.61) represents first order necessary,
andif f(x)isconvex, sufficient conditions for x to be an optimal solution for the optimization
problem (5.1).

If the feasible set X of the optimization problem (5.1) is defined by constraints in the
form

X={xeR':gx)=0,i=1,....q, &x) <0, i=qg+1,...,p} (5.62)

with g;(x) := E[G;(x, &)],i = 1, ..., p, then the corresponding first-order Karush—Kuhn—
Tucker (KKT) optimality conditions can be written in a form of variational inequality. That
is, let z := (x, A) € R"*? and

L(z.§) = F, &)+, 4Gi(x,8),
0z) = E[L(z, &)= f(x)+ X7, higix)

be the corresponding Lagrangians. Define

ViL(z, §)

Gi(x,§)

D(z,8) := and I'(z) := Nk (2), (5.63)

Gp(x,§)

where K := R" x R? x RY™? C R"7. Note that if z € K, then
NK(z)z{(v,y)eRW: v=0andy =0, i=1....q, }

vi=0,i€di(M), ¥ =0, i€ () (5.64)
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where
Lod) =1{i:2=0,i=q+1,...,p},
o) ={i:x>0,i=qg+1,...,p},

and Ng(z) = 0 if z ¢ K. Consequently, assuming that the interchangeability formula
holds, and hence E[V,L(z, §)] = V€,(z) = Vf(x) + > I ;Vg;(x), we have that

(5.65)

VxE(Z)
6 =EoE =] &0 |, (5.66)
gp(x)

and variational inequality ¢ (z) € Nk (z) represents the KKT optimality conditions for the
true optimization problem.
We make the following assumption about the multifunction I"(x):

(E1) The multifunction I'(x) is closed, that is, the following holds: if x; — x, y; € I'(x;)
and y; — y,theny € I'(x).

The above assumption implies that the multifunction I'(x) is closed valued, i.e., for any
x € R" the set I'(x) is closed. For variational inequalities, assumption (E1) always holds,
i.e., the multifunction x +— Ny (x) is closed.
Now let&', ..., €Y be a random sample of N realizations of the random vector & and
let (ﬁN (x) :=N"! ZIIVZ 1 D(x, & 7Y be the corresponding sample average estimate of ¢ (x).
We refer to .
¢dn(x) € I'(x) (5.67)

as the SAA generalized equation. There are standard numerical algorithms for solving
nonlinear equations which can be applied to (5.67) in the case I'(x) = {0}, i.e., when (5.67)
is reduced to the ordinary equation én(x) = 0. There are also numerical procedures for
solving variational inequalities. We are not going to discuss such numerical algorithms but
rather concentrate on statistical properties of solutions of SAA equations. We denote by S
and Sy the sets of (all) solutions of the true (5.60) and SAA (5.67) generalized equations,
respectively.

5.2.1 Consistency of Solutions of the SAA Generalized Equations

In this section we discuss convergence properties of the SAA solutions.

Theorem 5.12. Let C be a compact subset of R" such that S C C. Suppose that: (i) the
multifunction T (x) is closed (assumption (E1)), (ii) the mapping ¢ (x) is continuous on C,
@iii) w.p. 1 for N large enough the set S‘N is nonempty and S‘N C C, and (iv) ¢A>N (x) converges
to ¢ (x) w.p. 1 uniformly on C as N — oo. Then ]D)(S’N, S)— Owp. las N — oo.

Proof. The above result basically is deterministic in the sense that if we view <;3N x) =
$N (x, ) as defined on a common probability space, then it should be verified for a.e. w.
Therefore we omit saying “w.p. 1.” Consider a sequence Xy € Sy. Because of assumption
(iii), by passing to a subsequence if necessary, we need to show only that if Xy converges
to a point x*, then x* € S (compare with the proof of Theorem 5.3). Now since it is
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assumed that ¢ (-) is continuous and qBN (x) converges to ¢ (x) uniformly, it follows that
on(XN) = ¢ (x™) (see Proposition 5.1). Since ¢y (xy) € I'(Xy), it follows by assumption
(E1) that ¢ (x*) € I'(x*), which completes the proof.  [I

A few remarks about the assumptions involved in the above consistency result are
now in order. By Theorem 7.48 we have that, in the case of iid sampling, the assumptions
(i1) and (iv) of the above proposition are satisfied for any compact set C if the following
assumption holds:

(E2) For every & € E the function @ (-, £) is continuous on C and || ®(x, &) ||yec 1S domi-
nated by an integrable function.

There are two parts to assumption (iii) of Theorem 5.12, namely, that the SAA generalized
equations do not have a solution which escapes to infinity, and that they possess at least
one solution w.p. 1 for N large enough. The first of these assumptions often can be verified
by ad hoc methods. The second assumption is more subtle. We will discuss it next. The
following concept of strong regularity is due to Robinson [170].

Definition 5.13. Suppose that the mapping ¢ (x) is continuously differentiable. We say that
a solution x € S is strongly regular if there exist neighborhoods N\ and N, of 0 € R" and
X, respectively, such that for every § € N, the (linearized) generalized equation

S+¢(x)+Vop(x)(x —x) € I'(x) (5.68)
has a unique solution in N,, denoted X = x(8), and x(-) is Lipschitz continuous on Nj.

Note that it follows from the above conditions that x(0) = x. In the case I'(x) = {0},
strong regularity simply means that the n x n Jacobian matrix J := V¢ (X) is invertible or,
in other words, nonsingular. Also in the case of variational inequalities, the strong regularity
condition was investigated extensively, we discuss this later.

Let 'V be a convex compact neighborhood of x, i.e., x € int('V). Consider the space
C'(V, R") of continuously differentiable mappings ¥ : V — R” equipped with the norm

¥ l1,v :=supllg)ll +sup Vo).
xeV xeVy

The following (deterministic) result is essentially due to Robinson [171].

Suppose that ¢ (x) is continuously differentiable on V, i.e., ¢ € C'(V,R"). Let x
be a strongly regular solution of the generalized equation (5.60). Then there exists ¢ > 0
such that for any u € C'(V,R") satisfying |lu — ¢|l;.v < &, the generalized equation
u(x) € I'(x) has a unique solution ¥ = X(u) in a neighborhood of ¥, such that x(-) is
Lipschitz continuous (with respect the norm || - ||;,v), and

) = X (u(X) = ¢(®) +olllu — ¢l v)- (5.69)

Clearly, we have that X(¢) = x and x (¢3N) is a solution, in a neighborhood of x, of the SAA
generalized equation provided that ||¢3N — ¢|liv < e. Therefore, by employing the above
results for the mapping u(-) := ¢y (-) we immediately obtain the following.
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Theorem 5.14. Let x be a strongly regular solution of the true generalized equation (5.60),
and suppose that ¢ (x) and dSN (x) are continuously differentiable in a neighborhood 'V of
X and ||(13N —¢lliv = Owp. las N — oo. Then wp. 1 for N large enough the SAA
generalized equation (5.67) possesses a unique solution Xy in a neighborhood of X, and
In = xXwp. las N — oo.

The assumption that ”qu — ¢ll1.y — 0 w.p. 1, in the above theorem, means that

c/SN (x) and V¢A>N (x) converge w.p. 1 to ¢ (x) and V¢ (x), respectively, uniformly on V. By
Theorem 7.48, in the case of iid sampling this is ensured by the following assumption:

(E3) Fora.e. & the mapping (-, &) is continuously differentiable on 'V, and | ® (x, &) ||xev
and ||V, ®(x, £)||,cv are dominated by an integrable function.

Note that the assumption that ® (-, £) is continuously differentiable on a neighborhood of
X is essential in the above analysis. By combining Theorems 5.12 and 5.14 we obtain the
following result.

Theorem 5.15. Let C be a compact subset of R" and let X be a unique in C solution of
the true generalized equation (5.60). Suppose that: (i) the multifunction T (x) is closed
(assumption (E1)), (ii) for a.e. & the mapping ® (-, &) is continuously differentiable on C,
and || P (x, &)|lxec and ||V, P (x, &)|lxec are dominated by an integrable function, (iii) the
solution x is strongly regular, and (iv) ¢A>N (x) and VdA)N (x) converge w.p. 1 to ¢(x) and
Vo (x), respectively, uniformly on C. Then w.p. 1 for N large enough the SAA generalized
equation possesses unique in C solution Xy converging to x w.p. 1 as N — oo.

Note again that if the sample is iid, then assumption (iv) in the above theorem is
implied by assumption (ii) and hence is redundant.

5.2.2 Asymptotics of SAA Generalized Equations Estimators

By using the first order approximation (5.69) it is also possible to derive asymptotics of Xy .
Suppose for the moment that I'(x) = {0}. Then strong regularity means that the Jacobian
matrix J := V¢ (x) is nonsingular and x(§) is the solution of the corresponding linear
equations and hence can be written in the form

i) =x—J7's. (5.70)

By using (5.70) and (5.69) with u(-) := ¢3N (-), we obtain under certain regularity conditions,
which ensure that the remainder in (5.69) is of order 0,(N~'/?), that

N2 @y — %) = =T 'Yy +0,(1), (5.71)

where Yy = N!/2 [(f)N (x) — d)()?)]. Moreover, in the case of iid sample, we have by

the CLT that Yy 2) N (0, X), where X' is the covariance matrix of the random vector
®(x, £). Consequently, Xy has asymptotically normal distribution with mean vector x and
the covariance matrix N~!'J ' X J~1.
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Suppose now that I'(:) := Nx(-) with the set X being nonempty closed convex and
polyhedral, and let x be a strongly regular solution of (5.60). Let x(§) be the (unique)
solution, of the corresponding linearized variational inequality (5.68), in a neighborhood of
x. Consider the cone

Cx(®) = {y € Tx(®) 1 y'$(¥) = 0}, (572)

called the critical cone, and the Jacobian matrix J := V¢ (x). Then for all § sufficiently
close to 0 € R”, we have that ¥(§) — X coincides with the solution d(8) of the variational
inequality

s+ Jd € N@X(;)(d). (573)

Note that the mapping d() is positively homogeneous, i.e., for any § € R” and r > 0,
it follows that d (t6) = td (8). Consequently, under the assumption that the solution x
is strongly regular, we obtain by (5.69) that d (+) is the directional derivative of x(u), at
u = ¢, in the Hadamard sense. Therefore, under appropriate regularity conditions ensuring
functional CLT for N '/ (dA) ~ —¢) inthe space C' (V, R"), it follows by the Delta theorem that

N2y —5) 2 dw), (5.74)

where ¥ ~ N (0, X) and X' is the covariance matrix of ®(x, ). Consequently, Xy is
asymptotically normal iff the mapping d(-) is linear. This, in turn, holds if the cone Cyx (x)
is a linear space.

In the case I'(-) := Nx(-), with the set X being nonempty closed convex and polyhe-
dral, there is a complete characterization of the strong regularity in terms of the so-called
coherent orientation associated with the matrix (mapping) J := V¢ (x) and the critical cone
Cx (x). The interested reader is referred to [172], [79] for a discussion of this topic. Let us
just remark that if Cx(x) is a linear subspace of R”, then the variational inequality (5.73)
can be written in the form

P§+ PJd =0, (5.75)

where P denotes the orthogonal projection matrix onto the linear space Cx(x). Then x is
strongly regular iff the matrix (mapping) P J restricted to the linear space Cx (x) is invertible
or, in other words, nonsingular.

Suppose now that S = {x} is such that ¢ (x) belongs to the interior of the set I"(x).
Then, since (ﬁN (x) converges w.p. 1 to ¢(x), it follows that the event “QA&N (x) e T'(x)”
happens w.p. 1 for N large enough. Moreover, by the LD principle (see (7.191)) we have
that this event happens with probability approaching one exponentially fast. Of course,
(}A&N (x) € I'(x) means that Xy = X is a solution of the SAA generalized equation (5.67).
Therefore, in such case one may compute an exact solution of the true problem (5.60) by
solving the SAA problem, with probability approaching one exponentially fast with increase
of the sample size. Note that if I'(-) := Nx(-) and x € S, then ¢(x) € intI'(x) iff the
critical cone Cy (x) is equal to {0}. In that case, the variational inequality (5.73) has solution
d = 0 for any 6, i.e.,, d(8) = 0.

The above asymptotics can be applied, in particular, to the generalized equation (vari-
ational inequality) ¢ (z) € Nk (z), where K := R" x R? x R "7 and Nk (z) and ¢ (z) are
given in (5.64) and (5.66), respectively. Recall that this variational inequality represents
the KKT optimality conditions of the expected value optimization problem (5.1) with the
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feasible set X given in the form (5.62). (We assume that the expectation functions f (x) and

gi(x),i =1,..., p, are continuously differentiable.) Let x be an optimal solution of the
(expected value) problem (5.1). It is said that the LICQ holds at the point x if the gradient
vectors Vg;(x),i € {i : gi(x) =0, i =1,..., p}, (of active at x constraints) are linearly

independent. Under the LICQ, to x corresponds a unique vector A of Lagrange multipliers,
satisfying the KKT optimality conditions. Let z = (x, A) and 4o(%) and 4 (X) be the index
sets defined in (5.65). Then

Tk@D=R'xRIx{y e R" 7 :9% >0, i€ doM)}. (5.76)

In order to 51mp11fy notation, let us assume that all constraints are active at x, i.e., g;(x) = 0,
i =1,..., p. Since for sufficiently small perturbations of x inactive constraints remain
inact1ve we do not lose generality in the asymptotic analysis by considering only active
at x constraints. Then ¢ (Z) = 0, and hence Ck (2) = 7x (2).

Assuming, further, that f(x) and g;(x),i = 1, ..., p, are twice continuously differ-
entiable, we have that the following second order necessary conditions hold at x:

h'V2 £(2)h >0, Vh e Cx(%), (5.77)
where
Cx(@) :={h:h"Vg(x)=0,iefl,....,q}UdsQ), h'Vg() <0, i edyM)}.
The corresponding second order sufficient conditions are
h'V2 £(Z)h >0, Vhe Cx(¥)\ {0}. (5.78)

Moreover, Z is a strongly regular solution of the corresponding generalized equation iff the
LICQ holds at x and the following (strong) form of second order sufficient conditions is
satisfied:

h'V2 £(Z)h > 0, Vh €lin(Cx(x)) \ {0}, (5.79)

where
lin(Cx (X)) :={h:h'Vgi(®) =0, i e{l,....qt UIL(W)}. (5.80)

Under the LICQ, the set defined in the right-hand side of (5.80) is, indeed, the linear space
generated by the cone Cx (x). We also have here

J = w)(z):[; 6‘], (5.81)

where H := V2 £(Z) and A := [Vg (), ..., Vg,(D)].

It is said that the strict complementarity condition holds at x if the index set Jo(A)
is empty, i.e., all Lagrange multipliers corresponding to active at x inequality constraints
are strictly positive. We have here that Ck (z) is a linear space, and hence the SAA es-
timator 2y = [, An] is asymptotically normal iff the strict complementarity condition
holds. If the strict complementarity condition holds, then Cg (z) = R"*? (recall that it is
assumed that all constraints are active at x), and hence the normal cone to Ck (z), at every
point, is {0}. Consequently, the corresponding variational inequality (5.73) takes the form
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8 4+ Jd = 0. Under the strict complementarity condition, z is strongly regular iff the ma-
trix J is nonsingular. It follows that under the above assumptions together with the strict
complementarity condition, the following asymptotics hold (compare with (5.45)):

N2y —2) 3 N (0,0 2T7Y), (5.82)

where X is the covariance matrix of the random vector ®(z, &) defined in (5.63).

5.3 Monte Carlo Sampling Methods

In this section we assume that a random sample & I ..., EN of N realizations of the random
vector £ can be generated in the computer. In the Monte Carlo sampling method this
is accomplished by generating a sequence U!, U2, ... of independent random (or rather

pseudorandom) numbers uniformly distributed on the interval [0,1], and then constructing
the sample by an appropriate transformation. In that way we can consider the sequence

= {U', U?, ...} as an element of the probability space equipped with the corresponding
product probability measure, and the sample & I = &l(w),i = 1,2,..., as a function
of w. Since computer is a finite deterministic machine, sooner or later the generated sample
will start to repeat itself. However, modern random numbers generators have a very large
cycle period, and this method was tested in numerous applications. We view now the
corresponding SAA problem (5.2) as a way of approximating the true problem (5.1) while
drastically reducing the number of generated scenarios. For a statistical analysis of the
constructed SAA problems, a particular numerical algorithm applied to solve these problems
is irrelevant. .

Let us also remark that values of the sample average function fy (x) can be computed
in two somewhat different ways. The generated sample £, ..., £V can be stored in the
computer memory and called every time a new value (at a different point x) of the sample
average function should be computed. Alternatively, the same sample can be generated by
using a common seed number in an employed pseudorandom numbers generator. (This is
why this approach is called the common random number generation method.)

The idea of common random number generation is well known in simulation. That is,
suppose that we want to compare values of the objective function at two points x1, x, € X.
In that case we are interested in the difference f(x;) — f(x») rather than in the individual
values f(x1) and f(xy). If we use sample average estimates fN (x1) and fN (x,) based on
independent samples, both of size N, then fN (x1) and fN (x,) are uncorrelated and

Var[ fy (x1) — fiv(x2)] = Var[ fiy (e0)] + Var[ f (x2)]. (5.83)

On the other hand, if we use the same sample for the estimators fy (x;) and fy (x,), then
Var[ fy(x1) — fiv(x2)] = Var[ fy ()] + Var[ fiy (x2)] — 2Cov (fy (x1), fiv(x2)). (5.84)
In both cases, fy(x1) — fy(x2) is an unbiased estimator of f(x;) — f(x2). However,

in the case of the same sample, the estimators fN (x1) and fN (x2) tend to be positively
correlated with each other, in which case the variance in (5.84) is smaller than the one in
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(5.83). The difference between the independent and the common random number generated
estimators of f(x;) — f(x;) can be especially dramatic when the points x; and x; are
close to each other and hence the common random number generated estimators are highly
positively correlated.

By the results of section 5.1.1 we have that under mild regularity conditions, the
optimal value and optimal solutions of the SAA problem (5.2) converge w.p. 1, as the
sample size increases, to their true counterparts. These results, however, do not give any
indication of quality of solutions for a given sample of size N. In the next section we
discuss exponential rates of convergence of optimal and nearly optimal solutions of the
SAA problem (5.2). This allows us to give an estimate of the sample size which is required
to solve the true problem with a given accuracy by solving the SAA problem. Although
such estimates of the sample size typically are too conservative for a practical use, they
give insight into the complexity of solving the true (expected value) problem.

Unless stated otherwise, we assume in this section that the random sample & o, gn
is iid, and make the following assumption:

(M1) The expectation function f(x) is well defined and finite valued for all x € X.

For ¢ > 0 we denote by
S={xeX:f(x)<9"+¢} and S5 = {xeX:fN(x)ff}N—l—s}

the sets of e-optimal solutions of the true and the SAA problems, respectively.

5.3.1 Exponential Rates of Convergence and Sample Size Estimates in
the Case of a Finite Feasible Set

In this section we assume that the feasible set X is finite, although its cardinality | X | can be
very large. Since X is finite, the sets S* and S‘f\, are nonempty and finite. For parameters
e > 0and é € [0, ], consider the event {3‘15\, C §?}. This event means that any é-optimal
solution of the SAA problem is an e-optimal solution of the true problem. We estimate now
the probability of that event.

We can write

[$est=U N{ivw = ivor+s), (5.85)
xeX\S¢ yeX
and hence
Pr($es)= Y Pl i@ =ivor+s}|. (5.86)
xeX\S§¢ yeX

Consider a mapping u : X \ §° — X. If the set X \ S° is empty, then any feasible
point x € X is an g-optimal solution of the true problem. Therefore we assume that this set
is nonempty. It follows from (5.86 ) that

Pr($ 2 57) = 32 Pl - oo s} (587)

xeX\S¢
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We assume that the mapping u(-) is chosen in such a way that
fux) < f(x)—¢&", VYxeX\S*, (5.88)

and for some ¢* > ¢. Note that such a mapping always exists. For example, if we use a
mapping u : X \ §° — S, then (5.88) holds with

e* = Xg}(i\nsg fx)—v* (5.89)

and that ¢* > ¢ since the set X is finite. Different choices of u(-) give a certain flexibility
to the following derivations.
Foreach x € X \ §¢, define

Y(x,6):=Fux),&) — F(x,§). (5.90)

Note that E[Y (x, £)] = f(u(x)) — f(x), and hence E[Y (x, )] < —¢&* forall x € X \ S°.
The corresponding sample average is

. 1 Y A . .
Iy = 3 Y0 ) = fuu@) = fu ).
j=1
By (5.87) we have
Pr (Sﬁv ¢ SS> <y Pr{?N(x) > —3]. (5.91)

xeX\S¢

Let I,(-) denote the (large deviations) rate function of the random variable Y (x, £). The
inequality (5.91) together with the LD upper bound (7.173) implies

1 —Pr (Si, c Sf) < 3 e N, (5.92)
xeX\S¢

Note that inequality (5.92) is valid for any random sample of size N. Let us make the
following assumption:

(M2) For every x € X \ §°, the moment-generating function E [e’ Y ("'5)] of the random
variable Y (x, &) = F(u(x), &) — F(x, &) is finite valued in a neighborhood of t = 0.

Assumption (M2) holds, for example, if the support E of & is a bounded subset of R?,
orif Y (x, -) grows at most linearly and £ has a distribution from an exponential family.

Theorem 5.16. Let ¢ and § be nonnegative numbers. Then
1 —Pr($5 C §°) < |X| e Nn0®), (5.93)

where
n(s, &) ;= min I,(-46). (5.94)
xeX\S¢

Moreover, if 5 < &* and assumption (M2) holds, then 11(§, €) > O.
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Proof. Inequality (5.93) is an immediate consequence of inequality (5.92). If § < &%,
then —§ > —e&* > E[Y (x, £)], and hence it follows by assumption (M2) that I, (—§) > 0
for every x € X \ S°. (See the discussion above equation (7.178).) This implies that
n,e)>0. 0O

The following asymptotic result is an immediate consequence of inequality (5.93):

fim sup — In [1 —Pr(8, SS)] < 5@, ¢). (5.95)
N—o00 N

It means that the probability of the event that any §-optimal solution of the SAA problem
provides an g-optimal solution of the true problem approaches one exponentially fast as
N — oo. Note that since it is possible to employ a mapping u : X \ ¢ — S with ¢* > ¢
(see (5.89)), this exponential rate of convergence holds even if § = &, and in particular if
6 = ¢ = 0. However, if § = ¢ and the difference ¢* — ¢ is small, then the constant (8, ¢)
could be close to zero. Indeed, for § close to —E[Y (x, £)], we can write by (7.178) that

(-8 -BY(.8))° _ (" =5

I.(=8) ~
=9 2072 - 20}

) (5.96)

where
af = Var[Y (x, é)] = Var[F (u(x), &) — F(x, &)]. (5.97)

Let us make now the following assumption:

(M3) There is a constant ¢ > 0 such that for any x € X \ $° the moment-generating
function M, (¢) of the random variable Y (x, &§) — E[Y (x, £)] satisfies

M.(t) <exp(c’t?/2), ViteR. (5.98)
It follows from assumption (M3) that
InE [ 9] —E[Y (x, £)] = In M, () < 0%t*/2, (5.99)

and hence the rate function I,.(+), of Y (x, &), satisfies

— E[Y (x,
I(z) = sup {I(Z —E[Y(x, &) — 02t2/2} — (Z [Y(x E)])

2
o . VzeR. (5.100)
teR

In particular, it follows that

(-8 —EY(. ) _ (=8 (8—5)2‘

2

I,(=$8) > 5.101
(=9 = 202 202 T 202 ( )
Consequently the constant 7(8, ¢) satisfies
— 8?2
0.0 = S, (5.102)
202

and hence the bound (5.93) of Theorem 5.16 takes the form

1—Pr(8% C §°) < |X|e Ned/@), (5.103)
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This leads to the following result giving an estimate of the sample size which guarantees
that any §-optimal solution of the SAA problem is an e-optimal solution of the true problem
with probability at least 1 — «.

Theorem 5.17. Suppose that assumptions (M1) and (M3) hold. Then fore > 0,0 <§ < ¢,
and a € (0, 1), and for the sample size N satisfying

202 IX|
(e — §)? o
it follows that
Pr($3 c §) > 1 —a. (5.105)

Proof. By setting the right-hand side of the estimate (5.103) to < « and solving the obtained
inequality, we obtain (5.104). [

Remark 10. Akey characteristic of the estimate (5.104) is that the required sample size N de-
pends logarithmically both on the size (cardinality) of the feasible set X and on the tolerance
probability (significance level) «. The constant o, postulated in assumption (M3), measures,
in a sense, variability of a considered problem. If, for some x € X, the random variable
Y (x, &) has a normal distribution with mean 1, and variance axz, then its moment-generating
function is equal to exp (,uxt +0o2t?/ 2), and hence the moment-generating function M, (¢),
specified in assumption (M3), is equal to exp (O‘X2l2 / 2). In that case, 02 := max,ex\s: 02
gives the smallest possible value for the corresponding constant in assumption (M3). If

Y (x, &) is bounded w.p. 1, i.e., there is constant b > 0 such that
|Y(x,&) —E[Y(x,8)]| <b, VxeXandae.&€E,

then by Hoeffding inequality (see Proposition 7.63 and estimate (7.186)) we have that
M, (t) < exp (b2t2/2). In that case we can take o2 := b>.

In any case for small ¢ > 0 we have by (5.96) that I,,(—§) can be approximated from
below by (¢ — 8)2/(202).

Remark 11. For, say, § := ¢/2, the right-hand side of the estimate (5.104) is proportional
to (o/¢)%. For Monte Carlo sampling based methods, such dependence on o and & seems to
be unavoidable. In order to see that, consider a simple case when the feasible set X consists
of just two elements, i.e., X = {x, xp} with f(x;) — f(x;) > ¢ > 0. By solving the
corresponding SAA problem we make the (correct) decision that x; is the e-optimal solution
if fN (x0)— fN (x1) > 0. Iftherandom variable F (x;, £) — F'(x1, &) has anormal distribution
with mean & = f(x2) — f(x;) and variance o2, then fy(x2) — fy(x1) ~ N (i, 02/N)
and the probability of the event { fN (xp) — fN (x1) > 0} (i.e., of the correct decision) is
@ (/N /o), where ®(z) is the cumulative distribution function of N (0, 1). We have that
®(ev/N/o) < ®(uv/N /o), and in order to make the probability of the incorrect decision
less than o we have to take the sample size N > 1202/82, where z, :== ®~!(1 — ). Even
if F(xp,&) — F(x1, &) is not normally distributed, the sample size of order o? / &2 could
be justified asymptotically, say, by applying the CLT. It also could be mentioned that if
F(xp,&) — F(x1, &) has a normal distribution (with known variance), then the uniformly
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most powerful test for testing Hy : u < 0 versus H, : n > 0 is of the form “reject Hy
if fN (x) — fN (x1) is bigger than a specified critical value” (this is a consequence of the
Neyman—Pearson lemma). In other words, in such situations, if we only have access to a
random sample, then solving the corresponding SAA problem is in a sense a best way to
proceed.

Remark 12. Condition (5.98) of assumption (M3) can be replaced by a more general
condition,
M. (1) =exp (¥ (1)), VieR, (5.106)

where /() is a convex even function with ¢ (0) = 0. Then, similar to (5.100), we have

I(z) = sup tz-EY, &) -yO)=y*(z - EYx,§]1), VzeR, (5107)

where ¥* is the conjugate of function yr. Consequently, the estimate (5.93) takes the form
1—Pr(8% c 8% < |X|e NV, (5.108)

and hence the estimate (5.104) takes the form

1 | X|

For example, instead of assuming that condition (5.98) of assumption (M3) holds for all
t € R, we may assume that this holds for all 7 in a finite interval [—a, a], where a > 0
is a given constant. That is, we can take ¥ (t) := o%t?/2 if |t| < a and ¥ (¢) := +o0
otherwise. In that case ¥*(z) = z%/(20?) for |z| < ao? and ¥*(z) = alz| — a’o? for
|z| > ac?. Consequently, the estimate (5.104) of Theorem 5.17 still holds provided that
0<e—38<ac?

5.3.2 Sample Size Estimates in the General Case

Suppose now that X is a bounded, not necessarily finite, subset of R”, and that f(x) is finite
valued for all x € X. Then we can proceed in a way similar to the derivations of section
7.2.9. Let us make the following assumptions:

(M4) For any x’, x € X there exists constant o,/ , > 0 such that the moment-generating
function M, .(t) = E[e'"+] of random variable Y, , := [F(x, &) — f(x)] —
[F(x,&) — f(x)] satisfies

My (t) <exp (o) 17/2), VteR. (5.110)

(MS5) There exists a (measurable) function ¥ : E — R, such that its moment-generating
function M, (¢) is finite valued for all 7 in a neighborhood of zero and

|F(x", &) — F(x, &) <k (®)llx" — x|l (5.111)

fora.e. £ € Eandall X', x € X.
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Of course, it follows from (5.110) that
My (t) <exp(o®t?/2), Vx',x e X, VteR, (5.112)

where
2

0% 1= sup, cx 0% - (5.113)
Assumption (M4) is slightly stronger than assumption (M3), i.e., assumption (M3) follows
from (M4) by taking x’ = u(x). Note that E[Y, x] = 0 and recall that if Y, , has a normal
distribution, then equality in (5.110) holds with a = Var[Y, ,].
The assumption (M5) implies that the expectanon E[k (£)] is finite and the function
f (x) is Lipschitz continuous on X with Lipschitz constant L = E[«(£)]. It follows that the
optimal value 9* of the true problem is finite, provided the set X is bounded. (Recall that
it was assumed that X is nonempty and closed.) Moreover, by Cramér’s large deviation
theorem we have that for any L’ > E[« (§)] there exists a positive constant 8 = B(L’) such
that
Pr (/QN > L’) < exp(—Np), (5.114)

where Ry 1= N~! Zj.vzl « (7). Note that it follows from (5.111) that w.p. 1
| fnG) = fv@)| < kwlly’ — x|l Va',x € X, (5.115)

ie., fN(-) is Lipschitz continuous on X with Lipschitz constant k.

By D := sup, ,/cx [IX' — x| we denote the diameter of the set X. Of course, the set X
is bounded iff its diameter is finite. We also use notation a Vv b := max{a, b} for numbers
a, b eR.

Theorem 5.18. Suppose that assumptions (M1) and (M4)—(M5) hold, with the correspond-
ing constant o* defined in (5.113) being finite, the set X has a finite diameter D, and let
e>08€[0,8),aae(0,1), L > L :=E[k(&)] and B = B(L') be the corresponding
constants and o > 0 be a constant specified below in (5.118). Then for the sample size N
satisfying

802 8oL'D 2 4 2
vz () Q) V e @) e

it follows that

Pr($3 c $°) > 1 —a. (5.117)

Proof. Letussetv := (¢ —8)/(4L"), &' := e — L'v,and §' := § + L'v. Note that v > 0,
&' =3¢/44+8/4 > 0,8 =¢/4+35/4 > 0ande' -8 = (6—8)/2 > 0. Letxy, ..., iy € X

be such that for every x € X there exists x;, i € {1,..., M}, such that ||[x — X;|| < v, i.e.,
the set X’ := {xy, ..., X3/} forms a v-net in X. We can choose this net in such a way that
M < (oD/v)" (5.118)

for a constant o > 0. If the X'\ S is empty, then any point of X' is an &’-optimal solution
of the true problem. Otherwise, choose a mapping u : X" \ §¢ — S and consider the sets
S := Uyex{u(x)} and X := X' U S. Note that X C X and |X| < (2oD/v)". Now let
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us replace the set X by its subset X. We refer to the obtained true and SAA problems as
respective reduced problems. We have that Scs, any point of the set S is an optimal
solutions of the true reduced problem and the optimal value of the true reduced problem is
equal to the optimal value of the true (unreduced) problem. By Theorem 5.17 we have that
with probability at least 1 — /2 any §’-optimal solution of the reduced SAA problem is an
&’-optimal solutions of the reduced (and hence unreduced) true problem provided that

2 /
> (8855)2 |:n In (Sff (SD) +1n (5)] . (5.119)

(Note that the right-hand side of (5.119) is greater than or equal to the estimate

202 2|X|
In
(g — 82 o

required by Theorem 5.17.) We also have by (5.114) that for

N> pB"'In (%) , (5.120)

the Lipschitz constant ky of the function fN (x) is less than or equal to L’ with probability
at least 1 — /2.

Now let X be a §-optimal solution of the (unreduced) SAA problem. Then there is
a point x’ € X such that ||£ — x'|| < v, and hence fN(x’) < fN()?) + L'v, provided that
Ky < L’. We also have that the optimal value of the (unreduced) SAA problem is smaller
than or equal to the optimal value of the reduced SAA problem. It follows that x’ is a
§’-optimal solution of the reduced SAA problem, provided that Ky < L’. Consequently,
we have that x’ is an ¢’-optimal solution of the true problem with probability at least 1 — o
provided that N satisfies both inequalities (5.119) and (5.120). It follows that

fFAO<fEN+Lv<fEX)+Lv <"+ +Lv=0"+e.

We obtain that if N satisfies both inequalities (5.119) and (5.120), then with probability at
least 1 — «, any §-optimal solution of the SAA problem is an g-optimal solution of the true
problem. The required estimate (5.116) follows. [

It is also possible to derive sample size estimates of the form (5.116) directly from
the uniform exponential bounds derived in section 7.2.9; see Theorem 7.67 in particular.

Remark 13. If instead of assuming that condition (5.110) of assumption (M4) holds for all
t € R, we assume that it holds for all t € [—a, a], where a > 0 is a given constant, then
the estimate (5.116) of the above theorem still holds provided that 0 < ¢ — § < ac?. (See
Remark 12 on page 185.)

In a sense, the above estimate (5.116) of the sample size gives an estimate of complex-
ity of solving the corresponding true problem by the SAA method. Suppose, for instance,
that the true problem represents the first stage of a two-stage stochastic programming prob-
lem. For decomposition-type algorithms, the total number of iterations required to solve the
SAA problem typically is independent of the sample size N (this is an empirical observation)
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and the computational effort at every iteration is proportional to N. Anyway, size of the
SAA problem grows linearly with increase of N. For § € [0, /2], say, the right-hand side
of (5.116) is proportional to o' /&2, which suggests complexity of order o /&? with respect
to the desirable accuracy. This is in a sharp contrast to deterministic (convex) optimization,
where complexity usually is bounded in terms of In(e~!). It seems that such dependence
on o and ¢ is unavoidable for Monte Carlo sampling based methods. On the other hand,
the estimate (5.116) is linear in the dimension n of the first-stage problem. It also depends
linearly on In(a~'). This means that by increasing confidence, say, from 99% to 99.99%,
we need to increase the sample size by the factor of In 100 & 4.6 at most. Assumption (M4)
requires the probability distribution of the random variable F (x, &) — F(x', &) to have suffi-
ciently light tails. In a sense, the constant o can be viewed as a bound reflecting variability
of the random variables F'(x, &) — F(x', &) for x, x’ € X. Naturally, larger variability of the
data should result in more difficulty in solving the problem. (See Remark 11 on page 184.)

This suggests that by using Monte Carlo sampling techniques one can solve two-stage
stochastic programs with a reasonable accuracy, say, with relative accuracy of 1% or 2%,
in a reasonable time, provided that: (a) its variability is not too large, (b) it has relatively
complete recourse, and (c) the corresponding SAA problem can be solved efficiently. Indeed,
this was verified in numerical experiments with two-stage problems having a linear second-
stage recourse. Of course, the estimate (5.116) of the sample size is far too conservative
for actual calculations. For practical applications there are techniques which allow us to
estimate (statistically) the error of a considered feasible solution x for a chosen sample
size N; we will discuss this in section 5.6.

Next we discuss some modifications of the sample size estimate. It will be convenient
in the following estimates to use notation O (1) for a generic constant independent of the
data. In that way we avoid denoting many different constants throughout the derivations.

(M6) There exists constant A > 0 such that for any x’, x € X the moment-generating
function M,/ (¢) of random variable Y, , := [F(x", &) — f(x)] = [F(x, &) — f(x)]
satisfies

My (1) <exp (A|lx" —x|**/2), VteR. (5.121)

The above assumption (M6) is a particular case of assumption (M4) with
o7, =2 = x|,

x'x T

and we can set the corresponding constant 0> = A2D?. The following corollary follows
from Theorem 5.18.

Corollary 5.19. Suppose that assumptions (M1) and (M5)—(M6) hold, the set X has a finite

diameter D, and lete > 0, 6 € [0, ¢), o € (0, 1), and L = E[«k(§)] be the corresponding
constants. Then for the sample size N satisfying

0(1)A2D? O(HLD 1

Pr($3 c §) > 1 —a. (5.123)

it follows that
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For example, suppose that the Lipschitz constant « (§) in assumption (M5) can be
taken independent of £. That is, there exists a constant L > 0 such that

|[F(x',§) — F(x, &) < L|lx" — x| (5.124)

for a.e. £ € E and all x’,x € X. It follows that the expectation function f(x) is also
Lipschitz continuous on X with Lipschitz constant L, and hence the random variable Y, .
of assumption (M6) can be bounded as |V, x| < 2L|lx" — x| w.p. 1. Moreover, we have that
E[Y, ] = 0, and hence it follows by Hoeffding’s inequality (see the estimate (7.186)) that

My (1) <exp (2L%|x —x|*t?), VteR. (5.125)

Consequently, we can take A = 2L in (5.121) and the estimate (5.122) takes the form

2
N> (M) [ In (M) +ln (lﬂ . (5.126)
e—34 e—94 o
Remark 14. It was assumed in Theorem 5.18 that the set X has a finite diameter, i.e., that X
is bounded. For convex problems, this assumption can be relaxed. Assume that the problem
is convex, the optimal value ©* of the true problem is finite, and for some a > ¢ the set S¢
has a finite diameter D}. (Recall that §¢ := {x € X : f(x) < ¥* 4+ a}.) We refer here to
the respective true and SAA problems, obtained by replacing the feasible set X by its subset
S¢, as reduced problems. Note that the set S°, of ¢-optimal solutions, of the reduced and
original true problems are the same. Let N* be an integer satisfying the inequality (5.116)
with D replaced by D. Then, under the assumptions of Theorem 5.18, we have that with
probability at least 1 — « all §-optimal solutions of the reduced SAA problem are e-optimal
solutions of the true problem. Let us observe now that in this case the set of §-optimal
solutions of the reduced SAA problem coincides with the set of §-optimal solutions of the
original SAA problem. Indeed, suppose that the original SAA problem has a §-optimal
solution x* € X \ §% Let x € argmin,cge fN (x), such a minimizer does exist since
$¢ is compact and fN (x) is real valued convex and hence continuous. Then x € S§¢ and
fv(x*) < fn(X)+8. By convexity of fy(x)itfollows that fy(x) < max | fiy(X), fiy(x*)}
for all x on the segment joining x and x*. This segment has a common point ¥ with the set
S¢\ S°. We obtain that ¥ € S \ S is a §-optimal solutions of the reduced SAA problem,
a contradiction.
That is, with such sample size N* we are guaranteed with probability at least 1 — «
that any §-optimal solution of the SAA problem is an e-optimal solution of the true problem.
Also, assumptions (M4) and (M5) should be verified for x, x" in the set S¢ only.

Remark 15. Suppose that the set S of optimal solutions of the true problem is nonempty.
Then it follows from the proof of Theorem 5.18 that it suffices in assumption (M4) to verify
condition (5.110) only for every x € X \ S¢ and x’ := u(x), where u : X \ §° — §
and &' := 3/4e + §/4. If the set S is closed, we can use, for instance, a mapping u(x)
assigning to each x € X \ $¢ a point of S closest to x. If, moreover, the set S is convex
and the employed norm is strictly convex (e.g., the Euclidean norm), then such mapping
(called metric prOJectlon onto S) i 1s defined uniquely. If, moreover, assumption (M6) holds,
then for such x and x’ we have 62 = < A2D?, where D := = SUp,cx\ g~ dist(x, S). Suppose,
further, that the problem is convex Then (see Remark 14) for any a > ¢, we can use S¢
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instead of X. Therefore, if the problem is convex and the assumption (M6) holds, we can
write the following estimate of the required sample size:

212 *
N o OWRDL, [n " (0(1)LDQ) i (l)} (5.127)

) ) o
where D} is the diameter of S¢ and D, . := sup,. sa s dist(x, S).

Corollary 5.20. Suppose that assumptions (M1) and (M5)-(M6) hold, the problem is
convex, the “true” optimal set S is nonempty, and for some y > 1, ¢ > 0, and r > 0, the
following growth condition holds:

f(x) = 0* +c[dist(x, S)]Y, VxeS. (5.128)

Leta € (0,1), e € (0,r), and § € [0, /2] and suppose, further, that for a := min{2¢, r}
the diameter D} of S¢ is finite.
Then for the sample size N satisfying

O(1)A? O(1)LD? 1
= 22—y [” In <T> +1In <;)] ; (5.129)

it follows that
Pr(8% c §°) > 1—a. (5.130)

Proof. 1t follows from (5.128) that for any ¢ < r and x € $¢, the inequality dist(x, §) <
(a/c)'"” holds. Consequently, forany ¢ € (0, r), by takinga := min{2e, r}and§ € [0, /2]
we obtain from (5.127) the required sample size estimate (5.129). [

Note that since @ = min{2¢e,r} < r, we have that S C §", and if § = {x*}is a
singleton, then it follows from (5.128) that D} < 2(a /c)V/7 . In particular, if y = 1 and
S = {x*} is a singleton (in that case it is said that the optimal solution x* is sharp), then D}
can be bounded by 4¢~'¢ and hence we obtain the following estimate:

N >0 [nln (0D 'L) +In(a7")], (5.131)

which does not depend on €. For y = 2, condition (5.128) is called the second order or
quadratic growth condition. Under the quadratic growth condition, the first term in the
right-hand side of (5.129) becomes of order ¢~ 'e~'A%.

The following example shows that the estimate (5.116) of the sample size cannot be
significantly improved for the class of convex stochastic programs.

Example 5.21. Consider the true problem with F(x, £) := ||x||*" — 2m £"x, where m is
a positive constant, || - || is the Euclidean norm, and X := {x € R" : ||x|| < 1}. Suppose,
further, that random vector & has normal distribution N (0, 021,), where 62 is a positive
constant and I, is the n x n identity matrix, i.e., components &; of & are independent and
£ ~ N(0,0%),i=1,...,n. Itfollows that f(x) = |x|*", and hence for ¢ € [0, 1] the set
of e-optimal solutions of the true problem is given by {x : ||x||*" < e}. Nowlet&!, ... &V
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be an iid random sample of & and &y = (§! + --- + £V)/N. The corresponding sample
average function is

Sy = Ilx|™" —2m &y, (5.132)
and the optimal solution £y of the SAA problem is £y = ||&y || £y, where

b_:{ o if el <1,
it &yl > 1.

It follows that for ¢ € (0, 1), the optimal solution of the corresponding SAA problem is
an g-optimal solution of the true problem iff ||Ex |V < ¢, where v := % We have that

Ev ~ N(0,02N~'1,), and hence N ||Ey||?/o? has a chi-square distribution with n degrees
of freedom. Consequently, the probability that ||Ey||' > & is equal to the probability
Pr(x2 > Ne*”/o?). Moreover, E[x2] = n and the probability Pr(x > n) increases and
tends to 1/2 as n increases. Consequently, for « € (0, 0.3) and ¢ € (0, 1), for example, the
sample size N should satisfy

no?

g2/v

N > (5.133)
in order to have the property, “with probability 1 —« an (exact) optimal solution of the SAA
problem is an e-optimal solution of the true problem.” Compared with (5.116), the lower
bound (5.133) also grows linearly in n and is proportional to o2/¢?/V. It remains to note
that the constant v decreases to 1 as m increases.

Note that in this example the growth condition (5.128) holds with y = 2m and that
the power constant of ¢ in the estimate (5.133) is in accordance with the estimate (5.129).
Note also that here

[F',§) = FON = [F(x, §) = f)] =2mE" (x —x')

has normal distribution with zero mean and variance 4m?c2||x’ — x|>. Consequently,
assumption (M6) holds with A2 = 4m302.

Of course, in this example the “true” optimal solution is X = 0, and one does not
need sampling in order to solve this problem. Note, however, that the sample average
function fN (x) here depends on the random sample only through the data average vector
£x. Therefore, any numerical procedure based on averaging will need a sample of size N
satisfying the estimate (5.133) in order to produce an g-optimal solution.  H

5.3.3 Finite Exponential Convergence

We assume in this section that the problem is convex and the expectation function f (x) is
finite valued.

Definition 5.22. It is said that x* € X is a sharp (optimal) solution of the true problem
(5.1) if there exists constant ¢ > 0 such that

fx) > f&x") +cllx —x*||, VxeX. (5.134)
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Condition (5.134) corresponds to growth condition (5.128) with the power constant
y = land § = {x*}. Since f(-) is convex finite valued, we have that the directional
derivatives f'(x*, h) exist for all h € R", f/(x*, -) is (locally Lipschitz) continuous, and
formula (7.17) holds. Also, by convexity of the set X we have that the tangent cone Ty (x*),
to X at x*, is given by the topological closure of the corresponding radial cone. By using
these facts, it is not difficult to show that condition (5.134) is equivalent to

f'&* h) = cllhll,  Yh € Tx(x™). (5.135)

Since condition (5.135) is local, we have that it actually suffices to verify (5.134) for all
x € X in a neighborhood of x*.

Theorem 5.23. Suppose that the problem is convex and assumption (M1) holds, and let
x* € X be a sharp optimal solution of the true problem. Then Sy = {x*}w.p. 1 for N large
enough. Suppose, further, that assumption (M4) holds. Then there exist constants C > 0
and B > 0 such that

1—Pr(Sy = {(x*}) < Ce ™, (5.136)

i.e., the probability of the event that “x* is the unique optimal solution of the SAA problem”
converges to 1 exponentially fast with the increase of the sample size N.

Proof. By convexity of F(-, &) we have that f,(, (x*, ) converges to f’'(x*, ) w.p. 1 uni-
formly on the unit sphere (see the proof of Theorem 7.54). It follows w.p. 1 for N large
enough that

G ) = (/DR Yh € Tx(x"), (5.137)

which implies that x* is the sharp optimal solution of the corresponding SAA problem.
Now, under the assumptions of convexity and (M1) and (M4), we have that f (CaND

converges to f’(x*, -) exponentially fast on the unit sphere. (See inequality (7.219) of

Theorem 7.69.) By taking ¢ := ¢/2 in (7.219), we can conclude that (5.136) follows. [

It is also possible to consider the growth condition (5.128) with y = 1 and the set S
not necessarily being a singleton. That is, it is said that the set S of optimal solutions of the
true problem is sharp if for some ¢ > 0 the following condition holds:

f(x) > 9* +cldist(x, S)], Vx € X. (5.138)

Of course, if S = {x*} is a singleton, then conditions (5.134) and (5.138) do coincide. The
set of optimal solutions of the true problem is always nonempty and sharp if its optimal
value is finite and the problem is piecewise linear in the sense that the following conditions
hold:

(P1) The set X is a convex closed polyhedron.
(P2) The support set E = {£, ..., £k} is finite.
(P3) For every & € & the function F (-, &) is polyhedral.

Conditions (P1)—(P3) hold in the case of two-stage linear stochastic programming problems
with a finite number of scenarios.
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Under conditions (P1)—(P3) the true and SAA problems are polyhedral, and hence
their sets of optimal solutions are polyhedral. By using polyhedral structure and finiteness
of the set &, it is possible to show the following result (cf. [208]).

Theorem 5.24. Suppose that conditions (P1)—(P3) hold and the set S is nonempty and
bounded. Then S is polyhedral and there exist constants C > 0 and B > 0 such that

1-— Pr(S’N # @ and S’N is a face ofS) < Ce NP, (5.139)

i.e., the probability of the event that “Sy is nonempty and forms aface of the set S converges
to 1 exponentially fast with the increase of the sample size N.

5.4 Quasi-Monte Carlo Methods

In the previous section we discussed an approach to evaluating (approximating) expecta-
tions by employing random samples generated by Monte Carlo techniques. It should be
understood, however, that when dimension d (of the random data vector &) is small, the
Monte Carlo approach may not be a best way to proceed. In this section we give a brief
discussion of the so-called quasi-Monte Carlo methods. It is beyond the scope of this book
to give a detailed discussion of that subject. This section is based on Niederreiter [138], to
which the interested reader is referred for a further reading on that topic. Let us start our
discussion by considering a one-dimensional case (of d = 1).

Let £ be a real valued random variable having cdf H(z) = Pr(§ < z). Suppose that
we want to evaluate the expectation

+00

E[F(€)] = / F)dHQ), (5.140)

—0Q

where F : R — R is a measurable function. Let U ~ U][O0, 1], i.e., U is a random variable
uniformly distributed on [0, 1]. Then random variable?> H~!(U) has cdf H (-). Therefore,
by making a change of variables we can write the expectation (5.140) as

1
Efy(U)] =/ v (u)du, (5.141)
0

where ¥ (1) := F(H ™ '(u)).

Evaluation of the above expectation by the Monte Carlo method is based on generating
aniid sample U, ..., UM of N replications of U ~ U[0, 1] and consequently approximat-
ing E[ (U)] by the average ¥y := N~! Z;V:l ¥ (U/). Alternatively, one can employ the
Riemann sum approximation

1 1 N
/(; Y (u)du ~ N JXZ; Y(u;) (5.142)

by using some points u; € [(j — 1)/N, j/N], j = 1,..., N, e.g., taking midpoints
uj = (2j—1)/(2N) of equally spaced partition intervals [(j —1)/N, j/N],j =1,..., N.

2Recall that H~'(u) := inf{z : H(z) > u}.
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If the function ¥ (u) is Lipschitz continuous on [0,1], then the error of the Riemann sum
approximation®® is of order O(N~"), while the Monte Carlo sample average error is of
(stochastic) order O,(N ~1/2). An explanation of this phenomenon is rather clear, an iid
sample U 1 ..., U"N will tend to cluster in some areas while leaving other areas of the
interval [0,1] uncovered.

One can argue that the Monte Carlo sampling approach has an advantage in the
possibility of estimating the approximation error by calculating the sample variance,

N
2= (N =D [w @) -]
j=1

and consequently constructing a corresponding confidence interval. It is possible, however,

to employ a similar procedure for the Riemann sums by making them random. That is, each

point u; in the right-hand side of (5.142) is generated randomly, say, uniformly distributed,

on the corresponding interval [(j — 1)/N, j/N], independently of other points uy, k # j.

This will make the right-hand side of (5.142) arandom variable. Its variance can be estimated

by using several independently generated batches of such approximations.

It does not make sense to use Monte Carlo sampling methods in case of one-dimensional
random data. The situation starts to change quickly with an increase of the dimension d.
By making an appropriate transformation we may assume that the random data vector is
distributed uniformly on the d-dimensional cube [ 4 =0,1]. Ford > 1 we denote by
(bold-faced) U a random vector uniformly distributed on 7¢. Suppose that we want to eval-
uate the expectation E[¢ (U)] = f 0 Y (@)du, where ¢ 2 [ 4 _ R is a measurable function.
We can partition each coordinate of 1¢ into M equally spaced intervals, and hence partition
14 into the corresponding N = M subintervals’®* and use a corresponding Riemann sum
approximation N ! Z?’:l ¥ (u ;). The resulting error is of order O (M "), provided that the
function y (u) is Lipschitz continuous. In terms of the total number N of function evalua-
tions, this error is of order O (N~'/4). For d = 2 it s still compatible with the Monte Carlo
sample average approximation approach. However, for larger values of d the Riemann sums
approach quickly becomes unacceptable. On the other hand, the rate of convergence (error
bounds) of the Monte Carlo sample average approximation of E[v(U)] does not depend
directly on dimensionality d but only on the corresponding variance Var[y(U)]. Yet the
problem of uneven covering of 1 d by an iid sample U I j =1,..., N, remains persistent.

Quasi—-Monte Carlo methods employ the approximation

| N
E[y(U)] = I Z v (uj) (5.143)
j=1

for a carefully chosen (deterministic) sequence of points uy,...,uy € [ 4 From the
numerical point of view, it is important to be able to generate such a sequence iteratively
as an infinite sequence of points u;, j = 1,...,in [/ 4 In that way, one does not need
to recalculate already calculated function values v (u;) with the increase of N. A basic
requirement for this sequence is that the right-hand side of (5.143) converges to E[y/(U)]

BIf 4 (u) is continuously differentiable, then, e.g., the trapezoidal rule gives even a slightly better approx-
imation error of order O (N ~2). Also, one should be careful in making the assumption of Lipschitz continuity
of ¥ (u). If the distribution of £ is supported on the whole real line, e.g., is normal, then H~! () tends to co
as u tends to O or 1. In that case, ¥ (u) typically will be discontinuous at # = 0 and u = 1.

2A set A C R? is said to be a (d-dimensional) interval if A = [a;, b1] X - - - X [ag, ba].
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as N — oo. It is not difficult to show that this holds (for any Riemann-integrable function
¥ (w)) if
1

N
Jim 2 14(u;) = Va(A) (5.144)
j:

foranyinterval A C [ 4 Here V,;(A) denotes the d-dimensional Lebesgue measure (volume)
of set A C RY.

Definition 5.25. The star discrepancy of a point set {uy, ..., uy} C 1 is defined by

N

: — sup| L N

D*(uy, ..., uy) :=sup ZIA(”J) Vi(A)|, (5.145)
Aed N j=1

where 4. is the family of all subintervals of 1¢ of the form ]_[?:1 [0, b;).

It is possible to show that for a sequence u; € 1 d j =1,..., condition (5.144) holds
iff limy_ 0o D*(uy, ..., uy) = 0. A more important property of the star discrepancy is
that it is possible to give error bounds in terms of D*(uy, ..., uy) for quasi-Monte Carlo

approximations. Let us start with the one-dimensional case. Recall that variation of a
function v : [0, 1] — R is the sup Z;"Zl [ (t;) — ¥ (t;—1)|, where the supremum is taken
over all partitions 0 = #p < t; < --- < t,, = 1 of the interval [0,1]. It is said that y has
bounded variation if its variation is finite.

Theorem 5.26 (Koksma). [ : [0, 1] — R has bounded variation V (), then for any
ui,...,uy € [0, 1] we have

N 1
1
¥ v [ wwdn| = VD ..y (5.146)
j=1 0
Proof. We can assume that the sequence u1, . .., uy is arranged in increasing order, and we

setug =0and uyy; = 1. Thatis, 0 = ug < u; <--- <upy4; = 1. Using integration by
parts we have

1 1 1
/vaw)du:uw(u)!;—fo udwu):w(l)—/o udyr(w),

and using summation by parts we have

1 N N .
& D)) = e = 3 ) = vk

j=1 j=0
we can write

¥ V) = fy yedu = =0 ST ) = Y]+ fy udy ()
= T (u &) avw.



196 Chapter 5. Statistical Inference

Alsoforany u € [uj,uji(], j=0,..., N, we have

=< ‘1)*(”17 '~-9MN)'

J
u _— —

N
It follows that

¥ Z;V=1 Yu;) — fol W (u)du

IA

Z?/:O fuu,-Hl u-— ﬁ) dl/f(u)
D*(ur, . ouy) Y0 o | W) — ¥ (uj)
and, of course, Z?’:O |1p(uj+1) — 1//(uj)’ < V(¥). This completes the proof. [

IA

)

This can be extended to a multidimensional setting as follows. Consider a function
{1/ [? — R. The variation of Y, in the sense of Vitali, is defined as

V@) = sup Y Ay (A), (5.147)
Peq pep

where ¢ denotes the family of all partitions P of I¢ into subintervals, and for A € P the
notation Ay (A) stands for an alternating sum of the values of ¢ at the vertices of A (i.e.,
function values at adjacent vertices have opposite signs). The variation of v, in the sense
of Hardy and Krause, is defined as

d
V) = Z Z VOO, i, (5.148)
k=1 1<iy<ip<--ix<d

where V“‘)(w; i1, ..., 1) is the variation in the sense of Vitali of restriction of i to the
k-dimensional face of I? defined byu; =1forj & {i1,..., i}

Theorem 5.27 (Hlawka). Ify : I? — R has bounded variation V (W) on I¢ in the sense

of Hardy and Krause, then for any u,, ..., uy € I we have
1 X
5 2 V@) —fldwm)du < VD (ui. ... uy). (5.149)
j=1

In order to see how good the above error estimates could be, let us consider the one-
dimensional case with u; := (2j — 1)/2N), j = 1,..., N. Then D*(uy,...,uy) =
1/(2N), and hence the estimate (5.146) leads to the error bound V (¢)/(2N). This error
bound gives the correct order O (N ~1) for the error estimates (provided that v has bounded
variation), but the involved constant V (1) /2 typically is far too large for practical calcula-
tions. Even worse, the inverse function H ! (1) is monotonically nondecreasing, and hence
its variation is given by the difference of the limits lim,,_, ; oo H~!() and lim,_, _o, H ' (u).
Therefore, if one of these limits is infinite, i.e., the support of the corresponding random
variable is unbounded, then the associated variation is infinite. Typically, this variation
unboundedness will carry over to the function ¥ (v) = F(H ~I(u)). For example, if the
function F(-) is monotonically nondecreasing, then

V) = F( lim H‘<u)) - F( lim Hl(u)).
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This overestimation of the corresponding constant becomes even worse with an increase in
the dimension d.

A sequence {u;}jen C 1% is called a low-discrepancy sequence if D*(uy, ..., uy)
is “small” for all N > 1. We proceed now to a description of classical constructions of
low-discrepancy sequences. Let us start with the one-dimensional case. It is not difficult to
show that D*(uy, ..., uy) always greater than or equal to 1/(2N) and this lower bound is
attained foru; := (2j —1)/2N, j = 1,..., N. While the lower bound of order O (N~ ) is
attained for some N-element point sets from [0,1], there does not exist a sequence u, ..., in
[0,1] such that D*(u1, ..., uy) < c/N forsomec > Oandall N € N. Itis possible to show
that a best possible for .D*(ul, ..., up), for a sequence of points u; € [0,1], j =1,...,
is of order O (N 'InN ) We are now going to construct a sequence for which this rate is
attained.

For any integer n > 0 there is a unique digit expansion

n= Za,- n)b' (5.150)

i>0

in integer base b > 2, wherea;(n) € {0, 1,...,b—1},i =0,1,...,and ag;(n) = Oforall i
large enough, i.e., the sum (5.150) is finite. The associated radical-inverse function ¢, (n),
in base b, is defined by

$p(n) =y _a;(mb™"". (5.151)

i>0

Note that -
¢ < (b—1Y b =1

and hence ¢,(n) € [0, 1] for any integer n > 0.

Definition 5.28. Foraninteger b > 2, the van der Corput sequence in base b is the sequence
uj=¢p(j), j=0,1,....

It is possible to show that to every van der Corput sequence uy, ..., in base b, corre-
sponds constant Cp, such that

D*(uy,...,uy)) <C,N"'InN VN eN.

A classical extension of van der Corput sequences to multidimensional settings is the
following. Let p; = 2, p, = 3, ..., py be the first d prime numbers. Then the Halton

sequence, in the bases py, ..., py, is defined as
uj:= (b, (j) ..., 0p,(j)) € 4, j=0,1,.... (5.152)
It is possible to show that for that sequence,
D*(uy,...,uy) < AyN'(In N + O(N"'InN)*!) YN > 2, (5.153)
where A; = 1—[;1 | Zlnp By bound (5.149) of Theorem 5.27, this implies that the error of

the corresponding quasi—-Monte Carlo approximation is of order O ( “(InN )d), provided
that variation V () is finite. This compares favorably with the bound O,(N~!/?) of the
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Monte Carlo sampling. Note, however, that by the prime number theorem we have that
In A;’l tends to 1 as d — oo. That is, the coefficient A, of the leading term in the right-hand
side of (5.153), grows superexponentially with increase of the dimension d. This makes the
corresponding error bounds useless for larger values of d. It should be noticed that the above
are upper bounds for the rates of convergence and in practice convergence rates could be
much better. It seems that for low dimensional problems, say, d < 20, quasi—-Monte Carlo
methods are advantageous over Monte Carlo methods. With increase of the dimension d
this advantage becomes less apparent. Of course, all this depends on a particular class of
problems and applied quasi-Monte Carlo method. This issue requires a further investigation.

A drawback of (deterministic) quasi-Monte Carlo sequences {u;} ey is that there is

no easy way to estimate the error of the corresponding approximations N ! Zjv: L W(uj). In
that respect, bounds like (5.149) typically are too loose and impossible to calculate anyway.
A way of dealing with this problem is to use a randomization of the set {u, . .., uy}, of gen-
erating points in /¢ without destroying its regular structure. Such a simple randomization
procedure was suggested by Cranley and Patterson [39]. That is, generate a random point
u uniformly distributed over /¢, and use the randomization® &; := (u; +u) mod 1, j =
1,..., N. Itis not difficult to show that (marginal) distribution of each random vector #; is

uniform on I¢. Therefore, each v (i), and hence N=' Y"_ (i), is an unbiased estima-

tor of the corresponding expectation E[v(U)]. Variance of the estimator N -1 Z?/:, AUD)
can be significantly smaller than variance of the corresponding Monte Carlo estimator based
on samples of the same size. This randomization procedure can be applied in batches.
That is, it can be repeated M times for independently generated uniformly distributed
vectors u = u', i = 1,..., M, and consequently averaging the obtained replications of
N1 Z;V:, Y (@;). Simultaneously, variance of this estimator can be evaluated by calculat-

ing the sample variance of the obtained M independent replications of N~! Z;\Izl AUDE

5.5 Variance-Reduction Techniques

Consider the sample average estimators fN (x). We have that if the sample is iid, then
the variance of fN (x) is equal to az(x)/N, where o2(x) := Var[F(x, £)]. In some cases
it is possible to reduce the variance of generated sample averages, which in turn enhances
convergence of the corresponding SAA estimators. In section 5.4 we discussed quasi-Monte
Carlo techniques for enhancing rates of convergence of sample average approximations. In
this section we briefly discuss some other variance-reduction techniques which seem to be
useful in the SAA method.

5.5.1 Latin Hypercube Sampling

Suppose that the random data vector £ = £(w) is one-dimensional with the corresponding
cumulative distribution function (cdf) H(-). We can then write
+o0

E[F(x, &)] :/ F(x,&)dH(§). (5.154)

—00

BFor a number a € R the notation “a mod 17 denotes the fractional partofa,ie.,a mod 1 =a— |a],
where |a] denotes the largest integer less than or equal to a. In the vector case, the “modulo 1” reduction is
understood coordinatewise.
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In order to evaluate the above integral numerically, it will be much better to generate
sample points evenly distributed than to use an iid sample. (This was already discussed in
section 5.4.) That is, we can generate independent random points?®

U/ ~U[(j—-1/N,j/Nl, j=1,...,N, (5.155)

and then construct the random sample of £ by the inverse transformation £/ := H~'(U/),
j=1,..., N (compare with (5.141)).

Now suppose that j is chosen at random from the set {1, ..., N} (with equal probabil-
ity for each element of that set). Then conditional on j, the corresponding random variable
U/ is uniformly distributed on the interval [(j — 1)/N, j/N1], and the unconditional distri-
bution of U/ is uniform on the interval [0, 1]. Consequently, let {ji, ..., jy} be a random
permutation of the set {1, ..., N}. Then the random variables & It ..., E/¥ have the same
marginal distribution, with the same cdf H (-), and are negatively correlated with each other.
Therefore, the expected value of

. = N 4
fv) = N;F(X’éj)z N;F(x’gk) (5.156)
is f(x), while
Var [ fu(@)] = N7'02(0) + 2N 2 ) Cov (Fix, £9), F(x,§5). (5.157)

s<t

If the function F (x, -) is monotonically increasing or decreasing, than the random variables
F(x,&%) and F(x, &), s # t, are also negatively correlated. Therefore, the variance of
fN (x) tends to be smaller, and in some cases much smaller, than o2 (x) /N.

Suppose now that the random vector & = (&1, ..., &;) is d-dimensional and that its
components &;,i = 1, ..., d, are distributed independently of each other. Then we can use
the above procedure for each component £;. That is, arandom sample U’ of the form (5.155)
is generated, and consequently N replications of the first component of £ are computed by
the corresponding inverse transformation applied to randomly permuted U/. The same
procedure is applied to every component of & with the corresponding random samples of
the form (5.155) and random permutations generated independently of each other. This
sampling scheme is called the Latin hypercube (LH) sampling.

If the function F'(x, -) is decomposable, i.e., F(x, &) := Fi(x, &)+ -+ Fy(x, &),
then E[F (x, £)] = E[Fi(x, &)1+ - - + E[F;(x, &;)], where each expectation is calculated
with respect to a one-dimensional distribution. In that case, the LH sampling ensures
that each expectation E[F; (x, &;)] is estimated in a nearly optimal way. Therefore, the LH
sampling works especially well in cases where the function F (x, -) tends to have a somewhat
decomposable structure. In any case, the LH sampling procedure is easy to implement and
can be applied to SAA optimization procedures in a straightforward way. Since in LH
sampling the random replications of F(x, §&) are correlated with each other, one cannot
use variance estimates like (5.21). Therefore, the LH method usually is applied in several
independent batches in order to estimate variance of the corresponding estimators.

26For an interval [a, b] C R, we denote by U[a, b] the uniform probability distribution on that interval.
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5.5.2 Linear Control Random Variables Method

Suppose that we have a measurable function A(x, &) such that E[A(x, £)] = Oforallx € X.
Then, for any ¢ € R, the expected value of F'(x, &) +tA(x, §) is f(x), while

Var[F(x,£) +tA(x,§)] = Var [F(x, §)] 4+ *Var [A(x, §)] + 21 Cov(F (x, §), A(x, §)).

It follows that the above variance attains its minimum, with respect to ¢, for

t* = —pra(x) [ziiii—g:g}l/z’ (5.158)

where pp 4 (x) := Corr(F(x, §), A(x, §)), and with
Var[F(x, &)+ 1 A(x, S)] = Var[F(x, §)] [1 — ,oF,A(x)Z]. (5.159)
For a given x € X and generated sample £',...,&", one can estimate, in the standard

way, the covariance and variances appearing in the right-hand side of (5.158), and hence
construct an estimate 7 of t*. Then f(x) can be estimated by

N
i) = %Z[F(x,éj) +FA(x, E)]. (5.160)

j=1

By (5.159), the linear control estimator f A/? (x) has a smaller variance than fN x)if F(x, &)
and A(x, &) are highly correlated with each other.

Let us make the following observations. The estimator f, of the optimal value t*,
depends on x and the generated sample. Therefore, it is difficult to apply linear control
estimators in an SAA optimization procedure. That is, linear control estimators are mainly
suitable for estimating expectations at a fixed point. Also, if the same sample is used in
estimating 7 and f 1(,* (x), then f[@ (x) can be a slightly biased estimator of f(x).

Of course, the above linear control procedure can be successful only if a function
A(x, &), with mean zero and highly correlated with F(x, &), is available. Choice of such
a function is problem dependent. For instance, one can use a linear function A(x, §) =
A(€)"x. Consider, for example, two-stage stochastic programming problems with recourse
of the form (2.1)—(2.2). Suppose that the random vector 4 = h(w) and matrix T = T (w),
in the second-stage problem (2.2), are independently distributed, and let u := E[4]. Then

E[(h—w'T]=E[(h— w] E[T] =0,

and hence one can use A(x, £) := (h — u)' Tx as the control variable.

Let us finally remark that the above procedure can be extended in a straightforward
way to a case where several functions A;(x, £),..., A, (x, &), each with zero mean and
highly correlated with F'(x, &), are available.

5.5.3 Importance Sampling and Likelihood Ratio Methods

Suppose that £ has a continuous distribution with probability density function (pdf) h(-).

Let ¥ (-) be another pdf such that the so-called likelihood ratio function L(-) : /L()) is
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well defined. That is, if ¥ (z) = O for some z € R4, then h(z) = 0, and by the definition,
0/0 = 0, i.e., we do not divide a positive number by zero. Then we can write

) =/F(x,$)h(é‘)d$ =/F(x,§)L(C)¢(§)dC =Ey[F(x, 2)L(Z)], (5.161)

where the integration is performed over the space R and the notation E,, emphasizes that
the expectation is taken with respect to the random vector Z having pdf ¥ (-).

Let us show that for a fixed x, the variance of F(x, Z)L(Z) attains its minimal value
for yr(-) proportional to | F (x, -)h(-)|, i.e., for

IR RO)
VO = R orlde (5.162)

Since Ey,[F(x, Z)L(Z)] = f(x) and does not depend on v (-), we have that the variance
of F(x, Z)L(Z) is minimized if

2 2
Ey[F(x, Z)’L(Z)’] = / %d@ (5.163)

is minimized. Furthermore, by the Cauchy inequality we have

2 F(x, £)2h(¢)?
(/IF(x,C)h(Z)IdC> =< </ %d;) (fl//(()d;“)- (5.164)

It remains to note that [ ({)d¢ = 1 and the left-hand side of (5.164) is equal to the
expected value of squared F'(x, Z)L(Z) for ¥ (-) = ¢¥*(-).

Note that if F(x, ) is nonnegative valued, then ¥*(-) = F(x, -)h(-)/f(x) and for
that choice of the pdf 1 (-), the function F(x, -)L(-) is identically equal to f(x). Of course,
in order to achieve such absolute variance reduction to zero, we need to know the expecta-
tion f(x), which was our goal in the first place. Nevertheless, it gives the idea that if we
can construct a pdf v (-) roughly proportional to | F (x, -)k(-)|, then we may achieve a con-
siderable variance reduction by generating a random sample ¢!, ..., ¢/ from the pdf v (-),
and then estimating f(x) by

MOES %Xij,c")L(;f‘). (5.165)

j=1

The estimator f ll,/f (x) is an unbiased estimator of f(x) and may have significantly smaller

variance than fN (x), depending on a successful choice of the pdf ¥ (-).

Similar analysis can be performed in cases where £ has a discrete distribution by
replacing the integrals with the corresponding summations.

Let us remark that the above approach, called importance sampling, is extremely
sensitive to a choice of the pdf i () and is notorious for its instability. This is understandable
since the likelihood ratio function in the tail is the ratio of two very small numbers. For a
successful choice of ¥ (-), the method may work very well while even a small perturbation
of ¥ (-) may be disastrous. This is why a single choice of 1 (-) usually does not work for
different points x and consequently cannot be used for a whole optimization procedure.
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Note also that Ey, [L(Z)] = 1. Therefore, L(¢) — 1 can be used as a linear control variable
for the likelihood ratio estimator f Zi,[/ (x).

In some cases it is also possible to use the likelihood ratio method for estimating first
and higher order derivatives of f(x). Consider, for example, the optimal value Q(x, &) of
the second-stage linear program (2.2). Suppose that the vector ¢ and matrix W are fixed, i.e.,
not stochastic, and for the sake of simplicity that 4 = h(w) and T = T (w) are distributed
independently of each other. We have then that Q(x, £) = @(h — Tx), where

Q(z):=inf {q'y: Wy =2z, y > 0}.
Suppose, further, that /# has a continuous distribution with pdf n(-). We have that

E[Q(x, §)] = Er {Enr[Q(x, H)1},

and by using the transformation z = & — Tx, since # and T are independent we obtain

EyrlQ(x,8)] = Eu[Q(x,$&)]
= [Qh—Tx)n(dh = [ Q)0 + Tx)dz (5.166)
= [QOL&, )Y ()d; =Ey [L(x, 2)Q(Z)],

where ¥ (-) is a chosen pdf and L (x, ¢) := n(¢ + Tx) /¢ (¢). If the function n(-) is smooth,
then the likelihood ratio function L(-, ¢) is also smooth. In that case, under mild additional
conditions, first and higher order derivatives can be taken inside the expected value in the
right-hand side of (5.166) and consequently can be estimated by sampling. Note that the first
order derivatives of Q(-, &) are piecewise constant, and hence its second order derivatives
are zeros whenever defined. Therefore, second order derivatives cannot be taken inside the
expectation E[Q(x, &£)] even if £ has a continuous distribution.

5.6 Validation Analysis

Suppose that we are given a feasible point x € X as a candidate for an optimal solution
of the true problem. For example, X can be an output of a run of the corresponding SAA
problem. In this section we discuss ways to evaluate quality of this candidate solution. This
is important, in particular, for a choice of the sample size and stopping criteria in simulation
based optimization. There are basically two approaches to such validation analysis. We
can either try to estimate the optimality gap f(x) — ©* between the objective value at the
considered point x and the optimal value of the true problem, or to evaluate first order (KKT)
optimality conditions at x.

Let us emphasize that the following analysis is designed for the situations where the
value f(x), of the true objective function at the considered point, is finite. In the case of two
stage programming this requires, in particular, that the second-stage problem, associated
with first-stage decision vector x, is feasible for almost every realization of the random data.

5.6.1 Estimation of the Optimality Gap

In this section we consider the problem of estimating the optimality gap

gap(x) := f(x) — 9" (5.167)
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associated with the candidate solution x. Clearly, for any feasible x € X, gap(x) is non-
negative and gap(x) = 0 iff x is an optimal solution of the true problem.

Consider the optimal value 19N of the SAA problem (5 2). We have that 9* > E[ﬁN]
(See the discussion following (5.22).) This means that o provides a valid statistical
lower bound for the optimal value 9* of the true problem. The expectation IE[1§N] can be
estimated by averaging. That is, one can solve M times sample average approximation
problems based on independently generated samples each of size N. Let DL 151{',/’ be
the computed optimal values of these SAA problems. Then

M
_ 1 Am
UN.M = Mmz_l Uy (5.168)
is an unbiased estimator of E[f?N]. Since the samples, and hence o e 191{‘,4 , are indepen-

dent and have the same distribution, we have that Var [ﬁN,M] = M~ 'Var [f?N], and hence
we can estimate variance of vy p by

M
52 = i[ L (19'" — )2] (5.169)
NMT ol M -1 NTENM) '

m=1

estimate of Var[dy]

Note that the above make sense only if the optimal value ¢* of the true problem is finite.
Note also that the inequality 0* > IE[@N] holds and 1§N gives a valid statistical lower bound
even if f(x) = +oo for some x € X. Note finally that the samples do not need to be iid
(for example, one can use LH sampling); they only should be independent of each other in
order to use estimate (5.169) of the corresponding variance.

In general, the random variable 51\,, and hence its replications B , does not have a
normal distribution, even approximately. (See Theorem 5.7 and the discussion that fol-
lows.) However, by the CLT, the probability distribution of the average vy » becomes
approximately normal as M increases. Therefore, we can use

Lyy =Vnm — laM—10N.M (5.170)

as an approximate 100(1 — )% confidence?’ lower bound for the expectation E[@N].

We can also estimate f(x) by sampling. That is, let fN/ (x) be the sample average
estimate of f(x), based on a sample of size N’ generated independently of samples involved
in computing x. Let 61%,, (x) be an estimate of the variance of fN/ (x). In the case of the iid
sample, one can use the sample variance estimate

N’ , . 2
62,(%) = N/(N/ g[F()E,E-’)—fN/()E)] . (5.171)

Then
Uy (%) := fn(X) + 2405 (%) (5.172)

2"Here t,,, is the a-critical value of ¢-distribution with v degrees of freedom. This critical value is slightly
bigger than the corresponding standard normal critical value z,, and t, ,, quickly approaches z, as v increases.
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gives an approximate 100(1 — «)% confidence upper bound for f(x). Note that since N’
typically is large, we use here critical value z,, from the standard normal distribution rather
than a ¢-distribution.

We have that

E[fu(®) = | = £ — Eldn] = gap(®) + #* — Eldy] = gap(9),

ie., fNr (x) — vn, um 1s a biased estimator of the gap(x). Also the variance of this estimator
is equal to the sum of the variances of fjy(x) and vy s, and hence

Fv @ = Oy + 20y 63, (F) + 62 (5.173)

provides a conservative 100(1 — «)% confidence upper bound for the gap(x). We say that
this upper bound is “conservative” since in fact it gives a 100(1 — )% confidence upper
bound for the gap(x) + 0* — E[ﬁN], and we have that 9* — IE[@N] > 0.

In order to calculate the estimate fNr (%), one needs to compute the value F (X, £/) of
the objective function for every generated sample realization £/, j =1, ..., N'. Typically
itis much easier to compute F (x, &) for a given £ € E than to solve the corresponding SAA
problem. Therefore, often one can use a relatively large sample size N and hence estimate
f(x) quite accurately. Evaluation of the optimal value ¥ * by employing the estimator vy
is a more delicate problem.

There are two types of error in using vy_y as an estimator of ¥*, namely, the bias
o — E[é ~] and variability of vy _p measured by its variance. Both errors can be reduced by
increasing N, and the variance can be reduced by increasing N and M. Note, however, that
the computational effort in computing vy s is proportional to M, since the corresponding
SAA problems should be solved M times, and to the computational time for solving a
single SAA problem based on a sample of size N. Naturally one may ask what is the best
way of distributing computational resources between increasing the sample size N and the
number of repetitions M. This question is, of course, problem dependent. In cases where
computational complexity of SAA problems grows fast with increase of the sample size N,
it may be more advantageous to use a larger number of repetitions M. On the other hand, it
was observed empirically that the computational effort in solving SAA problems by “good”
subgradient algorithms grows only linearly with the sample size N. In such cases, one can
use a larger N and make only a few repetitions M in order to estimate the variance of vy .

The bias 9* —E[f}N] does not depend on M, of course. It was shown in Proposition 5.6
that if the sample is iid, then E[1A9N] < E[1A9N+1] for any N € N. It follows that the bias
9* —E[dy] decreases monotonically with an increase of the sample size N. By Theorem 5.7
we have that, under mild regularity conditions,

By = inf Fv(x) +0,(N7172). (5.174)
xXe

Consequently, if the set S of optimal solutions of the true problem is not a singleton, then
the bias 9* — E[dy] typically converges to zero, as N increases, at a rate of O(N~'/2),
and tends to be bigger for a larger set S. (See (5.29) and the following discussion.) On
the other hand, in well conditioned problems, where the optimal set S is a singleton, the
bias typically is of order O(N~') (see Theorem 5.8), and the bias tends to be of a lesser
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problem. Moreover, if the true problem has a sharp optimal solution x*, then the event
£y = x*, and hence the event 9y = fN (x*), happens with probability approaching one
exponentially fast (see Theorem 5.23). Since ]E[fN (x*)] = f(x¥), in such cases the bias
oF — E[f’N] = f(x*) — ]E[1A9N] tends to be much smaller.

In the above approach, the upper and lower statistical bounds were computed inde-
pendently of each other. Alternatively, it is possible to use the same sample for estimating
f(x) and E[dy]. That is, for M generated samples each of size N, the gap is estimated by

M
oan = 1 rm = m
Py (©) = 72> [fN (x) - fm] : (5.175)
m=1
where £ (%) and §7! are computed from the same sample m = 1, ..., M. We have that the

expected value of @N'M()E) is f(x) — E[zg‘N], i.e., the estimator ga\quM()E) has the same
bias as fN (X) — vn.m. On the other hand, for a problem with sharp optimal solution x* it
happens with high probability that = f v (x*) and as a consequence f v (x) tends to be
highly positively correlated with 51'\,”, provided that x is close to x*. In such cases variability

of gap ~.m (X) can be considerably smaller than variability of fNr (x) — vy, m. This is the
idea of common random number generated estimators.

Remark 16. Of course, in order to obtain a valid statistical lower bound for the optimal
value ¥* we can use any (deterministic) lower bound for the optimal value Dy of the
corresponding SAA problem instead of Dy itself. For example suppose | that the problem is
convex. By convexity of fN( ) we have that forany x’ € X and y € 9 fN (x”) it holds that

@ = fu@) +yT@—x), VxeR" (5.176)
Therefore, we can proceed as follows. Choose points xy,...,x, € X, calculate
subgradients y;y € d fy(x;),i =1, ..., r, and solve the problem
Min max {fN(x,-) SANe: —xi)}. (5.177)
xXe <i<r

Denote by Ay the optimal value of (5.177). By (5.176) we have that A is less than or equal
to the optimal value Py of the corresponding SAA problem and hence gives a valid statistical
lower bound for ©*. A possible advantage of Ay over Dy is that it could be easier to solve
(5.177) than the corresponding SAA problem. For instance, if the set X is polyhedral, then
(5.177) can be formulated as a linear programming problem.
Of course, this approach raises the question of how to choose the points xy, ..., x, €
X. Suppose that the expectation function f(x) is differentiable at the points xi, ..., x,.
Then for any choice of y;y € 0 fN (x;) we have that subgradients 7;y converge to V f(x;)
w.p. 1. Therefore Ay converges w.p. 1 to the optimal value of the problem
Min max {f(x;) + Vf &) (x —x)}, (5.178)
xeX 1<i<r
provided that the set X is bounded. Again by convexity arguments, the optimal value of
(5.178) is less than or equal to the optimal value #* of the true problem. If we can find such
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points xp, ..., x, € X that the optlmal value of (5 178) is less than ©* by a small amount,
then it could be advantageous to use A y instead of 0 ~. We also should keep in mind that the
number r should be relatively small; otherwise we may loose the advantage of solving the
easier problem (5.177).

A natural approach to choosing the required points and hence to applying the above
procedure is the following. By solving (once) an SAA problem, find points x;, ..., x, € X
such that the optimal value of the corresponding problem (5.177) provides us with high
accuracy an estimate of the optimal value of this SAA problem. Use some (all) of these
points to calculate lower bound estimates Mm=1,...,M, probably with a larger sample
size N. Calculate the average Ay together with the corresponding sample variance and
construct the associated 100(1 — )% confidence lower bound similar to (5.170).

Estimation of Optimality Gap of Minimax and Expectation-Constrained Problems

Consider a minimax problem of the form (5.46). Let ¢* be the optimal value of this (true)
minimax problem. Clearly for any y € Y we have that

9* > inf f(x, y). (5.179)
xeX

Now for the optimal value of the right-hand side of (5.179) we can construct a valid sta-
tistical lower bound, and hence a valid statistical lower bound for ¢*, as before by solving
the corresponding SAA problems several times and averaging calculated optimal values.
Suppose, further, that the minimax problem (5.46) has a nonempty set S, x S, C X x Y of
saddle points, and hence its optimal value is equal to the optimal value of its dual problem
(5.48). Then for any x € X we have that

?* <sup f(x,y), (5.180)

yey

and the equalities in (5.179) and/or (5.180) hold iff y € S, and/or X € S,. By (5.180) we
can construct a valid statistical upper bound for ©* by averaging optimal values of sample
average approximations of the right-hand side of (5.180). Of course, the quality of these
bounds will depend on a good choice of the points y and x. A natural construction for the
candidate solutions y and x will be to use optimal solutions of a run of the corresponding
minimax SAA problem (5.47).

Similar ideas can be applied to validation of stochastic problems involving constraints
given as expected value functions (See (5.11)—(5.13)). That is, consider the problem

Min f(x) st g(x) <0, i=1....p, (5.181)
xeXg

where X is a nonempty subset of R", f(x) := E[F(x, )], and g;(x) := E[G;(x, &)],
i=1,..., p. We have that
?* = inf sup L(x, A), (5.182)
xeXg A>0
where ¥* is the optimal value and L(x, X) := f(x) + Zf’zl Aigi(x) is the Lagrangian of
problem (5.181). Therefore, for any % > 0, we have that

®* > inf L(x,A), (5.183)

xeXy
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and the equality in (5.183) is attained if the problem (5.179) is convex and A is a Lagrange
multipliers vector satisfying the corresponding first order optimality conditions. Of course,
a statistical lower bound for the optimal value of the problem in the right-hand side of
(5.183) is also a statistical lower bound for 9*.

Unfortunately, an upper bound which can be obtained by interchanging the “inf”” and
“sup” operators in (5.182) cannot be used in a straightforward way . This is because if, for

a chosen x € Xj, it happens that g;y () > 0 for some i € {1,..., p}, then
R 14
sup {fzv(i) + Z)\igiN()_C)} = +o0. (5.184)
420 im1

Of course, in such a case the obtained upper bound 400 is useless. This typically will be the
case if x is constructed as a solution of an SAA problem and some of the SAA constraints
are active at x. Note also that if g;y(X) < Oforalli € {1,..., p}, then the supremum in
the left-hand side of (5.184) is equal to fN (x).

If we can ensure, with a high probability 1 —«, that a chosen point x is a feasible point
of the true problem 5.179), then we can construct an upper bound by estimating f (x) using
arelatively large sample. This, in turn, can be approached by verifying, for an independent
sample of size N’, that g;n/(¥) + k&;n/(X) < 0,i = 1,..., p, where 67, (X) is a sample
variance of g;y(¥) and « is a positive constant chosen in such a way that the probability of
gi (%) being bigger that g,y (x) + x&; /(%) is less than a/p for all i € {1,..., p}.

5.6.2 Statistical Testing of Optimality Conditions

Suppose that the feasible set X is defined by (equality and inequality) constraints in the
form

X={xeR':gx)=0,i=1,....,q; &) <0, i=qg+1,....p}, (5185

where g; (x) are smooth (at least continuously differentiable) deterministic functions. Let
x* € X be an optimal solution of the true problem and suppose that the expected value
function f(-) is differentiable at x*. Then, under a constraint qualification, first order
(KKT) optimality conditions hold at x*. That is, there exist Lagrange multipliers A; such
that A; > 0,i € L(x*) and

VI + D LVeix®) =0, (5.186)

)
where (x) :=={i : gi(x) =0, i =g+ 1, ..., p} denotes the index set of inequality con-
straints active at a point x € R”, and $(x) := {1, ..., g} U {(x). Note that if the constraint

functions are linear, say, g; (x) := al.T x—+b;,then Vg;(x) = a; and the above KKT conditions
hold without a constraint qualification. Consider the (polyhedral) cone

K(x):=1zeR":z= Y aVgix), o; <0, i € L(x)¢. (5.187)
ieg(x)

Then the KKT optimality conditions can be written in the form V f (x*) € K(x*).
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Suppose now that f(-) is differentiable at the candidate point x € X and that the
gradient V f(x) can be estimated by a (random) vector yy(x). In particular, if F(-, ) is
differentiable at x w.p. 1, then we can use the estimator

1 & . .
v (X) = N ;VXF()?, £)) =V fn(x) (5.188)

associated with the generated28 random sample. Note that if, moreover, the derivatives can
be taken inside the expectation, that is,

V() =E[V.F(x,§)], (5.189)

then the above estimator is unbiased, i.e., E[yy (X)] = V f(x). Inthe case of two-stage linear
stochastic programming with recourse, formula (5.189) typically holds if the corresponding
random data have a continuous distribution. On the other hand, if the random data have a
discrete distribution with a finite support, then the expected value function f (x) is piecewise
linear and typically is nondifferentiable at an optimal solution.

Suppose, further, that Vy := N 12 [yn(x) — V f(x)] converges in distribution, as N
tends to infinity, to multivariate normal with zero mean vector and covariance matrix X,
written Vy 2) N (0, X). For the estimator yy (x) defined in (5.188), this holds by the CLT
if the interchangeability formula (5.189) holds, the sample is iid, and V, F(x, £) has finite
second order moments. Moreover, in that case the covariance matrix X' can be estimated
by the corresponding sample covariance matrix
T

N
Som o > VP &) = Viv®]|[VFE e -Vi®] . 6190

Under the above assumptions, the sample covariance matrix X'y is an unbiased and consis-
tent estimator of X.

We have that if Vy ﬂ N (0, ') and the covariance matrix X' is nonsingular, then
(given a consistent estimator X'y of X') the following holds:

N @ = V@) S5 (@ = V@) 3 2, (5.191)

where 2 denotes chi-square distribution with n degrees of freedom. This allows us to
construct the following (approximate) 100(1 — «)% confidence region? for V f(¥):

2
n _ 2 - X(x,n
{z €R': (yn (D) —2) £y (v (@) — ) = T (5.192)
Consider the statistic
Ty =N _inf_(yw(®) -~ 2) Z5 (@) —2). (5.193)

28We emphasize that the random sample in (5.188) is generated independently of the sample used to
compute the candidate point x.

PHere x2,, denotes the a-critical value of chi-square distribution with n degrees of freedom. That is, if
Y ~ Xf,then Pr{Y > Xin} =a.
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Note that since the cone K (x) is polyhedral and 21\71 is positive definite, the minimization
in the right-hand side of (5.193) can be formulated as a quadratic programming problem,
and hence can be solved by standard quadratic programming algorithms. We have that the
confidence region, defined in (5.192), does not have common points with the cone K (x) iff
Ty > xin. We can also use the statistic Ty for testing the hypothesis:

Hy: Vf(x) € K(x) against the alternative H, : Vf(x) € K(X). (5.194)

30 ”

The Ty statistic represents the squared distance, with respect to the norm -l £ from

N'2yy (%) to the cone K (X). Suppose for the moment that only equality constraints are
present in the definition (5.185) of the feasible set, and that the gradient vectors Vg;(x),
i =1,...,q, are linearly independent. Then the set K (x) forms a linear subspace of R”"
of dimension ¢, and the optimal value of the right-hand side of (5.193) can be written in
a closed form. Consequently, it is possible to show that Ty has asymptotically noncentral
chi-square distribution with n — ¢ degrees of freedom and the noncentrality parameter>!

8= Nzeigg) (Vf()z) _Z)Tz—l(vf(i) —z). (5.195)
In particular, under Hy we have that § = 0, and hence the null distribution of Ty is asymp-
totically central chi-square with n — g degrees of freedom.

Consider now the general case where the feasible set is defined by equality and in-
equality constraints as in (5.185). Suppose that the gradient vectors Vg;(x), i € $(x), are
linearly independent and that the strict complementarity condition holds at x, that is, the
Lagrange multipliers A;, i € {(x), corresponding to the active at X inequality constraints,
are positive. Then for yy (x) sufficiently close to V f(x) the minimizer in the right-hand
side of (5.193) will be lying in the linear space generated by vectors Vg;(x), i € $(x).
Therefore, in such case the null distribution of Ty is asymptotically central chi-square
with v 1= n — | (x)| degrees of freedom. Consequently, for a computed value Ty of the
statistic Ty we can calculate (approximately) the corresponding p-value, which is equal
to Pr{Y > T3}, where Y ~ x2. This p-value gives an indication of the quality of the
candidate solution x with respect to the stochastic precision.

It should be understood that by accepting (i.e., failing to reject) Hy, we do not claim
that the KKT conditions hold exactly at x. By accepting H, we rather assert that we cannot
separate V f (x) from K (x), given precision of the generated sample. That is, statistical error
of the estimator yy(x) is bigger than the squared || - || -1-norm distance between V f (x)
and K (x). Also, rejecting Hy does not necessarily mean that x is a poor candidate for an
optimal solution of the true problem. The calculated value of the Ty statistic can be large,
i.e., the p-value can be small, simply because the estimated covariance matrix N ! Sy of
yn (x) is “small.” In such cases, yy(Xx) provides an accurate estimator of V f(x) with the
corresponding confidence region (5.192) being small. Therefore, the above p-value should
be compared with the size of the confidence region (5.192), which in turn is defined by the
size of the matrix N ' Xy measured, for example, by its eigenvalues. Note also that it may
happen that |#(x)| = n, and hence v = 0. Under the strict complementarity condition, this

30For a positive definite matrix A, the norm || - || 4 is defined as ||z]|4 := (z" Az)'/%.

31Note that under the alternative (i.e., if Vf(x) € K(x)), the noncentrality parameter § tends to infinity
as N — oo. Therefore, in order to justify the above asymptotics, one needs a technical assumption known
as Pitman’s parameter drift.
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means that V f(x) lies in the interior of the cone K (x), which in turn is equivalent to the
condition that f'(x, d) > c||d| for some ¢ > 0 and all d € R". Then, by the LD principle
(see (7.192) in particular), the event yy(X) € K (x) happens with probability approaching
one exponentially fast.

Let us remark again that the above testing procedure is applicable if F (-, §) is differ-
entiable at x w.p. 1 and the interchangeability formula (5.189) holds. This typically happens
in cases where the corresponding random data have a continuous distribution.

5.7 Chance Constrained Problems

Consider a chance constrained problem of the form
%1)? f(x) s.t. p(x) <a, (5.196)

where X C R" is a closed set, f : R” — R is a continuous function, « € (0, 1) is a given
significance level, and

p(x) :=Pr{C(x,&) > 0} (5.197)

is the probability that constraint is violated at point x € X. We assume that & is a random
vector, whose probability distribution P is supported on set & C R?, and the function
C : R" x E — R is a Carathéodory function. The chance constraint p(x) < « can be
written equivalently in the form

Pr{iC(x.&) <0} = 1—a. (5.198)
Let us also remark that several chance constraints
Pr{C,-(x,é)fO, i:l,...,q}zl—a (5.199)

can be reduced to one chance constraint (5.198) by employing the max-function C(x, &) :=
max<;<4 Ci(x, §). Of course, in some cases this may destroy a nice structure of considered
functions. At this point, however, this is not important.

5.7.1 Monte Carlo Sampling Approach

We discuss now a way of solving problem (5.196) by Monte Carlo sampling. For the sake
of simplicity we assume that the objective function f(x) is given explicitly and only the
chance constraints should be approximated.

We can write the probability p(x) in the form of the expectation,

p(x) =E 10,00 (C(x, §)],

and estimate this probability by the corresponding SAA function (compare with (5.14)—
(5.16))

N
Pv@) =N 1o (Clx. 89). (5.200)
j=1
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Recall that 1( o) (C(x,§)) is equal to 1 if C(x,&) > 0, and it is equal O otherwise.
Therefore, py(x) is equal to the proportion of times that C(x, & H>0,j=1,...,N.
Consequently we can write the corresponding SAA problem as

Min f(x) s.t. py(x) < a. (5.201)

Proposition 5.29. Let C(x, &) be a Carathéodory function. Then the functions p(x) and

pn (x) are lower semicontinuous. Suppose, further, that the sample is iid. Then py 5 P
w.p. 1. Moreover, suppose that for every x € X it holds that

Prlfe e E:C(x,§) =0} =0, (5.202)

i.e., C(x,&) # 0wp. 1. Then the function p(x) is continuous on X and py(x) converges
to p(x) w.p. 1 uniformly on any compact subset of X.

Proof. Consider function ¥ (x, &) := 1(g,00)(C (x, )). Recall that p(x) = Ep[ (x, §)] and
Py (x) = Ep [¥(x, )], where Py := N~! Z;v:l A(£7) is the respective empirical mea-
sure. Since the function 19 o) () is lower semicontinuous and C(x, &) is a Carathéodory
function, it follows that the function v (x, &) is random lower semicontinuous. Lower semi-
continuity of p(x) and py (x) follows by Fatou’s lemma (see Theorem 7.42). If the sample is

iid, the epiconvergence py Sop w.p. 1 follows by Theorem 7.51. Note that the dominance
condition, from below and from above, holds here automatically since | (x, )| < 1.

Suppose, further, that condition (5.202) holds. Then for every x € X, ¥ (-, &) is
continuous at x w.p. 1. It follows by the Lebesgue dominated convergence theorem that
p(-) is continuous at x (see Theorem 7.43). Finally, the uniform convergence w.p. 1 follows
by Theorem 7.48. [

Since the function p(x) is lower semicontinuous and the set X is closed, it follows
that the feasible set of problem (5.196) is closed. If, moreover, it is nonempty and bounded,
then problem (5.196) has a nonempty set S of optimal solutions. (Recall that the objective
function f(x) is assumed to be continuous here.) The same applies to the corresponding
SAA problem (5.201). We have here the following consistency properties of the optimal
value zg‘N and the set § ~ of optimal solutions of the SAA problem (5.201) (compare with
Theorem 5.5).

Proposition 5.30. Suppose that the set X is compact, the function f(x) is continuous,
C(x, &) is a Carathéodory function, the sample is iid, and the following condition holds:
(a) there is an optimal solution x of the true problem such that for any € > 0 thereisx € X
with |x — x|l < € and p(x) < o. Then Dy — O* andID)(S’N, S) — Owp. las N — oo.

Proof. By condition (a), the set S is nonempty and there is x’ € X such that p(x’) < «. By
the LLN we have that py(x") converges to p(x") w.p. 1. Consequently py(x’) < «, and
hence the SAA problem has a feasible solution, w.p. 1 for N large enough. Since py(-) is
lower semicontinuous, the feasible set of SAA problem is closed and hence compact and
thus Sy is nonempty w.p. 1 for N large enough. Of course, if x’ is a feasible solution of an
SAA problem, then f(x") > f)N, where 191\/ is the optimal value of that SAA problem.
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For a given ¢ > 0 let x’ € X be a point sufficiently close to X € § such that
py(x’) < aand f(x') < f(X) + e. Since f(-) is continuous, existence of such point is
ensured by condition (a). Consequently,

limsupdy < f(x') < f(R)+e=0"+¢ wp. 1. (5.203)

N—o00

Since ¢ > 0 is arbitrary, it follows that

limsupdy < 9* w.p. 1. (5.204)

N—o00

Now let £y € Sy, ie., £y € X, pv(Xy) < « and Dy = f(Xy). Since the set X is
compact, we can assume by passing to a subsequence if necessary that Xy converges to a
point ¥ € X w.p. 1. Also by Proposition 5.29 we have that py 5 p w.p. 1, and hence

liminf py(Xy) = p(x) w.p. 1.
N—o00

It follows that p(x) < « and hence x is a feasible point of the true problem, and thus
f (&) = 9*. Also f(xy) — f(¥) w.p. 1, and hence

liminf &y > 9* w.p. 1. (5.205)

N—o00

It follows from (5.204) and (5.205) that Dy — O* w.p. 1. It also follows that the point x
is an optimal solution of the true problem and consequently we obtain that D(Sy, §) — 0
wp. 1. 0O

The above condition (a) is essential for the consistency of 51\, and S’N. Think, for
example, about a situation where the constraint p(x) < « defines just one feasible point
X such that p(X) = «. Then arbitrary small changes in the constraint py(x) < o may
result in that the feasible set of the corresponding SAA problem becomes empty. Note
also that condition (a) was not used in the proof of inequality (5.205). Verification of this
condition (a) can be done by ad hoc methods.

We have that under mild regularity conditions, optimal value and optimal solutions
of the SAA problem (5.201) converge w.p. 1, as N — 00, to their counterparts of the true
problem (5.196). There are, however, several potential problems with the SAA approach
here. In order for py(x) to be a reasonably accurate estimate of p(x), the sample size N
should be significantly bigger than «~!. For small « this may result in a large sample size.
Another problem is that typically the function py (x) is discontinuous and the SAA problem
(5.201) is a combinatorial problem which could be difficult to solve. Therefore we consider
the following approach.

Convex Approximation Approach

N

For a generated sample gl ..., EN consider the problem

Min f(x) s.t.C(x,/) <0, j=1,...,N. (5.206)
xeX
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Note that for « = 0 the SAA problem (5.201) coincides with problem (5.206). If the set X
and functions f(-) and C(-, &), & € E, are convex, then (5.206) is a convex problem and
could be efficiently solved provided that the involved functions are given in a closed form
and the sample size N is not too large. Clearly, as N — oo the feasible set of problem
(5.206) will shrink to the set of x € X determined by the constraints C(x, §) < O for a.e.
& € E, and hence for large N will be overly conservative for the true chance constrained
problem (5.196). Nevertheless, it makes sense to ask the question for what sample size
N an optimal solution of problem (5.206) is guaranteed to be a feasible point of problem
(5.196).

We need the following auxiliary result.

Lemma 5.31. Suppose that the set X and functions f(-) and C(-, &), & € B, are convex
and let Xy be an optimal solution of problem (5.206). Then there exists an index set

J C{l,..., N}suchthat |J| < n and Xy is an optimal solution of the problem
Min f(x) s.t. C(x,€/) <0, j € J. (5.207)
xeX

Proof. Considersets Ag :={x € X : f(x) < f(xy)}and A; :={x € X : C(x, g7y < 0},
j=1,...,N. Since X, f(-) and C(-, £/) are convex, these sets are convex. Now we
argue by a contradiction. Suppose that the assertion of this lemma is not correct. Then
the intersection of A( and any n sets A; is nonempty. Since the intersection of all sets
Aj, j € {l1,..., N}, is nonempty (these sets have at least one common element Xy), it
follows that the intersection of any n + 1 sets of the family A;, j € {0,1,..., N}, is
nonempty. By Helly’s theorem (Theorem 7.3) this implies that the intersection of all sets
Aj, j€{0,1,..., N}, is nonempty. This, in turn, implies existence of a feasible point X of
problem (5.206) such that f(X) < f(xx), which contradicts optimality of xy. [

We will use the following assumptions.

(F1) For any N € N and any (§,...,&y) € EV, problem (5.206) attains the unique
optimal solution xy = x(&1, ..., &n).
Recall that sometimes we use the same notation for a random vector and its particular value
(realization). In the above assumption we view &, ..., &y as an element of the set gV
and xy as a function of &, ..., &y. Of course, if &, ..., &y is a random sample, then Xy
becomes a random vector.
Let g = (', ....€N) C {1,..., N} be an index set such that Xy is an optimal

solution of the problem (5.207) for / = §. Moreover, let the index set § be minimal in
the sense that if any of the constraints C(x, & <0, je &, is removed, then X is not
an optimal solution of the obtained problem. We assume that w.p. 1 such minimal index
set is unique. By Lemma 5.31, we have that |{| < n. By PY we denote here the product
probability measure on the set EV, i.e., PV is the probability distribution of the iid sample

gl eV

(F2) There is an integer n € N such that, for any N > n, w.p. 1 the minimal set
g = J(&', ...,gY) is uniquely defined and has constant cardinality n, i.e.,
PY{|gl =n}=1.

By Lemma 5.31 we have thatn < n.
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Assumption (F1) holds, for example, if the set X is compact and convex, functions
f()and C(-, &), & € E, are convex, and either f(-) or the feasible set of problem (5.206)
is strictly convex. Assumption (F2) is more involved; it is needed to show an equality in
the estimate (5.209) of the following theorem.

The following result is due to Campi and Garatti [30], building on work of Calafiore
and Campi [29]. Denote

k

bk, N) = <N> o' —a)¥', k=0,...,N. (5.208)
l

i=0
That is, b(k; @, N) = Pr(W < k), where W ~ B(a, N) is a random variable having

binomial distribution.

Theorem 5.32. Suppose that the set X and functions f(-) and C(-,&), & € E, are convex
and conditions (F1) and (F2) hold. Then for a € (0, 1) and for an iid sample €', ..., EN of
size N > n we have that

Pr{p(xy) > a} =b(n — 1;a, N). (5.209)

Proof. Let J, be the family of all sets J C {1,..., N} of cardinality n. We have that
[Jnl = (1:) For J € J, define the set

o={E, ..M eV gE, .. ) =T} (5.210)
and denote by X; = X, (&', ..., V) an optimal solution of problem (5.207) for 4 =J.By
condition (F1), such optimal solution X; exists and is unique, and hence

Zy={E"....eM) e 8V : &, =3y}, (5.211)
Note that for any permutation of vectors £!, ..., &, problem (5.206) remains the same.

Therefore, any set from the family {¥';} <3, can be obtained from another set of that family
by an appropriate permutation of its components. Since P is the direct product probability
measure, it follows that the probability measure of each set X';, J € Jy, is the same. The
sets X; are disjoint and, because of condition (F2), union of all these sets is equal to " up
to a set of PY-measure zero. Since there are (ZZ ) such sets, we obtain that

N 1
PY (X)) = m (5.212)
Consider the optimal solution X,, = X(£!, ..., ") for N = n, and let H (z) be the cdf
of the random variable p(x,), i.e.,
H(z) := P"{p(¥,) < z}. (5.213)

Let us show that for N > n,

1
PN(x)) = / (1 -2V "dH(z). (5.214)
0
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Indeed, for z € [0, 1] and J € J, consider the sets

A= {E, ..., ) s p@N) € [z, 2+ dz]},
Ajoi={G1, ... ) p(i)) €Lz, 2+ dzl} .

By (5.211) wehavethat A,NX; = A, ,NX;. For J € J, letus evaluate probability of the
eventA; . N X;. For the sake of notational simplicity let us take J = {1, ..., n}. Note that
%7 depends on (§', ..., &™) only. Therefore A;, = A} x E¥™", where A? is a subset of
E" corresponding to the event p(X;) € [z, z + dz]. Conditional on (&', ..., &™), the event
Ay, N X, happens iff the point x;, = X;(& L ..., &™) remains feasible for the remaining
N — n constraints, i.e., iff C(X;,&/) < Oforall j =n+1,...,N. If p(X;) = z, then
probability of each event “C(%;,&/) < 0” is equal to 1 — z. Since the sample is iid, we
obtain that conditional on (§',...,&") € A7, probability of the event A, N X is equal
to (1 — z)N~". Consequently, the unconditional probability

(5.215)

PYA.NZ)=PV(A.NZ)=(1-2)""dH(z), (5.216)

and hence (5.214) follows.
It follows from (5.212) and (5.214) that

N 1
(n>/ (1-2""dH(zZ)=1, N>n. (5.217)
0

Let us observe that H(z) := z" satisfies (5.217) for all N > n. Indeed, using integration
by parts, we have

<1:>f01(1 —Z)N*"dz“=—< ) - 1 2 ld(1 — N
_ <n—1)fo a1 _Z)anJrlenfl — =1

We also have that (5.217) determine respective moments of random variable 1 — Z, where
Z ~ H(z), and hence (since random variable p(x,) has a bounded support) by the general
theory of moments these equations have unique solution. Therefore we conclude that
H(z) =27",0 <z < 1,is the cdf of p(x,).

We also have by (5.216) that

(5.218)

PM{pGiy) € 2.z +dzl} = Y PY(A.NE) = (f) (= 9V"dH ). (5219)
JEJIn

Therefore, since H(z) = z" and using integration by parts similar to (5.218), we can write

PM{p@Gy) > o}

— )N - [ —)N- "+1z“ ‘} +f (1- z)”‘“*‘dZ““] (5.220)
(X 1)(1 )Nt gn- 1+<n 1>f (1 — g)N—ntl gzl
_ =y ( )a (1 —a)N-i.

Since Pr{p(xy) > a} = P¥{p(xy) > a}, this completes the proof. [
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Of course, the event “p(Xy) > «” means that Xy is not a feasible point of the true
problem (5.196). Recall that n < n. Therefore, given 8 € (0, 1), the inequality (5.209)
implies that for sample size N > n such that

we have with probability at least 1 — g that x is a feasible solution of the true problem
(5.196).
Recall that

b(n — 10, N) =Pr(W <n —1),

where W ~ B(«, N) is arandom variable having binomial distribution. For “not too small”
« and large N, good approximation of that probability is suggested by the CLT. That is, W
has approximately normal distribution with mean N« and variance N (1 — ), and hence™

b(n — 1: o, N) ~ (H—_NO‘) . (5.222)
VNa(l — )

For Na > n — 1, the Hoeffding inequality (7.188) gives the estimate

2(Na — 1)?
b(n — 1; a, N) gexp{—%}, (5.223)
and the Chernoff inequality (7.190) gives
Na — 1)2
b(n — 1; N)fexp{—w}. (5.224)
2aN

The estimates (5.221) and (5.224) show that the required sample size N should be of order
O(a~"). This, of course, is not surprising since just to estimate the probability p(x), for
a given x, by Monte Carlo sampling we will need a sample size of order O (1/p(x)). For
example, for n = 100 and « = g = 0.01, bound (5.221) suggests estimate N = 12460 for
the required sample size. Normal approximation (5.222) gives practically the same estimate
of N. The estimate derived from the bound (5.223) gives a significantly bigger estimate of
N = 40372. The estimate derived from the Chernoff inequality (5.224) gives a much better
estimate of N = 13410.

This indicates that the guaranteed estimates like (5.221) could be too conservative for
practical calculations. Note also that Theorem 5.32 does not make any claims about quality
of Xy as a candidate for an optimal solution of the true problem (5.196); it guarantees only
its feasibility.

5.7.2 Validation of an Optimal Solution

We discuss now an approach to a practical validation of a candidate point x € X for an
optimal solution of the true problem (5.196). This task is twofold, namely, we need to verify
feasibility and optimality of x. Of course, if a point X is feasible for the true problem, then
9* < f(x),ie., f(x) gives an upper bound for the true optimal value.

32Recall that ®(-) is the cdf of standard normal distribution.
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Upper Bounds

Let us start with verification of the feasibility of the point x. For that we need to estimate
the probability p(x) = Pr{C(x, §) > 0}. We proceed by employing Monte Carlo sampling
techniques. For a generated iid random sample £, ..., &Y, let m be the number of times
that the constraints C(x, £/) < 0, j=1,..., N,are violated, i.e.,

N
m =Y 100 (CE, ).

j=1

Then py(x¥) = m/N is an unbiased estimator of p(x), and m has Binomial distribution
B (p(x), N).

If the sample size N is significantly bigger than 1/ p(X), then the distribution of py (X)
can be reasonably approximated by a normal distribution with mean p(x) and variance
p(x)(1—p(x))/N. Inthat case, one can consider, for a given confidence level § € (0, 1/2),
the following approximate upper bound for the probability®? p(x):

TR
ﬁN@HZB\/pN(x)( - by (@)

Let us discuss the following, more accurate, approach for constructing an upper con-
fidence bound for the probability p(x). For a given 8 € (0, 1) consider

Up n(X) := sup {p:b(m;p, N) > B}. (5.226)
pel0.1]

(5.225)

We have that {g y (x) is a function of m and hence is arandom variable. Note that b(m; p, N)
is continuous and monotonically decreasing in p € (0, 1). Therefore, in fact, the supre-
mum in the right-hand side of (5.226) is attained, and &g y(x) is equal to such o that
b(m; p, N) = B. Denoting V := b(m; p(x), N), we have that

——
Pri{p(x) < Upn(X)} = Pr{V > b(m; g, N) }
=1-Pr{V<g}=1- %Pr{V§ﬁ|m=k}Pr(m=k).
k=0

Since

1 if b(k; p(x),N) <8,
0 otherwise,

Pr{Vv <Blm=k}= {
and Pr(m = k) = (IZ)p()?)k(l — p(X)N 7, it follows that

N
> Pr{V < Blm =k} Prm=k) < 8.

k=0

and hence

Pri{p(x) <Usgn@)}=1-8. (5.227)

FRecall that z5 := ®~1(1 — ) = —d~!(B), where @(-) is the cdf of the standard normal distribution.
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That is, p(x) < g n(x) with probability at least 1 — 8. Therefore we can take g y (x) as
an upper (1 — B)-confidence bound for p(x). In particular, if m = 0, then

U v (@) =1 =YY < N~'In(g™).

We obtain that if 4lg 5 (X) < o, then X is a feasible solution of the true problem with
probability at least 1 — 8. In that case, we can use f(x) as an upper bound, with confidence
1 — B, for the optimal value ©* of the true problem (5.196). Since this procedure involves
only calculations of C(x, £7), it can be performed with a large sample size N, and hence
feasibility of x can be verified with a high accuracy provided that « is not too small.

It also could be noted that the bound given in (5.225), in a sense, is an approximation
of the upper bound p = g x(X). Indeed, by the CLT the cumulative distribution b(k; p, N)

can be approximated by &( kN _y  Therefore, approximately p is the solution of the

INA(-5)
equation @(%) = B, which can be written as

_m [p(1 = p)
,0—N+Zﬂ N

By approximating p in the right-hand side of the above equation by m/N we obtain the
bound (5.225).

Lower Bounds

It is more tricky to construct a valid lower statistical bound for ¢*. One possible approach
is to apply a general methodology of the SAA method. (See the discussion at the end of
section 5.6.1.) We have that for any A > 0 the following inequality holds (compare with
(5.183)):

O > irel;f( [f(x) 4+ A(p(x) — )] (5.228)

We also have that expectation of

Oy (%) := inf [£ () + APy (x) — )] (5.229)

gives a valid lower bound for the right-hand side of (5.228), and hence for ¥ *. An unbiased
estimate of E[0y(A)] can be obtained by solving the right-hand-side problem of (5.229)
several times and averaging calculated optimal values. Note, however, that there are two
difficulties with applying this approach. First, recall that typically the function py(x) is
discontinuous and hence it could be difficult to solve these optimization problems. Second,
it may happen that for any choice of A > 0 the optimal value of the right-hand side of
(5.228) is smaller than ¥, i.e., there is a gap between problem (5.196) and its (Lagrangian)
dual.

We discuss now an alternative approach to construction statistical lower bounds. For
chosen positive integers N and M, and constant y € [0, 1), let us generate M independent
samples 51'”’, L EN m = 1,..., M, each of size N, of random vector &£. For each
sample, solve the associated optimization problem

N
Min f(x) s.. D 100 (Cx. &™) <y N (5.230)
j=1
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and hence calculate its optimal value 1331 y-m=1,..., M. Thatis, we solve M times the
corresponding SAA problem at the significance level y. In particular, for y = 0, problem
(5.230) takes the form

Min f(x) st. Cx §") <0, j=1.....N. (5.231)
xXe

It may happen that problem (5.230) is either infeasible or unbounded from below, in
which case we assign its optimal value as +o00 or —oo, respectively. We can view ﬁg N>
m = 1,..., M, as an iid sample of the random variable 5},, ~, Where 19% ~ is the optimal
value of the respective SAA problem at significance level y. Next we rearrange the cal-
culated optimal values in the nondecreasing order, 19;/13\, < ... < 1915%, ie., 19}(,13\, is the

smallest, 191521)\, is the second smallest, etc., among the values zg‘;f yom=1...,M. By

definition, we choose an integer L € {1, ..., M} and use the random quantity f)lfl“,i, as a

lower bound of the true optimal value 9 *.
Let us analyze the resulting bounding procedure. Let x € X be a feasible point of the
true problem, i.e.,

Pr{C(x,&) > 0} <.

Since 27=1 10,00) (C (x,& j””)) has binomial distribution with probability of success equal
to the probability of the event {C (X, §) > 0}, it follows that X is feasible for problem (5.230)
with probability at least®*

N N .
Z(i)a’(l—a) "=b(lyN;a. N) = 0y.

i=0

When x is feasible for (5.230), we of course have that f};“N < f(x). Lete > O be an
arbitrary constant and X be a feasible point of the true problem such that f(x) < ¢* + e.
Then for every m € {1, ..., M} we have

6 = Pr{f};fN <9 +s} > Pr{f?;’,N =< f(i)] = On.

Now, in the case of 19}(,6{, > " + ¢, the corresponding realization of the random sequence

19}1’ No e 1933, contains less than L elements which are less than or equal to ¥* + e.
Since the elements of the sequence are independent, the probability of the latter event is
b(LA— 1,8, M). Since 6§ > 6y, we have that b(L — 1;0, M) < b(L — 1,0y, M). Thus,
Pr{ﬂ;’LK, > ¥*+¢e} < b(L—1; 0y, M). Since the resulting inequality is valid for any ¢ > 0,
we arrive at the bound

Pr{dh > 0°) < b(t - 1: 65, ). (5.232)
We obtain the following result.

Proposition 5.33. Given 8 € (0,1) and y € [0, 1), let us choose positive integers M, N,
and L in such a way that

b(L—1;60n, M) < B, (5.233)

34Recall that the notation || stands for the largest integer less than or equal to a € R.
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where Oy :== b (lyN]; o, N). Then
Pr{dy =0} < 8. (5.234)

For given sample sizes N and M, it is better to take the largestinteger L € {1, ..., M}
satisfying condition (5.233). That is, for

L*:= max {L:b(L—1;60y, M) < B},
1<L<M

we have that the random quantity 1915’“;,) gives a lower bound for the true optimal value ¥*
with probability at least 1 — 8. If no L € {1, ..., M} satisfying (5.233) exists, the lower
bound, by definition, is —oo0.

The question arising in connection with the outlined bounding scheme is how to
choose M, N, and y. In the convex case it is advantageous to take y = 0, since then we
need to solve convex problems (5.231), rather than combinatorial problems (5.230). Note
that for y = 0, we have that Oy = (I — )" and the bound (5.233) takes the form

L—1

Z <M> A—a)™M1 -1 —-a)VM* <. (5.235)

k=0 k
Suppose that N and y > 0 are given (fixed). Then the larger M is, the better. We

can view 19]’/'f y»m =1,..., M, as a random sample from the distribution of the random

variable 9y with 9y being the optimal value of the corresponding SAA problem of the
form (5.230). It follows from the definition that L* is equal to the (lower) B-quantile of the
binomial distribution B(fy, M). By the CLT we have that

L* —OyM

Iim ——————
M—oo /MOy(1 — 0Oy)

and L*/M tends to Oy as M — oo. It follows that the lower bound f?;/LN) converges to the

=07 '(p),

Oy-quantile of the distribution of 131\/ as M — oo.

In reality, however, M is bounded by the computational effort required to solve M
problems of the form (5.230). Note that the effort per problem is larger the larger the sample
size N. For L = 1 (which is the smallest value of L) and y = 0, the left-hand side of
(5.235)isequal to [1 — (1 —a)V M. Note that (1 —a)V & ¢~V for small @ > 0. Therefore,
if aN is large, one will need a very large M to make [1 — (1 — o)V smaller than, say,
B = 0.01, and hence to get a meaningful lower bound. For example, for «N = 7 we
have that e=*" = 0.0009, and we will need M > 5000 to make [1 — (1 — «)V]™ smaller
than 0.01. Therefore, for y = 0 it is recommended to take N not larger than, say, 2/c.

5.8 SAA Method Applied to Multistage Stochastic
Programming

Consider a multistage stochastic programming problem, in the general form (3.1), driven
by the random data process &, &, ..., &r. The exact meaning of this formulation was
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discussed in section 3.1.1. In this section we discuss application of the SAA method to such
multistage problems.

Consider the following sampling scheme. Generate a sample 521, cee EZN " of N re-
alizations of random vector &. Conditional on each Eé, i =1,..., N, generate a random

sample S;j , j =1,..., Np, of N, realizations of &; according to conditional distribution
of & given & = f;‘é. anditional on each &', generate a random sample of size N3 of &

conditional on & = E;’ , and so on for later stages. (Although we do not consider such
possibility here, it is also possible to generate at each stage conditional samples of different
sizes.) In that way we generate a scenario tree with N = ]_[,T;l1 N, number of scenarios each
taken with equal probability 1/N. We refer to this scheme as conditional sampling. Unless
stated otherwise,? we assume that, at the first stage, the sample 521, e, $2N " is 1id and the
following samples, at each stage t = 2, ..., T — 1, are conditionally iid. If, moreover, all
conditional samples at each stage are independent of each other, we refer to such conditional
sampling as the independent conditional sampling. The multistage stochastic programming
problem induced by the original problem (3.1) on the scenario tree generated by conditional
sampling is viewed as the sample average approximation (SAA) of the “true” problem (3.1).

It could be noted that in case of stagewise independent process &, .. ., &7, the inde-
pendent conditional sampling destroys the stagewise independence structure of the original
process. This is because at each stage conditional samples are independent of each other
and hence are different. In the stagewise independence case, an alternative approach is to
use the same sample at each stage. That is, independent of each other, random samples
étl, R ,N"‘ of respective &,t = 2, ..., T, are generated and the corresponding scenario
tree is constructed by connecting every ancestor node at stage r — 1 with the same set of chil-
dren nodes &', .. ., ,N”'. In that way stagewise independence is preserved in the scenario
tree generated by conditional sampling. We refer to this sampling scheme as the identical
conditional sampling.

5.8.1 Statistical Properties of Multistage SAA Estimators

Similar to two-stage programming, it makes sense to discuss convergence of the optimal
value and first-stage solutions of multistage SAA problems to their true counterparts as
sample sizes Ny, ..., Ny_; tend to infinity. We denote N := {N|, ..., Ny_;} and by &*
and ¥y the optimal values of the true and the corresponding SAA multistage programs,
respectively.

In order to simplify the presentation let us consider now three-stage stochastic pro-

grams, i.e., ' = 3. In that case, conditional sampling consists of sample 52", i=1,...,N,
of & and foreachi = 1,..., N of conditional samples g;f, j=1,..., N, of & given
& = &;. Let us write dynamic programming equations for the true problem. We have
03(x2,8) = inf  f3(x3, &), (5.236)
x3€X3(x2,63)
Or(x1, &)= inf | fr(x. &) +E[Qs(x2. &)]5]}] (5.237)
X2€X2(x1,62)

31t is also possible to employ quasi—Monte Carlo sampling in constructing conditional sampling. In some
situations this may reduce variability of the corresponding SAA estimators. In the following analysis we
assume independence in order to simplify statistical analysis.
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and at the first stage we solve the problem
Min {£i(x) +E[Q2(x1, &)1} (5.238)
X1 1

If we could calculate values Q,(x, &), we could approximate problem (5.238) by
the sample average problem

Min { fi ) = fie) + 5 S Qoo D)) (5.239)

X[E

However, values Q> (x1, &) are not given explicitly and are approximated by

Qo (x1,8) :=  inf {fz(xz )+ Qs(Xz,séj)}, (5.240)

x2€X5(x1, Ez
i =1,..., N;. Thatis, the SAA method approximates the first stage problem (5.238) by
the problem

Min | fiw @) = fi) + 4 S Qa8 (5.241)

X[G 1

In order to verify consistency of the SAA estimators, obtained by solving problem
(5.241), we need to show that fy, n,(x1) converges to fi(x;) + E[Q2(x1, &)] w.p. 1 uni-
formly on any compact subset X of X ;. (Compare with the analysis of section 5.1.1.) That
is, we need to show that

lim  sup H SN Qo (1, E) —E[Qa(x1, 52)]‘ =0w.p. 1. (5.242)

Ny, Nz*)OOx X

For that it suffices to show that

fim _sup [ 2%, 02(x1, &) — E1Qa(x1, &)1 = 0 wp. 1 (5.243)

N1~>ooxlex

and

lim sup | SV Qoo 6D = - N, Qaer 8D = 0w 1. (5,044

Ny, NzeooA X

Condition (5.243) can be verified by applying a version of the uniform Law of Large
Numbers (see section 7.2.5). Condition (5.244) is more involved. Of course, we have that

LN A e .
U, ex | L O, (i1, 8 — - 1% 02, D)
I N A ; ;

< 3 2iti SWPyex [Qam (X1, §) — Qa(x1. &,

and hence condition (5.244) holds if Qs y, (x1, £}) converges to Q2 (x|, £4) w.p. 1 as Ny —
oo in a certain uniform way. Unfortunately an exact mathematical analysis of such condition
could be quite involved. The analysis simplifies considerably if the underline random
process is stagewise independent. In the present case this means that random vectors &, and
&; are independent. In that case distribution of random sample 53 ,j=1,..., Ny, does

not depend on i (in both sampling schemes whether samples 53 are the same for alli =
1, ..., Ny, or independent of each other), and we can apply Theorem 7.48 to establish that,
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under mild regularity conditions, Niz levi 1 Q3(x2, %j ) converges to E[Q3(x2, &3)] w.p. 1 as
N, — oo uniformly in x, on any compact subset of R"2. With an additional assumptions
about mapping X, (x1, &), it is possible to verify the required uniform type convergence of
QAz, N, (X1, Eé) to Qs (xyq, %’é). Again a precise mathematical analysis is quite technical and
will be left out. Instead, in section 5.8.2 we discuss a uniform exponential convergence of
the sample average function fy, n,(x;) to the objective function fi(x1) + E[Q2(x1, &)] of
the true problem.

Let us make the following observations. By increasing sample sizes Ny, ..., Ny_; of
conditional sampling, we eventually reconstruct the scenario tree structure of the original
multistage problem. Therefore it should be expected that in the limit, as these sample sizes
tend (simultaneously) to infinity, the corresponding SAA estimators of the optimal value
and first-stage solutions are consistent, i.e., converge w.p. 1 to their true counterparts. And,
indeed, this can be shown under certain regularity conditions. However, consistency alone
does not justify the SAA method since in reality sample sizes are always finite and are
constrained by available computational resources. Similar to the two-stage case we have
here that (for minimization problems)

9 > E[dx]. (5.245)

That is, the SAA optimal value 9y is a downward biased estimator of the true optimal
value 0*.

Suppose now that the data process &1, . .., &7 is stagewise independent. As discussed
above, in that case it is possible to use two different approaches to conditional sampling,
namely, to use at every stage independent or the same samples for every ancestor node
at the previous stage. These approaches were referred to as the independent and identi-
cal conditional samplings, respectively. Consider, for instance, the three-stage stochastic
programming problem (5.236)—(5.238). In the second approach of identical conditional
sampling we have sample Eé, i =1,...,Ny, of & and sample 531, j=1,..., Ny of &
independent of Eé. In that case formula (5.240) takes the form

Oomrn )= inf | peo )+ TN 0. 8)]. (5.246)

X2€X2(x1,6;)

Because of independence of & and &; we have that conditional distribution of &; given
&, is the same as its unconditional distribution, and hence in both sampling approaches
Qan, (x],éé) has the same distribution independent of i. Therefore in both sampling
schemes Nl] Z,N:] 1 Q2.n, (X1, Sé) has the same expectation, and hence we may expect that
in both cases the estimator #y has a similar bias. Variance of ©,, however, could be

quite different. In the case of independent conditional sampling we have that Q5 n, (x1, Eﬁ),
i =1,..., N;, are independent of each other, and hence

Var |4 30 O (ei. 8 | = #-Var | Qo 6)). (5.247)

On the other hand, in the case of identical conditional sampling the right-hand side of
(5.246) has the same component NLZ Zyil Q3(x7, 53’ )foralli =1,..., N;. Consequently,

sz N, (X1, éé) would tend to be positively correlated for different values of i, and as a result
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¥ » will have a hi gher variance than in the case of independent conditional sampling. There-
fore, from a statistical point of view it is advantageous to use the independent conditional
sampling.

Example 5.34 (Portfolio Selection). Consider the example of multistage portfolio selec-
tion discussed in section 1.4.2. Suppose for the moment that the problem has three stages,
t =0, 1, 2. In the SAA approach we generate sample &§;,7 = 1, ..., Ny, of returns at stage

t = 1, and conditional samples Séj ,j=1,..., N, of returns at stage t = 2. The dynamic
programming equations for the SAA problem can be written as follows (see (1.50)—(1.52)).
Atstaget = 1fori = 1,..., Ny, we have

O v (Wi, &) = sup{Nl YL U(EDTx) ey = Wl} (5.248)

x>0
where e € R” is vector of ones, and at stage + = 0 we solve the problem

Max—Zle ED x0, E]) st exo = Wp. (5.249)

.)C0>0

Now let U(W) := In W be the logarithmic utility function. Suppose that the data
process is stagewise independent. Then the optimal value ¢* of the true problem is (see
(1.58))

=In W, + Z v, (5.250)

where v, is the optimal value of the problem
Max E [In (&1, x)] st e'x, =1 (5.251)
Let the SAA method be applied with the identical conditional sampling, with respec-

tive sample S,j, j=1,...,N_,of &, t =1,...,T. In that case, the corresponding SAA
problem is also stagewise independent and the optimal value of the SAA problem

T-1
Dy =InWo+ Y Dy, (5.252)
=0
where 7, y, is the optimal value of the problem
Max - Zln ((gm) x,) st e'x, = 1. (5.253)

We can view D, y, as an SAA estimator of v,. Since here we solve a maximization rather

than a minimization problem, v, y, is an upward biased estimator of vy, i.e., E[D, y,]1 > v;.
A T—1 mpa

We also have that E[9y] = In Wy + 3, -, E[D, »,], and hence

T-1
E[Bx]— 0" =) (ElD,n]1— ). (5.254)
t=0
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That is, for the logarithmic utility function and identical conditional sampling, bias of the
SAA estimator of the optimal value grows additively with increase of the number of stages.
Also because the samples at different stages are independent of each other, we have that

T-1
Var[dy] =) Var[d,y,]. (5.255)
t=0

Let now U(W) := W7, with y € (0, 1], be the power utility function and suppose
that the data process is stagewise independent. Then (see (1.61))

T-1
9 =w [ ]n. (5.256)
t=0

where 7, is the optimal value of problem
MaxE [(5],%) ] stelo =1. (5.257)

For the corresponding SAA method with the identical conditional sampling, we have that

71
By =W [ Aems (5.258)
=0
where 7, v, is the optimal value of problem
I i T} T
Max ; ((ng) x,) stoelx =1 (5.259)

Because of the independence of the samples, and hence independence of #; y,, we can write
E[dy] = Wg Hr]:()l E[7;.n,], and hence

T—1
E[dx] =" [0+ Bin) (5.260)

t=0
where B; y, = w is the relative bias of 7, y,. That is, bias of 0 A grows with

increase of the number of stages in a multiplicative way. In particular, if the relative biases
B:.n, are constant, then bias of ¢y grows exponentially fast with increase of the number of
stages. N

Statistical Validation Analysis

By (5.245) we have that the optimal value 9 y of SAA problem gives a valid statistical lower
bound for the optimal value ©*. Therefore, in order to construct a lower bound for ¢* one
can proceed exactly in the same way as it was discussed in section 5.6.1. Unfortunately,
typically the bias and variance of Dy grow fast with increase of the number of stages, which
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makes the corresponding statistical lower bounds quite inaccurate already for a mild number
of stages.

In order to construct an upper bound we proceed as follows. Let x,(&;,}) be a feasible
policy. Recall that a policy is feasible if it satisfies the feasibility constraints (3.2). Since
the multistage problem can be formulated as the minimization problem (3.3) we have that

E[fi(x1) 4+ frax2(Ep). &) + -+ + fr (xr &), &r) | = 0%, (5.261)

and equality in (5.261) holds iff the policy x,(§[;)) is optimal. The expectation in the left-
hand side of (5.261) can be estimated in a straightforward way. That is, generate random

sample £/ I ET, j=1,..., N, of N realizations (scenarios) of the random data process
..., &7 and estimate thls expectation by the average
1 & , ‘
Z [fl @)+ fxa@Eh). &)+ + fr(xr@{n),s;)]. (5.262)

]=1

Note that in order to construct the above estimator we do not need to generate a scenario
tree, say, by conditional sampling; we only need to generate a sample of single scenarios of
the data process. The above estimator (5.262) is an unbiased estimator of the expectation
in the left-hand side of (5.261) and hence is a valid statistical upper bound for ¥*. Of
course, the quality of this upper bound depends on a successful choice of the feasible policy,
i.e., on how small the optimality gap is between the left- and right-hand sides of (5.261). It
also depends on variability of the estimator (5.262), which unfortunately often grows fast
with increase of the number of stages.

We also may address the problem of validating a given feasible first-stage solution
X1 € Xi. The value of the multistage problem at x; is given by the optimal value of the
problem

x}\/llf}cl [iGD) +E[xaEp). &) + -+ fr(xr G, &) ] (5.263)

s.t. xt(é[z]) € X (x—1-17), &), t=2,...,T

Recall that the optimization in (5.263) is performed over feasible policies. That is, in order
to validate x; we basically need to solve the corresponding 7' — 1 stage problems. Therefore,
for T > 2, validation of X; can be almost as difficult as solving the original problem.

5.8.2 Complexity Estimates of Multistage Programs

In order to compute value of two-stage stochastic program min,cy E[F (x, £)], where
F(x, &) is the optimal value of the corresponding second-stage problem, at a feasible point
X € X we need to calculate the expectation E[F (x, £)]. This, in turn, involves two dif-
ficulties. First, the objective value F(x, &) is not given explicitly; its calculation requires
solution of the associated second-stage optimization problem. Second, the multivariate
integral E[F (X, £)] cannot be evaluated with a high accuracy even for moderate values of
dimension d of the random data vector £&. Monte Carlo techniques allow us to evaluate
E[F (¥, £)] with accuracy & > 0 by employing samples of size N = O(¢~2). The required
sample size N gives, in a sense, an estimate of complexity of evaluation of E[ F (x, £)] since
this is how many times we will need to solve the corresponding second-stage problem. It is
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remarkable that in order to solve the two-stage stochastic program with accuracy ¢ > 0,
say, by the SAA method, we need a sample size basically of the same order N = O(s72).
These complexity estimates were analyzed in detail in section 5.3. Two basic conditions
required for such analysis are that the problem has relatively complete recourse and that for
given x and & the optimal value F(x, &) of the second-stage problem can be calculated with
a high accuracy.

In this section we discuss analogous estimates of complexity of the SAA method
applied to multistage stochastic programming problems. From the point of view of the
SAA method it is natural to evaluate complexity of a multistage stochastic program in
terms of the total number of scenarios required to find a first-stage solution with a given
accuracy ¢ > 0.

In order to simplify the presentation we consider three-stage stochastic programs, say,
of the form (5.236)—(5.238). Assume that for every x; € X the expectation E[Q;(x1, &)]
is well defined and finite valued. In particular, this assumption implies that the problem has
relatively complete recourse. Let us look at the problem of computing value of the first-
stage problem (5.238) at a feasible point x; € X ;. Apart from the problem of evaluating
the expectation E[ O, (x1, &)], we also face here the problem of computing Q,(xy, &) for
different realizations of random vector &,. For that we need to solve the two-stage stochastic
programming problem given in the right-hand side of (5.237). As discussed, in order to
evaluate O, (X1, &) with accuracy ¢ > 0 by solving the corresponding SAA problem, given
in the right-hand side of (5.240), we also need a sample of size No = O(e2). Recall
that the total number of scenarios involved in evaluation of the sample average le, N, (X1),
defined in (5.241), is N = N;N,. Therefore we will need N = O(¢~*) scenarios just to
compute value of the first-stage problem at a given feasible point with accuracy ¢ by the
SAA method. This indicates that complexity of the SAA method, applied to multistage
stochastic programs, grows exponentially with increase of the number of stages.

We now discuss in detail the sample size estimates of the three-stage SAA program
(5.239)—(5.241). For the sake of simplicity we assume that the data process is stagewise
independent, i.e., random vectors &, and &; are independent. Also, similar to assumptions
(M1)—(M5) of section 5.3, let us make the following assumptions:

(M'1) For every x; € X the expectation E[ Q,(x1, &)] is well defined and finite valued.
(M'2) The random vectors &, and &3 are independent.
(M'3) The set X has finite diameter D;.
(M'4) There is a constant L > 0 such that

|02(x], 62) — Qa(x1, 8)| < Lillx] — xi (5.264)

forall xj, x; € X; and a.e. &.
(M'5) There exists a constant o1 > 0 such that for any x; € X, it holds that
My (1) <exp{oft®/2}, VteR, (5.265)

where M ,, (t) is the moment-generating function of Q> (x1, &) — E[Q2(x1, £&)].
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(M'6) There is a set C of finite diameter D, such that for every x; € X and a.e. &, the
set X, (x1, &) is contained in C.

(M'7) There is a constant L, > 0 such that
|03(x). &) — Q3(x2. &) | < Laflx) — xo| (5.266)
for all x3, x, € C and a.e. &s.

(M'8) There exists a constant o, > 0 such that for any x, € X,(x, &) and all x; € X,
and a.e. &; it holds that

M, (1) < exp{o3t?/2}, VteR, (5.267)
where M, , (t) is the moment-generating function of Q3(xy, &3) — E[Q3(x2, §3)].

Theorem 5.35. Under assumptions M'1)-(M'8) and for ¢ > 0 and a € (0, 1), and
the sample sizes N1 and N, (using either independent or identical conditional sampling
schemes) satisfying

I:O(I)SDILI] eXPH 0<1)le }+ [O(I)SDZLZ]"2 eXPH _0<1)N25 } <a, (5.268)

we have that any € /2-optimal solution of the SAA problem (5.241) is an e-optimal solution
of the first stage (5.238) of the true problem with probability at least 1 — «.

Proof. The proof of this theorem is based on the uniform exponential bound of Theorem
7.67. Let us sketch the arguments. Assume that the conditional sampling is identical. We
have that for every x; € X;andi =1, ..., Ny,

02 (1. 6)) = Qa1 6| = supy,ce | X)) QaCa, €)= I Qatxa. 9]

where C is the set postulated in assumption (M’6). Consequently,

SUPy, e, ‘1\1/, YN Oan(x1,E) — + Z Qz(xl,éz)‘
L 02,011, €) — 021, )| (5.269)

= 1\/1 Z: lsupxlexl

SUPce |1 L2 O3, ) — B[ Qs (32, €91,

IA

By the uniform exponential bound (7.217) we have that

Pr{supce [ 021 0300, 8) — BIQs (0, 81| > ¢/2]

< [0(1)81)ZL2 ]”2 exp {_ O(DN;e? ] 7 (5:270)
%

and hence

1 N A i 1 N .
Pr{sup,, e, |2 S0 Qa1 8) — 2 S0 a1, 8D
< [0, 1" o [ owme |
—_ & p {72

2

2
= } (5.271)
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By the uniform exponential bound (7.217) we also have that

Pr{sup, e, [ 4 021, 8D — BIQa (1, £)1] = /2]

< [0(1)D]L.] exp{ O(I)N15 } (5:272)
Let us observe that if Z;, Z, are random variables, then
Pr(Zi+Z, >¢) <Pr(Z, > ¢/2) + Pr(Z, > ¢/2).
Therefore it follows from (5.271) and (5.271) that
Pr {supy, e, | (1) = i) = B[ Q1. €21 > e}
(5.273)

1 2

ni 2 np 2
O()DL, __O()Ne O()DyLy __O()Nye
e B e R R A R

which implies the assertion of the theorem.
In the case of the independent conditional sampling the proof can be completed in a
similar way. O

Remark 17. We have, of course, that

[Du — 0| < sup | fv,.w (1) — fix) — E[Qa(x1, £)]]. (5.274)

.)C]E 1

Therefore bound (5.273) also implies that

N n
Pr{|1?N — 0¥ > e} < [—O(l)gD‘L‘] exp{——o(lzfzvlsz}
ny 5

1 |:0(l)8DzL2:| exp {_ 0(1212\125

2

(5.275)
}.

In particular, suppose that Ny = N,. Then for
n := max{ny, ny}, L :=max{L, Ly}, D := max{D;, D,}, o := max{o, 03},
the estimate (5.268) implies the following estimate of the required sample size N; = N»:
O()DL\" O(1)N,&?
((—)> exp {—()—21} <a, (5.276)
€ o

which is equivalent to

2
Ny = 0(12)0 [n In <M) +1In <l>i| . (5.277)
€ 3 o

The estimate (5.277), for three-stage programs, looks similar to the estimate (5.116), of
Theorem 5.18, for two-stage programs. Recall, however, that if we use the SAA method
with conditional sampling and respective sample sizes N; and N, then the total number
of scenarios is N = N N,. Therefore, our analysis indicates that for three-stage problems
we need random samples with the total number of scenarios of order of the square of the
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corresponding sample size for two-stage problems. This analysis can be extended to T -stage
problems with the conclusion that the total number of scenarios needed to solve the true
problem with a reasonable accuracy grows exponentially with increase of the number of
stages T. Some numerical experiments seem to confirm this conclusion. Of course, it should
be mentioned that the above analysis does not prove in a rigorous mathematical sense that
complexity of multistage programming grows exponentially with increase of the number
of stages. It indicates only that the SAA method, which showed a considerable promise
for solving two-stage problems, could be practically inapplicable for solving multistage
problems with a large (say, greater than four) number of stages.

5.9 Stochastic Approximation Method

To an extent, this section is based on Nemirovski et al. [133]. Consider the stochastic
optimization problem (5.1). We assume that the expected value function f(x) = E[F (x, §)]
is well defined, finite valued, and continuous at every x € X and that the set X C R" is
nonempty, closed, and bounded. We denote by x an optimal solution of problem (5.1). Such
an optimal solution does exist since the set X is compact and f(x) is continuous. Clearly,
9* = f(x). (Recall that ¥* denotes the optimal value of problem (5.1).) We also assume
throughout this section that the set X is convex and the function f (-) is convex. Of course, if
F(-, &) is convex for every £ € E, then convexity of f(-) follows. We assume availability
of the following stochastic oracle:

* There is a mechanism which for every given x € X and & € E returns value F(x, &)
and a stochastic subgradient, a vector G (x, &) such that g(x) := E[G (x, &)] is well
defined and is a subgradient of f(-) at x, i.e., g(x) € af (x).

Remark 18. Recall that if F (-, £) is convex for every £ € E, and x is an interior point of
X, i.e., f(-)is finite valued in a neighborhood of x, then

af (x) =E [0, F(x, &)] (5.278)

(see Theorem 7.47). Therefore, in that case we can employ a measurable selection G(x, §) €
0, F (x, &) as a stochastic subgradient. Note also that for an implementation of a stochastic
approximation algorithm we only need to employ stochastic subgradients, while objective
values F(x, &) are used for accuracy estimates in section 5.9.4.

We also assume that we can generate, say, by Monte Carlo sampling techniques, an

iid sequence £, j =1,..., of realizations of the random vector £, and hence to compute
a stochastic subgradient G(x;, §/) at an iterate point x; € X.

5.9.1 Classical Approach

We denote by ||x|| = (x"x)!/? the Euclidean norm of vector x € R" and by

[Ty (x) := argmin ||x — 2|2 (5.279)
zeX
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the metric projection of x onto the set X. Since X is convex and closed, the minimizer
in the right-hand side of (5.279) exists and is unique. Note that Ty is a nonexpanding
operator, i.e.,

My (x) = Mx ()2 < [lx" —xll2, Vx',x € R". (5.280)

The classical stochastic approximation (SA) algorithm solves problem (5.1) by mim-
icking a simple subgradient descent method. That is, for chosen initial point x; € X and a
sequence y; > 0, j =1, ..., of stepsizes, it generates the iterates by the formula

xjp1 = Hx(x; — y;G(x;, €)). (5.281)

The crucial question of that approach is how to choose the stepsizes y;. Also, the set X
should be simple enough so that the corresponding projection can be easily calculated. We
now analyze convergence of the iterates, generated by this procedure, to an optimal solution
x of problem (5.1). Note that the iterate x;; = x;41(§(;1), j = 1, ..., is a function of the
history &} = (51 ,..., &) of the generated random process and hence is random, while the
initial point x; is given (deterministic). We assume that there is number M > 0 such that

E[IG(x,8)I3] < M?, Vx € X. (5.282)

Note that since for a random variable Z it holds that E[Z?] > (E|Z])?, it follows from
(5.282) that E||G (x, &)| < M.
Denote

Aj:=Ylx; —X|I3 and a; :=E[A;] = LE[|x; — %3] (5.283)
By (5.280) and since x € X and hence I1x(x) = x, we have
| Tx (x; = G (xj, 69) - [ )
”HX(XJ' = VG, 5'])) - HX()E)Hz (5.284)
|

: -2
|[xj —7;G(xj, §7) — x| 4
Aj+ V7Gx, ENNG — vi(x; — DTG (x), €).

Ajp =

Al
L STE STE

Since x; = x;(&;;—17) is independent of &;, we have

E[(x; -G, )] = E{E[(x; —D)'G(x;, &) 1&;-n]}
= E{(; —O'EIG(x,, &) |&; 1]}
= E[(x;—5)"gx)].
Therefore, by taking expectation of both sides of (5.284) and since (5.282) we obtain
ajp1 <aj —yvB[(x; —8)'g(x)] + 3y M>. (5.285)

Suppose, further, that the expectation function f(x) is differentiable and strongly
convex on X with parameter ¢ > 0, i.e.,

' =) (V) =VFx) >clx' —x|3, Vx,x' e€X. (5.286)
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Note that strong convexity of f(x) implies that the minimizer x is unique and that because
of differentiability of f(x) it follows that 3f (x) = {V f(x)} and hence g(x) = V f(x). By
optimality of X we have that

x—X)'VfEFE) =0, VxeX, (5.287)
which together with (5.286) implies that
E[(x; =0V fx))] E[(x; — DT (Vfx) — V)]

>
> cE[lx; — xl13] = 2ca;. (5.288)
Therefore it follows from (5.285) that
ajy1 < (1 =2cyj)aj + sy M>. (5.289)

In the classical approach to stochastic approximation the employed stepsizes are y; :=
0/j for some constant & > 0. Then by (5.289) we have

aji1 < (1 —2c0/j)a; + 10°M?/j>. (5.290)
Suppose now that& > 1/(2c¢). Then it follows from (5.290) by induction thatfor j =1, ...,
max {0>M?(2c0 — )7, 2a,}

2a; <
J F

(5.291)

Recall that 2a; = E [|lx; — X||*] and, since x; is deterministic, 2a; = ||x; —X||3. Therefore,
by (5.291) we have that

E[x; — %I2] < @,

(5.292)

where
Q(0) := max {#*M*(2c0 — )", |lx; — |3} . (5.293)

The constant Q () attains its optimal (minimal) value at 6 = 1/c.
Suppose, further, that x is an inferior point of X and V f (x) is Lipschitz continuous,
i.e., there is constant L > 0 such that

IVF) =V )l < LlIx" = xll2, Vx',x € X, (5.294)
Then
fx) < fE) +1LIx %3, VxeX, (5.295)
and hence by (5.292)

0@O)L
2j

E[f(x) — f@)] < SLE[lx; — %3] < (5.296)
We obtain that under the specified assumptions, after j iterations the expected error
of the current solution in terms of the distance to the true optimal solution X is of order
O(j~"/?), and the expected error in terms of the objective value is of order O (j ), provided
that & > 1/(2c). Note, however, that the classical stepsize rule y; = 6/j could be very
dangerous if the parameter ¢ of strong convexity is overestimated, i.e., if 6 < 1/(2c).



5.9. Stochastic Approximation Method 233

Example 5.36. As a simple example, consider f(x) := %sz with « > 0 and X :=
[—1, 1] C R and assume that there is no noise, i.e., G(x,&) = V f(x). Clearly x = 0
is the optimal solution and zero is the optimal value of the corresponding optimization
(minimization) problem. Let us take 6 = 1, i.e., use stepsizes y; = 1/j, in which case the
iteration process becomes

Xja1 = x;— f1(x)))j = (1 _ %) x;. (5.297)

For « = 1, the above choice of the stepsizes is optimal and the optimal solution is obtained
in one iteration.
J
K
s —kK } '
s=1

Suppose now that k < 1. Then starting with x; > 0, we have
/ K / K
Xj+1 =x11_!(1—;) ZXICXp{—Zlhl<1+E>} >xlexp{_
s§= s§=
Tk K Ik K i
Z < +/ dt < —— +xlnj—«In(l —«).
s —K 1—« 1 t—«k 1—«

Moreover,
s=1

It follows that
Xjt1>O0)j™" and f(xj11) > 0(1)j’2", j=1,.... (5.298)

(In the first of the above inequalities the constant O (1) = x; exp{—«/(1 —«) 4+« In(1 —k)},
and in the second inequality the generic constant O (1) is obtained from the first one by taking
square and multiplying it by x/2.) That is, the convergence becomes extremely slow for
small « close to zero. In order to reduce the value x; (the objective value f(x;)) by factor
10, i.e., to improve the error of current solution by one digit, we will need to increase the
number of iterations j by factor 10'/% (by factor 10'/>9)). For example, forx = 0.1, x; = 1
and j = 10° we have that x ; > 0.28. In order to reduce the error of the iterate to 0.028 we
will need to increase the number of iterations by factor 1019 je., to j= 105, [ |

It could be added that if f (x) loses strong convexity, i.e., the parameter ¢ degenerates
to zero, and hence no choice of 6 > 1/(2c) is possible, then the stepsizes y; = 6/j may
become completely unacceptable for any choice of 6.

5.9.2 Robust SA Approach

It was argued in section 5.9.1 that the classical stepsizes y; = O( j~1) can be too small to
ensure a reasonable rate of convergence even in the no-noise case. An important improve-
ment to the SA method was developed by Polyak [152] and Polyak and Juditsky [153],
where longer stepsizes were suggested with consequent averaging of the obtained iterates.
Under the outlined classical assumptions, the resulting algorithm exhibits the same optimal
O(j~") asymptotical convergence rate while using an easy to implement and “robust” step-
size policy. The main ingredients of Polyak’s scheme (long steps and averaging) were, in
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a different form, proposed in Nemirovski and Yudin [135] for problems with general-type
Lipschitz continuous convex objectives and for convex—concave saddle point problems.
Results of this section go back to Nemirovski and Yudin [135], [136].

Recall that g(x) € 0f (x) and a; = JE [|lx; — X13], and we assume the boundedness
condition (5.282). By convexity of f(x) we have that f(x) > f(x;) + (x — xj)Tg(xj) for
any x € X, and hence

E[Gx; - D8] = E[f () — f@)]. (5.299)
Together with (5.285) this implies
ViE[f () — f(®)] < aj —ajp1 + 3y; M.

It follows that whenever 1 <i < j, we have

J Jj J J
Y vE[fG) = F@] =D la —anl+iM?Y y2 <ai+iM?Y 2 (5.300)

t=i

Denote "
v = —— and Dy := max ||x — x| (5.301)
Yiive reX
Clearly v, > 0 and Y°/_. v, = 1. By (5.300) we have
J ; lMZ J . 2
E [Z v f () — f(i)] L4t == n (5.302)
t=i t=i Vi

Consider points
J
K= vk (5.303)
1=i

Since X is convex, it follows that X; ; € X and by convexity of f(-) we have
J
G <D wfx).

t=i

Thus, by (5.302) and in view of a; < Di and a; < 4D§, i > 1, we get

D?{ + M2 J:1 ytZ

E[fG.)~ @] < 3 y for 1 < j. (5.304)
t=1 71
2 2NV 2
E[f () — /(D] < 2% :g, yf=i "ofor 1 <i <. (5.305)

Based of the above bounds on the expected accuracy of approximate solutions X;, ;j, we can
now develop “reasonable” stepsize policies along with the associated efficiency estimates.
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Constant Stepsizes and Error Estimates

Assume now that the number of iterations of the method is fixed in advance, say, equal to
N, and that we use the constant stepsize policy, i.e., y; = y,t = 1,..., N. It follows then
from (5.304) that
D% + M?>Ny?
E X — @) ="
[fEm - f@] === Ny

Minimizing the right-hand side of (5.306) over y > 0, we arrive at the constant stepsize
policy

(5.306)

t=1,...,N, (5.307)

along with the associated efficiency estimate
DxM
Nl
By (5.305), with the constant stepsize policy (5.307), we also have for | < K < N
CyxDxM
N

Cyk = 2—N + l

’ N—-—K+1 2

When K/N < 1/2, the right-hand side of (5.309) coincides, within an absolute constant

factor, with the right-hand side of (5.308). If we change the stepsizes (5.307) by a factor of
6 > 0, i.e., use the stepsizes

E[fEn) — fD)] < (5.308)

E[fGEkn) — fF(D)] < (5.309)

where

y M\/ N Y ' ’
then the efﬁClency eStl'Ina[e (5.3()9) l)eC()llleS

CnxDxM
N

The expected error of the iterates (5.303), with constant stepsize policy (5.310), after
N iterations is O (N~1/?). Of course, this is worse than the rate O(N ") for the classical
SA algorithm as applied to a smooth strongly convex function attaining minimum at an
interior point of the set X. However, the error bound (5.311) is guaranteed independently
of any smoothness and/or strong convexity assumptions on f(-). Moreover, changing the
stepsizes by factor 6 results just in rescaling of the corresponding error estimate (5.311).
This is in a sharp contrast to the classical approach discussed in the previous section, when
such change of stepsizes can be a disaster. These observations, in particular the fact that
there is no necessity in fine tuning the stepsizes to the objective function f(-), explains the
adjective “robust” in the name of the method.

It can be interesting to compare sample size estimates derived from the error bounds of
the (robust) SA approach with respective sample size estimates of the SAA method discussed
in section 5.3.2. By Chebyshev (Markov) inequality we have that for ¢ > 0,

PrifGin) — f(®) = e} <e 'E[fEn) — f(D)]. (5.312)

E[fGkn) — f(®)] < max {6,671} (5.311)
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Together with (5.308) this implies that, for the constant stepsize policy (5.307),

Pr{fGin) — (@) > ¢} < DxM (5.313)
ILN) — >et < . .
e N
It follows that for @ € (0, 1) and sample size
DiM?
Z g (5.314)

we are guaranteed that X; y is an g-optimal solution of the “true" problem (5.1) with prob-
ability at least 1 — «.

Compared with the corresponding estimate (5.126) for the sample size by the SAA
method, the estimate (5.314) is of the same order with respect to parameters Dx,M, and ¢.
On the other hand, the dependence on the significance level « is different: in (5.126) it is
of order O (ln(a’l)), while in (5.314) it is of order O(a~?). It is possible to derive better
estimates, similar to the respective estimates of the SAA method, of the required sample
size by using the large deviations theory; we discuss this further in the next section (see
Theorem 5.41 in particular).

5.9.3 Mirror Descent SA Method

The robust SA approach discussed in the previous section is tailored to Euclidean structure
of the space R”. In this section, we discuss a generalization of the Euclidean SA approach
allowing to adjust, to some extent, the method to the geometry, not necessary Euclidean, of
the problem in question. A rudimentary form of the following generalization can be found
in Nemirovski and Yudin [136], from where the name “mirror descent” originates.

In this section we denote by || - || a general norm on R”. Its dual norm is defined as

. T
X1« == supy, < ¥ x.

By x|, == (|x1|P 4ot |xn|p)l/p we denote the £,, p € [1,00), norm on R". In
particular, || - ||, is the Euclidean norm. Recall that the dual of || - | , is the norm || - ||,, where
q > lissuchthat 1/p 4+ 1/g = 1. The dual norm of £; norm || x||; = |x1| + --- + |x,] is
the £og norm ||x || = max {|x], - - , [x,|}.

Definition 5.37. We say that a function 0 : X — R is a distance-generating function with
modulus k > 0 with respect to norm || - || if the following holds: 3(-) is convex continuous
on X, the set

X :={xeX:00(x)# 0} (5.315)

is convex, 0(-) is continuously differentiable on X*, and
' — )" (Vo(x) — Vo)) > kllx’ — x>, Vx,x' € X*. (5.316)

Note that the set X* includes the relative interior of the set X, and hence condition (5.316)
implies that 0(-) is strongly convex on X with the parameter « taken with respect to the
considered norm || - ||.



5.9. Stochastic Approximation Method 237

A simple example of a distance generating function (with modulus 1 with respect to
the Euclidean norm) is 0(x) := %xTx. Of course, this function is continuously differentiable
at every x € R". Another interesting example is the entropy function

(x) = in Inx;, (5.317)

i=1

defined on the standard simplex X = {x e R": Y} x; =1, x > 0}. (Note that by
continuity, x Inx = 0 for x = 0.) Here the set X* is formed by points x € X having all
coordinates different from zero. The set X* is the subset of X of those points at which the
entropy function is differentiable with Vo(x) = (1 +Inxy, ..., 1 + Inx,). The entropy
function is strongly convex with modulus 1 on standard simplex with respect to || - || norm.

Indeed, it suffices to verify that A"V?d(x)h > ||h||? for every h € R" and x € X*.
This, in turn, is verified by

[ 0ml] = [0 PP < [ k2 [ %] (5.318)
=Y ki = hTVR(0)h,

where the inequality follows by Cauchy inequality.
Let us define function V : X* x X — Ry as follows:

V(x,z) = 0(2) — [0(x) + Vo) (z — x)]. (5.319)

In what follows we refer to V (., -) as the prox-function®® associated with the distance-
generating function 0(x). Note that V(x, -) is nonnegative and is strongly convex with
modulus k with respect to the norm | - ||. Let us define prox-mapping P, : R" — X*,
associated with the distance-generating function and a point x € X*, viewed as a parameter,
as follows:

P.(y) := argmin -0+ Vi, 0} (5.320)

Observe that the minimum in the right-hand side of (5.320) is attained since 9(+) is continuous
on X and X is compact, and a corresponding minimizer is unique since V (x, -) is strongly
convex on X. Moreover, by the definition of the set X*, all these minimizers belong to X*.
Thus, the prox-mapping is well defined.

For the (Euclidean) distance-generating function d(x) := %x x, we have that P, (y) =
[Tx (x — y). In that case the iteration formula (5.281) of the SA algorithm can be written as

T

Xjp1 = Py, (y;G(x;,€))), x; € X*. (5.321)

Our goal is to demonstrate that the main properties of the recurrence (5.281) are inherited
by (5.321) for any distance-generating function 9(x).

Lemma 5.38. Foreveryu € X,x € X* and y € R" one has

V(P(y),u) < V(x,u) 4y u—x)+ Q) Iyl2 (5.322)

36The function V (-, -) is also called Bregman divergence.
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Proof. Let x € X* and v := P,(y). Note that v is of the form argmin,.y [hTZ + D(Z)] and
thus v € X*, so that 9(-) is differentiable at v. Since V,V(x,v) = Vo(v) — V0(x), the
optimality conditions for (5.320) imply that

(Vo) = Vo(x)+)'(v—u) <0, VucelX. (5.323)
Therefore, for u € X we have

V,u)—V(x,u) =[0u)— VD(U)T(u —v)—o(w)] —[o(u) — VD(x)T(u —x)—0(x)]
= (VO(v) = Vo) + )T —u) + y ' (w —v) — [0(v) — Vo) (v — x) — 2(x)]
<y'(u—v)—Vix,v),

where the last inequality follows by (5.323).
For any a, b € R" we have by the definition of the dual norm that ||a||.||b| > a'b
and hence
(lall/xc +«161%)/2 = llall bl = a'b. (5.324)

Applying this inequality with @ = y and b = x — v we obtain

2
O 1 AN T
=) = 2 = ol

Also due to the strong convexity of V(x, -) and since V (x, x) = 0 we have

Vix,v) = V,x)+ & =)V, V(x,v)+ iclx —v|?
= (x—v) (Vo) — Vokx)) + %K||x —|)? (5.325)
> Lillx — vl

where the last inequality holds by convexity of 0(-). We get

Viv,u)— Vix,u) < yT(u —v)—V(x,v) = yT(u —Xx)+ yT(x —v)—V(x,v)
<y —x)+ @)yl

as required in (5.322). [

Using (5.322) withx = xj, y = ¥, G(x;, £7), and u = X, and noting that by (5.321)
Xj+1 = P, (y) here, we get

2
- ; _ _ Y ;
7i =G, §) = Vi, 0 = Vi H+ 016G, EDIE (5.326)
Let us observe that for the Euclidean distance-generating function 0(x) = %xTx, one has
Vix,z) = %le — zII% and x = 1. That is, in the Euclidean case (5.326) becomes

S =05 < gl = XI5+ 377 1G (. D5 — v (x; — D' G(xj, €). (5.327)

The above inequality is exactly the relation (5.284), which played a crucial role in the
developments related to the Euclidean SA. We are about to process, in a similar way,
the relation (5.326) in the case of a general distance-generating function, thus arriving at
the mirror descent SA.
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Specifically, setting '
Aj:=G(xj,E) —gxj), (5.328)
we can rewrite (5.326), with j replaced by ¢, as
2
yiC = 0)'g(x) <V, ) = Van, H) = 1A (6 = 3) + g—’KnG(x,, ENNZ. (5.329)

Summing up over t = 1,..., j, and taking into account that V (x;;,u) > 0, u € X, we
get

J J 2 J
D oyl —HTg() < Vx, ©) + ; ;—'KMG(x,, ENE =) nAl (v — 5. (5330)

=1 t=1

Setv, ;= =¢4— t=1,...,j,and
! Yl /

J
Bj= ) vk (5.331)
=1

By convexity of f(-) we have f(x,) — f(¥) < (x; — X)"g(x,), and hence
Yl —DTg) = NLvlf ) - f()]

(XLin) [Zlvron - @)

(L) [FGn - r@].

v

Combining this with (5.330) we obtain

Vo, ) + 30 @O G EDIR = Y AT (= B)

J
=1 Vl

f&) — ) <

(5.332)
e Assume from now on that the procedure starts with the minimizer of 9(-), that is,

X| 1= argmin, .y 0(x). (5.333)

Since by the optimality of x; we have that (u — x;)"V0(x;) > 0 for any u € X, it
follows from the definition (5.319) of the function V (-, -) that

max V(xy, u) < D3 x. (5.334)
where
172
Dy x = |:max 0(u) — min 0(x)i| . (5.335)
ueX xeX

Together with (5.332) this implies

D2y + YO GG, EDI2 = L v AT (x — %)

> (5.336)
=1Vt

J&) = f) <
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We also have (see (5.325)) that V (x;, u) > %K lx; — u]|?, and hence it follows from (5.334)

that for all u € X,
2
X1 —ull <+ K—Da,x~ (5.337)

Let us assume, as in the previous section (see (5.282)), that there is a positive number
M., such that

E[IGk, &)I2] < MZ, Vx e X. (5.338)

Proposition 5.39. Let x; := argmin,_y 0(x) and suppose that condition (5.338) holds.
Then

D+ Q)" M2Y 2
B[ £ ) - 1) = 22X )j Lo V7 (5.339)
Zt:l Vi
Proof. Taking expectations of both sides of (5.336) and noting that (i) x; is a deterministic
function of &,_1; = (¢!, ..., &"~1), (ii) conditional on &, _ 1}, the expectation of A, is 0, and

(iii) the expectation of |G (x, £") |2 does not exceed M2, we obtain (5.339). O

Constant Stepsize Policy

Assume that the total number of steps N is given in advance and the constant stepsize policy
vi =vy,t=1,...,N,is employed. Then (5.339) becomes

D; x + ) 'MINy?

E[fG) — f@)] < Ny

(5.340)

Minimizing the right-hand side of (5.340) over y > 0 we arrive at the constant stepsize
policy

V2D
o= YY1 LN, (5.341)
M.~N
and the associated efficiency estimate
- _ 2
E[fEn) = f®] = DoxMey|—. (5.342)

This can be compared with the respective stepsize (5.307) and efficiency estimate (5.308)
for the robust Euclidean SA method. Passing from the stepsizes (5.341) to the stepsizes

/2D
yo= ETRX 1N, (5.343)
M.JN

with rescaling parameter 8 > 0, the efficiency estimate becomes

. _ i 2
E[fGrw) = f@)] < max {0.07') DoxMy| = (5.344)
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similar to the Euclidean case. We refer to the SA method based on (5.321), (5.331), and
(5.343) as the mirror descent SA algorithm with constant stepsize policy.

Comparing (5.308) to (5.342), we see that for both the Euclidean and the mirror
descent SA algorithms, the expected inaccuracy, in terms of the objective values of the
approximate solutions, is O(N~!/2). A benefit of the mirror descent over the Euclidean
algorithm is in potential possibility to reduce the constant factor hidden in O (-) by adjusting
the norm || - || and the distance generating function 9(-) to the geometry of the problem.

Example 540. Let X := {x € R" : }'_ x; = 1, x > 0} be the standard simplex.
Consider two setups for the mirror descent SA namely, the Euclidean setup, where the
considered norm || - || := || - ||» and ?(x) := 2x Tx, and £,-setup, where || - || := || - ||; and
0(+) is the entropy function (5.317). The Euclidean setup, leads to the Euclidean robust SA,
which is easily implementable. Note that the Euclidean diameter of X is +/2 and hence is
independent of n. The corresponding efficiency estimate is

E[fGy) — f] < 0()max {0,067} MN~'/2 (5.345)

with M2 = sup, .x E[IIG (x, §)|3].
The ¢,-setup corresponds to X* = {x € X : x > 0}, Dy x = VInn,

X1 := argmind(x) = n_l(l, e, l)T,
xeX
Ix|l« = lIx]lco, and & = 1 (see (5.318) for verification that k = 1). The associated mirror

descent SA is easily implementable. The prox-function here is
V(x,2) = Zz, 1n =

and the prox-mapping P, (y) is given by the explicit formula

xje i
P, i =1,...,n.
[Pc(D]i = Zk Xge- PR n

The respective efficiency estimate of the £;-setup is
E[fG ) — f®)] < 0()max {6,607} (Inn)' M N7/ (5.346)

with M 2 =sup,.x E [|| G(x,&) ||2 ] provided that the constant stepsizes (5.343) are used.

To compare (5.346) and (5.345), observe that M, < M, and the ratio M,/ M can be as
small as n~!/2. Thus, the efficiency estimate for the £,-setup is never much worse than the
estimate for the Euclidean setup, and for large n can be far better than the latter estimate.

That is,
1 M n
— <<
Inn = /InnM, ~ VInn

with both the upper and lower bounds being achievable. Thus, when X is a standard
simplex of large dimension, we have strong reasons to prefer the ¢;-setup to the usual
Euclidean one. W
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Comparison with the SAA Approach

Similar to (5.312)—(5.314), by using Chebyshev (Markov) inequality, it is possible to derive
from (5.344) an estimate of the sample size N which guarantees that x; y is an e-optimal
solution of the true problem with probability at least 1 —«. It is possible, however, to obtain
much finer bounds on deviation probabilities when imposing more restrictive assumptions
on the distribution of G (x, &). Specifically, assume that there is constant M, > 0 such that

Elexp {IG(x, &I /MZ}] < exp{l}, VxeX. (5.347)

Note that condition (5.347) is stronger than (5.338). Indeed, if a random variable Y satisfies
Elexp{Y/a}] < exp{1} for some a > 0, then by Jensen inequality

exp{E[Y/al} < E[exp{Y/a}] < exp{l},

and therefore E[Y] < a. By taking Y := [|G(x, £)|?> and @ := M?, we obtain that (5.347)
implies (5.338). Of course, condition (5.347) holds if |G (x, §)|, < M, for all (x,&) €
X x B.

Theorem 5.41. Suppose that condition (5.347) is fulfilled. Then for the constant stepsizes
(5.343), the following holds for any ® > 0 :

C(l1+0
Pr {f(iw) —f® > g} < dexp(-O}, (5.348)
K
where C := (max {6,607} + 8v/3)M, Dy x /2.
Proof. By (5.336) we have
fGEN) — f(X) <AL+ Ay, (5.349)
where
D2+ 20) ' N V216 (x, €12 N
Ay = X (2) X]E,'_l v GO, E)I and A, := vaAtT()E —x,).
DV =1

Consider Y, := yt2||G(x,, S’)Hi and ¢; := Mfy,z. Note that by (5.347),
E[exp{Y;/ci}] <expfl}, i=1,...,N. (5.350)

Since exp{-} is a convex function we have

Z,-”:]Y,-} _ { N cim/m} <N e
°xP { YL eXP | Li=i PO 2izi Y exp{Yi/eil.
By taking expectation of both sides of the above inequality and using (5.350) we obtain

E [exp {g%—‘f}] < exp{l}.

i=1¢i
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Consequently by Chebyshev’s inequality we have for any number ®

Pr [exp { % ‘l:/ > exp{@}] < :fg{{e)} = exp{l — ©},

and hence
P, Y = 0%, o} < expll - 0} < 3exp(-0). (5.351)

That is, for any O,

Pr{x 721G 0, 6912 = OM2 L, 2} = 3exp (-6}, (5.352)
For the constant stepsize policy (5.343), we obtain by (5.352) that

Pr{A1 > max{6, 6~ 1}%} <3exp(-0). (5.353)

Consider now the random variable A,. By (5.337) we have that
1% = x 0l < e — &l + Il — x| < 2v/26 2Dy .,

and hence )
T, = 2= 2 —1p2 2
|A] G —x)|” < NANFIE = x I < 8 Dy 1A

We also have that
E[G —x) Al&—1y] = G — x)"E[A|§—1y] =0 wp. 1,
and by condition (5.347) that
E [exp {117 /(4MD)} |§-1y] < exp{l} wp. 1.

Consequently, by applying inequality (7.194) of Proposition 7.64 with ¢, := v, AT (x — x,)
and o*l = 32K’1M2D§ x t , we obtain for any ® > 0

Pr {Az > 42k P ML Dy xO N uf} < exp{—©%/3}. (5.354)
Since for the constant stepsize policy we have that v, = 1/N,t =1, ..., N, by changing

variables ®2/3 to © and noting that ®'/2 < 1 4 ® for any ® > 0, we obtain from (5.354)
that for any ® > 0

Pr {Az %\Wﬂ“’)} < exp(-0). (5.355)

Finally, (5.348) follows from (5.349), (5.353), and (5.355). [

By setting ¢ = %, we can rewrite the estimate (5.348) in the form?’
Pr{f(Gin) — f(X) > e} <12exp{—eC'VkN}. (5.356)

3TThe constant 12 in the right-hand side of (5.356) comes from the simple estimate 4 exp{1} < 12.
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For ¢ > 0 this gives the following estimate of the sample size N which guarantees that x; »
is an e-optimal solution of the true problem with probability at least 1 — «a:

N > 0()e 2c'M2D2  In* (12/c). (5.357)

This estimate is similar to the respective estimate (5.126) of the sample size for the SAA
method. However, as far as complexity of solving the problem numerically is concerned,
the SAA method requires a solution of the generated optimization problem, while an SA
algorithm is based on computing a single subgradient G (x;, §/) at each iteration point. As
a result, for the same sample size N it typically takes considerably less computation time
to run an SA algorithm than to solve the corresponding SAA problem.

5.9.4 Accuracy Certificates for Mirror Descent SA Solutions

We discuss now a way to estimate lower and upper bounds for the optimal value of problem
(5.1) by employing SA iterates. This will give us an accuracy certificate for obtained
solutions. Assume that we run an SA procedure with respective iterates xp, . . . , xy computed
according to formula (5.321). As before, set

N
Vi -
V= ———, t=1,...,N, and X| y := E ViXs.
=1

Zi\;l Ve

We assume now that the stochastic objective value F (x, &) as well as the stochastic subgra-
dient G(x, &) are computable at a given point (x, &) € X x E.

Consider Y
N = min fN(x) and N = ; v f (X0, (5.358)
where
N
Y@ =) v [ + g0 (= x)] (5.359)
=1

Since v, > 0 and Z?’zl v, = 1, by convexity of f(x) we have that the function fV(x)
underestimates f (x) everywhere on X, and hence®® fV < #*. Since X; y € X we also
have that 9* < f(X;y) and by convexity of f that f(X;y) < f*V. It follows that
9* < f*N. That is, for any realization of the random process £', . .., we have that

N<or < N (5.360)

It follows, of course, that E[ fV] < ©* < E[f*] as well.
Along with the “unobservable” bounds f*N , f *N'consider their observable (com-
putable) counterparts

SN = minex { S I, 6 + Glx €07 =31

F= vF(x. &),

38Recall that #* denotes the optimal value of the true problem (5.1).

(5.361)
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which will be referred to as online bounds. The bound ?N can be easily calculated while
running the SA procedure. The bound f" involves solving the optimization problem of
minimizing a linear in x objective function over set X. If the set X is defined by linear
constraints, this is a linear programming problem.

Since x; is a function of &,_;; and &' is independent of &,_;, we have that

N N
E[7"] =Y wE{EIF (. §)&-ul} = Y wELf ()] = ELf*V]
t=1 t=1
and
E[f"] = E [E{ mingey { 31 vi[F(xe, ) + G(x,, &) (x — xt>1}|s[,,u}]
E [minyex {E[ XL, vilF (o, 89 + Gl €07 = 201 g}
= E[mincex [N 0] =E[£"].

It follows that

IA

E[fN] <o* <E[T ] (5.362)

That is, on average f N and TN give, respectively, a lower and an upper bound for the
optimal value ¥* of the optimization problem (5.1).

—N . .
In order to see how good the bounds f and f are, let us estimate expectations of
the corresponding errors. We will need the following result.

Lemma 5.42. Let {, e R", vy € X*, and v;y1 = Py, (&), t =1,..., N. Then

N N
Do —w) < VL w + @) Y NGl YueX. (5.363)

=1 =1

Proof. By the estimate (5.322) of Lemma 5.38 with x = v, and y = ¢, we have that the
following inequality holds for any u € X:

V@ u) < Vv, ) + 55w —v) + @) 143 (5.364)
Summing this over ¢t = 1, ..., N, we obtain
N N
Vw0 < V) + ) g —v) + @07 Y IR (5.365)

t=1 t=1
Since V (vy41, 1) > 0, (5.363) follows.  [I
Consider again condition (5.338), that is,

E[IGx. ©)I7] < M}, VxeX, (5.366)
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and the following condition: there is a constant Q > 0 such that
Var[F(x,£)] < Q?, Vx e X. (5.367)
Note that, of course, Var[F (x, &)] = E [(F(x, &) — f(x))z].

Theorem 5.43. Suppose that conditions (5.366) and (5.367) hold. Then
2D; x + %K_le Z?/:l v

E[f*N = fN] < , (5.368)
[ ] Z?]:I Vi
E [|f” - (5.369)
E[[fY = Y] = (0 +4v2c "2 M.Dy x)
D2 21 M2 N 2
b.x T 2K w2 Vi ' (5.370)

Z?/:l Ve

Proof. If in Lemma 5.42 we take v, := x; and ¢, := y,G(x;, &), then the corresponding
iterates v, coincide with x,. Therefore, we have by (5.363) and since V (x;, ) < Dg’ x that

N N
D vl —w)'G, ) < Dy + 20T Y VIGE,EDNE YueX.  (5371)

t=1 t=1

It follows that for any # € X (compare with (5.330)),

N N
Y ou[ = Fe)+ =) )]+ D vif ()

=1 t=1

D+ YN VG, N2 &
< 0,X ZNt—l t t + Z v,AtT(x, _ Lt),
Zz:l Vi =1

where A, := G(x;, ") — g(x;). Since

N N

FN = 1Y =Y v () + max le ve[ = S @) + G =g ()],

t=1

it follows that
D2y + ) YN Y2IG (G, 82
Ziv=1 143

Let us estimate the second term in the right-hand side of (5.372). By using Lemma
5.42 with vy := x; and ¢; := y; A, and the corresponding iterates v,; = P,, (), we obtain

N
NN < + max Z v Al (x, —u). (5.372)
t=1

N N
Z VeA] (v, —u) < D}y + (26)7! Z Y2IAN?, VueX. (5.373)

=1 t=1
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Moreover,
Al —u) = Al (¢ —u) + A (v — xp),
and hence it follows by (5.373) that

N N 2 1INV 2 2
Ds  + (2x) - All;
max Y A (xn —u) < Y v AT —v) + —= NZ"I a Ll (5.374)
uex =1 =1 Zr:l Vi
Moreover, E [A, |$[,_1]] = 0 and v, and x, are functions of &;_;, and hence
E[(x —v)'A] = E{(x — v)"E[A, &, 1y]} = 0. (5.375)

In view of condition (5.366), we have that E [||A, 2] < 4M2, and hence it follows from
(5.374) and (5.375) that

N 2 132N 2
D;+2c7M; ) . _
E |:max E v A (x, _u):| < 20X _ D=1 Vi _
ueX
Zt:l Vi

=1
Therefore, by taking expectation of both sides of (5.372) and using (5.366) together with
(5.376), we obtain (5.368).

In order to prove (5.369), let us observe that

(5.376)

N

T N =Y n(F G 8 = fo),s

=1
and thatfor1 <s <t <N,
E[(F(x;, &) — f(x)(F(x, §) — f(x)]
= E{E[(F(x;, &%) — f () (F(x1, &) — f(x))|&p-n]}
=E{(F(x, &) — f&))E[(F(x/, &) — f(x))|&u-n]} = 0.

Therefore
E[(F" =] = SN E[(Fg) = )]
= LLE{E[(Fone) - re)la-n]] 637D
< ¢ Z;\Izl vy,

where the last inequality is implied by condition (5.367). Since for any random variable Y

we have that /E[Y?2] > E[|Y|], the inequality (5.369) follows from (5.377).
Let us now look at (5.370). Denote

N
Yy =) wlF (o, &) 4 G, €)' (x — x)l.

t=1

Then

‘iN — N

= | mip 70 mig £ = a0 — 0
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and
@ = Y@ =T = N+ 2w Al — ),
and hence
—N N
‘1” - f*N( < ‘f — Ny glea%;v,AI(x, — . (5.378)

For ]E[|?N — £*N|] we already have the estimate (5.369).
By (5.373) we have

N
max Z v,A,T(x, —X)
xeX

t=1

D2y + o) Y v2IAR
5 . (5.379)
Z;=1 V43

=

+

N
Z VzA,T(xt — ;)
t=1

Letus observe thatfor1 <s <t < N

E[(Al(xy —v)) (AT (xy —v))] =E{E[(AT(x; — v)(A] (x; — Uz))lé[zl]“
=E{(A! (x; — v ))E[(A] (xr — v ) |Er—1 ]} = 0.

Therefore, by condition (5.366) we have

2 2
| (S valt - v) | = 22 vz ol - ]
< SLPE (1A I — v 1?] = 00 vPE [l — v IPELN A2 €1
<aM2 Y VE [l — v l?] < 326 M2D2 Y 02,

where the last inequality follows by (5.337). It follows that

E [| S v AT G — Uz)|] <42k VPML Dy xSV V2. (5.380)
Putting together (5.378), (5.379), (5.380), and (5.369), we obtain (5.370). [

For the constant stepsize policy (5.343), all estimates given in the right-hand sides
of (5.368), (5.369), and (5.370) are of order O (N ~'/?). It follows that under the specified

. . —N
conditions, the difference between the upper f and lower f” bounds converges on average

to zero, with increase of the sample size N, at arate of O (Ntl/ 2y, Itisalso possible to derive
respective large deviations rates of convergence (Lan, Nemirovski, and Shapiro [114]).

Remark 19. The lower SA bound f N can be compared with the respective SAA bound Dy
obtained by solving the corresponding SAA problem (see section 5.6.1). Suppose that the
same sample gl EN s employed for both the SA and the SAA method, that F (-, §) is

convex for all § € B, and G(x,§) € 9, F(x, &) for all (x,&) € X x E. By convexity of
F(-, ) and definition of f, we have

by =minex N1 2N, Forgn)

(5.381)
> minyex {00 v [Fx €) + G, €00 — 2]} = £,
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Therefore, for the same sample, the SA lower bound i N is weaker than the SAA lower

bound . However, it should be noted that the SA lower bound can be computed much
faster than the respective SAA lower bound.

Exercises

5.1.

5.2.
5.3.

54.

Suppose that set X is defined by constraints in the form (5.11) with constraint func-
tions given as expectations as in (5.12) and the set X y defined in (5.13). Show that
if sample average functions g;y converge uniformly to g; w.p. 1 on a neighborhood
of x and g; are continuous, i = 1, ..., p, then condition (a) of Theorem 5.5 holds.
Specify regularity conditions under which equality (5.29) follows from (5.25).

Let X C R” be a closed convex set. Show that the multifunction x — Nx(x) is
closed.

Prove the following extension of Theorem 5.7. Let g : R” — R be a continuously
differentiable function, F;(x, &),i = 1, ..., m, be a random lower semicontinuous
functions, f;(x) ;= E[F;(x,&)],i=1,...,m, f(x) = (fi(x), ..., fu(x)), X be a
nonempty compact subset of R”, and consider the optimization problem

Min g (f(x)). (5.382)

Moreover, let £!, ..., €V be an iid random sample, f;y(x) := N~ Zyzl Fi(x, &),
i=1,...,m, fN(x) = (le(x), e, me(x)) be the corresponding sample average
functions, and
Min g (fu(0) (5.383)
X€E

be the associated SAA problem. Suppose that conditions (A1) and (A2) (used in
Theorem 5.7) hold for every function F;(x,£),i = 1,...,m. Let ¥* and 19N be
the optimal values of problems (5.382) and (5.383), respectively, and S be the set of
optimal solutions of problem (5.382). Show that

By —9* = inf <le w; () fiw (x) — ﬁ(x)]) +0,(N7'2), (5.384)
where
a s Jm .
wi(x):ZM ci=1,...,m.
dyi y=f

Moreover, if S = {x} is a singleton, then
N2 (By = 97) B N (0,02, (5.385)

where w; := w;(x) and

o2 =Var[ Y7, w; Fi(x, §)]. (5.386)
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5.5.

5.6.

5.7.

5.8.

Hint: Consider function V : C(X) x---x C(X) — Rdefinedas V({r(, ..., ¥) =
inf,cx g(Y1(x), ..., ¥n(x)), and apply the functional CLT together with the Delta
and Danskin theorems.

Consider matrix [ % ] defined in (5.44). Assuming that matrix H is positive definite

and matrix A has full column rank, verify that

H A “_ H'—HTTA(ATH'A)'ATH™! H'AATH'A)™!
AT 0 - (ATH 1A 1ATH! —(ATH'A)™!

Using this identity write the asymptotic covariance matrix of N'/? [)fN 7; ] given in

Av—
(5.45), explicitly.

Consider the minimax stochastic problem (5.46), the corresponding SAA problem
(5.47), and let

Avi= sup | futen) = £y (5.387)

xeX,yeY

(i) Show that |z§N — 9*| < Ay, and that if Xy is a §-optimal solution of the SAA
problem (5.47), then Xy is a (§ + 2Ay)-optimal solution of the minimax problem
(5.46).

(i1) By using Theorem 7.65 conclude that, under appropriate regularity conditions,
for any ¢ > 0 there exist positive constants C = C(¢) and 8 = fB(¢) such that

Pr{[dy — 9| z ¢] < ce. (5.388)

(iii) By using bounds (7.216) and (7.217) derive an estimate, similar to (5.116), of
the sample size N which guarantees with probability at least 1 — « that a §-optimal
solution Xy of the SAA problem (5.47) is an e-optimal solution of the minimax
problem (5.46). Specify required regularity conditions.

Consider the multistage SAA method based on iid conditional sampling. For cor-
responding sample sizes N' = (Nj, ..., Ny_j) and N’ = (N{, ..., N;_,), we say
that N/ > N If N/ > N, =1,...,T — 1. Let D and D be respective optimal
(minimal) values of SAA problems. Show that if & > W, then E[9 4] > E[Dy].
Consider the chance constrained problem

Min £(x) s.t. Pr{T(E)x +h(E) € C} = 1 — e (5.389)

where X C R” is a closed convex set, f : R* — R is a convex function, C C R"
is a convex closed set, a € (0, 1), and matrix 7 (£) and vector k(&) are functions of
random vector £. For example, if

Ci={z:z=-Wy-w, yeR' weR]}, (5.390)
then, for a given x € X, the constraint 7(§)x + h(§) € C means that the system

Wy + T (§)x + h(§) < 0has a feasible solution. Extend the results of section 5.7 to
the setting of problem (5.389).
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5.9.

5.10.

Consider the following extension of the chance constrained problem (5.196):

Ml)l(l fx) st.pi(x) <, i=1,...,p, (5.391)
xXe

with several (individual) chance constraints. Here X Cc R", f : R" > R, o; €
O, 1,i=1,..., p, are given significance levels, and

pi(x) =Pr{C;i(x,&) >0}, i=1,...,p,
with C; (x, &) being Carathéodory functions.
Extend the methodology of constructing lower and upper bounds, discussed in section

5.7.2, to the above problem (5.391). Use SAA problems based on independent
samples. (See Remark 6 on page 162 and (5.18) in particular.) That is, estimate

pi(x) by

1 o ’
pin (x) = ﬁiz;l(o,oo)(ci(x,éu)), i=1,...,p.
=

In order to verify feasibility of a point x € X, show that
P
Pr{pi(¥) < U; (%), i = H (1B,

where 8; € (0, 1) are chosen constants and

Ui(x):= sup {p:b(m;; p, N)) =8}, i=1,...,p,
pel0,1]

with m; = ﬁiN,- ()E)
In order to construct a lower bound, generate M independent realizations of the

corresponding SAA problems, each of the same sample size &' = (Ny, ..., Np)
and 51gn1ﬁcance levels y; € [0,1),i =1, ..., p, and compute their optimal values
29}1 oo ﬁy . Arrange these values in the increasing order 19(1) <...< ﬁ(M)

y. N
Given 51gn1ﬁcance level B € (0, 1), consider the following rule for choice of the
corresponding integer L:

e Choose the largest integer L € {1, ..., M} such that
b(L - 10y, M) < B, (5.392)

where 6,y := [/_, b(r;; o, N;) and r; == [y N;].

Show that with probability at least 1 — 8, the random quantity z?};,l“j/ gives a lower
bound for the true optimal value 9*.

Consider the SAA problem (5.241) giving an approximation of the first stage of the
corresponding three stage stochastic program. Let

O N, = x,igc] Svon, ()
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be the optimal value and Xy, y, be an optimal solution of problem (5.241). Consider
asymptotics of ¥y, n, and X, v, as N; tends to infinity while N, is fixed. Let 9, be
the optimal value and Sy, be the set of optimal solutions of the problem

Min {ﬁ (1) + E[Qan, (21, éﬁ')]} : (5.393)

X[Exl

where the expectation is taken with respect to the distribution of the random vector
R

(i) By using results of section 5.1.1 show that 5,\,1, N, = Uy, W.p. 1 and distance from
Xn,.n, to Sy, tends to O w.p. 1 as Ny — oo. Specify required regularity conditions.
(ii) Show that, under appropriate regularity conditions,

Inne = inf fy v, (1) + 0, (N7 7). (5.394)
X1€$N2
Conclude that if, moreover, Sy, = {x;} is a singleton, then
= D -
N2 By, = 93,) = N (0,02 (), (5.395)

where 62(x)) := Var[Qm2 (x1, &) ]. Hint: Use Theorem 5.7.



Chapter 6

Risk Averse Optimization

Andrzej Ruszczyriski and Alexander Shapiro

6.1 Introduction

So far, we have discussed stochastic optimization problems, in which the objective function
was defined as the expected value f(x) := E[F(x, w)]. The function F : R" x Q@ — R
models the random outcome, for example, the random cost, and is assumed to be sufficiently
regular so that the expected value function is well defined. For a feasible set X C R”, the
stochastic optimization model

1)\(@)1(1 f(x) 6.1)

optimizes the random outcome F (x, w) on average. This is justified when the Law of Large
Numbers can be invoked and we are interested in the long-term performance, irrespective of
the fluctuations of specific outcome realizations. The shortcomings of such an approach can
be clearly illustrated by the example of portfolio selection discussed in section 1.4. Con-
sider problem (1.34) of maximizing the expected return rate. Its optimal solution suggests
concentrating on investment in the assets having the highest expected return rate. This is not
what we would consider reasonable, because it leaves out all considerations of the involved
risk of losing all invested money. In this section we discuss stochastic optimization from a
point of view of risk averse optimization.

A classical approach to risk averse preferences is based on the expected utility theory,
which has its roots in mathematical economics (we touched on this subject in section 1.4). In
this theory, in order to compare two random outcomes we consider expected values of some
scalar transformations u : R — R of the realization of these outcomes. In a minimization
problem, a random outcome Z; (understood as a scalar random variable) is preferred over
a random outcome Z; if

Elu(Z)] < Elu(Z2)].

253
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The function u(-), called the disutility function, is assumed to be nondecreasing and convex.
Following this principle, instead of problem (6.1), we construct the problem

Min E[u(F (x, @))]. 6.2)

Observe that it is still an expected value problem, but the function F is replaced by the
composition # o F. Since u(-) is convex, we have by Jensen’s inequality that

w(E[F (x, w)]) < E[lu(F(x,w))].

That is, a sure outcome of E[F (x, w)] is at least as good as the random outcome F (x, w).
In a maximization problem, we assume that u(-) is concave (and still nondecreasing). We
call it a utility function in this case. Again, Jensen’s inequality yields the preference in terms
of expected utility:

w(E[F (x, 0)]) = E[u(F (x, ))].

One of the basic difficulties in using the expected utility approach is specifying the
utility or disutility function. They are very difficult to elicit; even the authors of this book
cannot specify their utility functions in simple stochastic optimization problems. Moreover,
using some arbitrarily selected utility functions may lead to solutions which are difficult to
interpret and explain. A modern approach to modeling risk aversion in optimization prob-
lems uses the concept of risk measures. These are, generally speaking, functionals which
take as their argument the entire collection of realizations Z(w) = F(x, w), v € R, under-
stood as an object in an appropriate vector space. In the following sections we introduce
this concept.

6.2 Mean-Risk Models
6.2.1 Main Ideas of Mean-Risk Analysis

The main idea of mean-—risk models is to characterize the uncertain outcome Z,(w) =
F (x, w) by two scalar characteristics: the mean E[Z], describing the expected outcome,
and the risk (dispersion measure) D[Z], which measures the uncertainty of the outcome.
In the mean-risk approach, we select from the set of all possible solutions those that are
efficient: for a given value of the mean they minimize the risk, and for a given value of
risk they maximize the mean. Such an approach has many advantages: it allows one to
formulate the problem as a parametric optimization problem and it facilitates the trade-off
analysis between mean and risk.

Let us describe the mean-risk analysis on the example of the minimization problem
(6.1). Suppose that the risk functional is defined as the variance D[Z] := Var[Z], which is
well defined for Z € £,(2, ¥, P). The variance, although not the best choice, is easiest
to start from. It is also important in finance. Later in this chapter we discuss in much detail
desirable properties of the risk functionals.

In the mean-risk approach, we aim at finding efficient solutions of the problem with
two objectives, namely, E[Z,] and D[Z, ], subject to the feasibility constraint x € X. This
can be accomplished by techniques of multiobjective optimization. Most convenient, from
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our perspective, is the idea of scalarization. For a coefficient ¢ > 0, we form a composite
objective functional
plZ] :=E[Z] + cD[Z]. (6.3)

The coefficient ¢ plays the role of the price of risk. We formulate the problem

Mi}? E[Z,] + cD[Z,]. (6.4)

By varying the value of the coefficient ¢, we can generate in this way a large ensemble of
efficient solutions. We already discussed this approach for the portfolio selection problem,
with D[ Z] := Var[Z], in section 1.4.

An obvious deficiency of variance as a measure of risk is that it treats the excess over
the mean equally as the shortfall. After all, in the minimization case, we are not concerned
if a particular realization of Z is significantly below its mean; we do not want it to be too
large. Two particular classes of risk functionals, which we discuss next, play an important
role in the theory of mean—risk models.

6.2.2 Semideviations

An important group of risk functionals (representing dispersion measures) are central
semideviations. The upper semideviation of order p is defined as

1/p

o121 = (E[(z - B12))}]) . 6.5)

where p € [1, 00) is a fixed parameter. It is natural to assume here that considered random
variables (uncertain outcomes) Z : Q@ — R belong to the space «£,(22, ¥, P), i.e., that
they have finite pth order moments. That is, (7[,+ [Z] is well defined and finite valued for all
Z € L£,(22, F, P). The corresponding mean-risk model has the general form

Min E[Z,] 4+ cof[Z,]. (6.6)
xeX

The upper semideviation measure is appropriate for minimization problems, where
Z.(w) = F(x,w) represents a cost, as a function of € Q. It is aimed at penaliza-
tion of an excess of Z, over its mean. If we are dealing with a maximization problem,
where Z, represents some reward or profit, the corresponding risk functional is the lower
semideviation

_ P \/P
o, 121:= (E[(B121- 2)7]) . 6.7)
where Z € £,(Q2, , P). The resulting mean-risk model has the form
Max E[Z,] — cop_[Zx]. (6.8)
xeX

In the special case of p = 1, both left and right first order semideviations are related to the
mean absolute deviation

01(Z) .= E|Z — E[Z]]. (6.9)
Proposition 6.1. The following identity holds:

of[Z] = o7 [Z] = Yo1Z], VZ e £1(Q, F,P). (6.10)
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Proof. Denote by H (-) the camulative distribution function (cdf) of Z and let u := E[Z].
We have

" o0 00
Uf[Z]=/ (M—z)dH(z)=f (M—Z)dH(Z)—/ (e —2)dH (2).
—00 —0o0 2

The first integral on the right-hand side is equal to 0, and thus o, [Z] = 01+ [Z]. The identity
(6.10) follows now from the equation 01[Z] = o, [Z] + o, [Z]. O

We conclude that using the mean absolute deviation instead of the semideviation in
mean-risk models has the same effect, just the parameter ¢ has to be halved. The identity
(6.10) does not extend to semideviations of higher orders, unless the distribution of Z is
symmetric.

6.2.3 Weighted Mean Deviations from Quantiles

Let Hz(z) = Pr(Z < z) be the cdf of the random variable Z and « € (0, 1). Recall that the
left-side o-quantile of Hz is defined as

H;'(a) :=inf{t : Hz(t) > o} (6.11)
and the right-side a-quantile as
sup{t : Hz(t) < «}. (6.12)

If Z represents losses, the (left-side) quantile H, '(1 — «) is also called Value-ar-Risk and
denoted V@R, (Z), i.e.,

V@R, (Z) = Hz_l(l —a)=inf{t :Pr(Z <t)>1—a}=inf{t : Pr(Z > t) < a}.

Its meaning is the following: losses larger than V@R ,(Z) occur with probability not
exceeding a. Note that

V@R, (Z+1)=V@R,(Z)+71, VrekR (6.13)
The weighted mean deviation from a quantile is defined as follows:
4e[Z] := E [max {(1 — a)(H; (@) — Z), «(Z — H; ' (@))}]. (6.14)

The functional q,[Z] is well defined and finite valued for all Z € L£;(2, ¥, P). It can be
easily shown that

qe[Z] = Igiﬂg {e@) ;== E[max {(1 —a)(t — Z),a(Z — 1)} ]} (6.15)

Indeed, the right- and left-side derivatives of the function ¢(-) are

gof,_(t) = (1 —a)Pr[Z <t] —aPr[Z > ¢],
¢ () =1 —-a)Pr[Z < t] —aPr[Z >1].

At the optimal ¢ the right derivative is nonnegative and the left derivative
nonpositive, and thus

PriZ <t] <a <Pr[Z <1].

This means that every a-quantile is a minimizer in (6.15).
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The risk functional q,[ - ] can be used in mean—risk models, both in the case of mini-
mization
1\/2)? E[Zx] + qu—oz[Zx] (616)

and in the case of maximization

Ma)?( E[Zx] - an[Zx]~ (617)

We use 1 — « in the minimization problem and « in the maximization problem, because in
practical applications we are interested in these quantities for small «.

6.2.4 Average Value-at-Risk

The mean-deviation from quantile model is closely related to the concept of Average Value-
at-Risk.> Suppose that Z represents losses and we want to satisfy the chance constraint:

V@R,[Z,] <0. (6.18)
Recall that
V@R, [Z] =inf{t : Pr(Z <t) > 1 — o},

and hence constraint (6.18) is equivalent to the constraint Pr(Z, < 0) > 1 — «. We have
that** Pr(Z, > 0) = E [l(oqm)(Zx)] , and hence constraint (6.18) can also be written as the
expected value constraint:

E [10.00)(Z1)] < . (6.19)

The source of difficulties with probabilistic (chance) constraints is that the step function
1(0,00)(+) is not convex and, even worse, it is discontinuous at zero. As a result, chance
constraints are often nonconvex, even if the function x — Z, is convex almost surely. One
possibility is to approach such problems by constructing a convex approximation of the
expected value on the left of (6.19).

Let ¥ : R — R be a nonnegative valued, nondecreasing, convex function such that
¥ (z) = 1(0,00)(2) for all z € R. By noting that 10,00y (t2) = 1(0,00)(2) for any t > 0 and
z € R, we have that ¥ (#z) > 1(9,0)(z) and hence the following inequality holds:

inf E[y (t2)] 2 E 1,00 (2)] -

Consequently, the constraint
im(“)]E [v(tZ)] <« (6.20)
>

is a conservative approximation of the chance constraint (6.18) in the sense that the feasible
set defined by (6.20) is contained in the feasible set defined by (6.18).

Of course, the smaller the function / (-) is the better this approximation will be. From
this point of view the best choice of () is to take piecewise linear function v (z) :=

3 Average Value-at-Risk is often called Conditional Value-at-Risk. We adopt here the term “Average” rather
than “Conditional” Value-at-Risk in order to avoid awkward notation and terminology while discussing later
conditional risk mappings.

#0Recall that 1(g,00)(z) = 0if z < 0and 19,00y (z) = 1if z > 0.
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[1+ yz]4 for some y > 0. Since constraint (6.20) is invariant with respect to scale change
of Y (yz) to ¥(z), we have that ¥ (z) := [1 + z]+ gives the best choice of such a function.
For this choice of function ¥ (-), we have that constraint (6.20) is equivalent to

im(“){t]E[z" +7Zly —a} <0,
>

or equivalently
inf {o 'E[Z+17"] — 7'} <0.

t>0

Now replacing ¢t with —¢~! we get the form

inf {t + o 'E[Z —t]4} < 0. (6.21)
t<0

The quantity
AV@R,(Z) :=inf {r + o 'B[Z — 1]} (6.22)
te

is called the Average Value-at-Risk*' of Z (atlevel «). Note that AV @ R, (Z) is well defined
and finite valued for every Z € L,(2, ¥, P).

The function ¢(¢) :=t + a~'E[Z — t], is convex. Its derivative at ¢ is equal to 1 +
a~'[Hz(t) — 1], provided that the cdf H,(-) is continuous at z. If H(-) is discontinuous at ¢,
then the respective right- and left-side derivatives of ¢(-) are given by the same formula with
H7(t) understood as the corresponding right- and left-side limits. Therefore the minimum
of p(t), over t € R, is attained on the interval [¢*, t**], where

t*:=inf{z: Hz(z) > 1 —a} and t* :=sup{z: Hz(z) <1 —«} (6.23)

are the respective left- and right-side quantiles. Recall that the left-side quantile t* =
V@R, (Z).

Since the minimum of ¢(t) is attained at t* = V@R, (Z), we have that AV@R,(Z)
is bigger than V@R, (Z) by the nonnegative amount of « ~'E[Z — ¢*],. Therefore

inf {r + o« 'E[Z —t]4} <0 implies that r* <0,
teR

and hence constraint (6.21) is equivalent to AV@R ,(Z) < 0. Therefore, the constraint
AV@R,[Z,] <0 (6.24)

is equivalent to the constraint (6.21) and gives a conservative approximation*? of the chance
constraint (6.18).

The function p(Z) := AV@R,(Z), defined on a space of random variables, is convex,
i.e., if Z and Z’ are two random variables and ¢ € [0, 1], then

p(tZ+(1-0Z') <tp(Z2) + (1~ 1)p(Z).

“!In some publications the concept of Average Value-at-Risk is called Conditional Value-at-Risk and is
denoted CV@R,,.
“Tt is easy to see that for any T € R,

AV@R, (Z + 1) =AV@R, (Z) + 7. (6.25)

Consequently, the constraint AV@R_[Z,] < T gives a conservative approximation of the chance constraint
V@R,[Z,] <.
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This follows from the fact that the function ¢ + o« 'E[Z — t], is convex jointly in ¢ and Z.
Also p(-) is monotone, i.e., if Z and Z’ are two random variables such that with probability
one Z > Z', then p(Z) > p(Z’). It follows that if G(-, &) is convex for a.e. §& € E, then
the function p[G (-, £)] is also convex. Indeed, by convexity of G (-, §) and monotonicity
of p(-), we have for any ¢ € [0, 1] that

plGUZ + (1 =1)Z',8)] < pltG(Z,8) + (1 = )G(Z', £)]
and hence by convexity of p(-) that
pPIG(tZ + (1 —1)Z', )] < tplG(Z, )]+ (1 = 1)p[G(Z', §)].

Consequently, (6.24) is a convex conservative approximation of the chance constraint (6.18).
Moreover, from the considered point of view, (6.24) is the best convex conservative ap-
proximation of the chance constraint (6.18).

We can now relate the concept of Average Value-at-Risk to mean deviations from
quantiles. Recall that (see (6.14))

Q2] = E[max {(1 — a)(HZ—‘(a) - z), a(z - Hz_l(a)>}].

Theorem 6.2. Let Z € L1(2, F, P) and H(z) be its cdf. Then the following identities
hold true:
1

AV@R (Z) = é/ V@R,_.(Z)dr = E[Z] + éql,a[Z]. (6.26)

l—a

Moreover, if H(z) is continuous at 7 = V@R (Z), then

1 +00
AV@R,(Z) = _f zdH(z) =E[Z|Z > V@R, (2)]. (6.27)
& JveRr,(z)

Proof. As discussed earlier, the minimum in (6.22) is attained at t* = H™'(1 — o) =
V@R, (Z). Therefore

+00
AV@R,(Z) =t*+a 'E[Z —t*], =t* + o™ / (z —t"dH(2).

t*

Moreover,
+00
/ dHGZ)=Pr(Z>1)=1-Pr(Z <t*) =q,
o~

provided that Pr(Z = t*) = 0, i.e., that H(z) is continuous at z = V@R, (Z). This shows
the first equality in (6.27), and then the second equality in (6.27) follows provided that
Pr(Z =1")=0.
The first equality in (6.26) follows from the first equality in (6.27) by the substitution
T = H(z). Finally, we have
AV@R,(Z) =t"+a 'E[Z — t*]y = E[Z]I+ E{-Z + t* + o~ '[Z — 1*],}
=E[Z]+ E [max {o™' (1 —a)(Z — "), 1" — Z}].

This proves the last equality in (6.26). [
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The first equation in (6.26) motivates the term Average Value-at-Risk. The last equa-
tion in (6.27) explains the origin of the alternative term Conditional Value-at-Risk.

Theorem 6.2 allows us to show an important relation between the absolute semidevi-
ation o, *[Z] and the mean deviation from quantile q,[Z].

Corollary 6.3. Forevery Z € L£1(2, ¥, P) we have
o[Z] = max Je[Z] = min max ]E{(l -t — Zl +alZ —t]4}). (6.28)
acl0,

teR a€l0

Proof. From (6.26) we get
1
d1-elZ] =/ H;'(v)dt — aE[Z].
-«

The right derivative of the right-hand side with respect to « equals H, "1 —a) —E[Z].
As it is nonincreasing, the function & — q;_4[Z] is concave. Moreover, its maximum is
achieved at o™ for which E[Z] is the (1 — «*)-quantile of Z. Substituting the minimizer
t* = E[Z] into (6.22) we conclude that

AV@R,.(Z) = E[Z] + aiol [Z].

Comparison with (6.26) yields the first equality in (6.28). To prove the second equality we
recall relation (6.15) and note that

max ((1 —a)(t—2),a(Z — t)) =(1-o)[t—Z]l+ +a[Z —t]4.
Thus
01+[Z] max] mlnE{(l —o)[t —Z)y +a[Z — 1]+ ).

a€l0.
As the function under the max-min operation is linear with respect to o € [0, 1] and convex
with respect to ¢, the max and min operations can be exchanged. This proves the second
equality in (6.28). O

It also follows from (6.26) that the minimization problem (6.16) can be equivalently
written as follows:

min E[Z,] + cai-a[Z] = min (1 = ca)E[Z,] + ca AV@R,[Z] (6.29)
X€

= El(1—-ca)Z, t+1[Z, —t
min B[ —ca)Z + (ot +1 1]
Both x and ¢ are variables in this problem. We conclude that for this specific mean—risk
model, an equivalent expected value formulation has been found. If ¢ € [0, a1 and the
function x + Z, is convex, problem (6.29) is convex.

The maximization problem (6.17) can be equivalently written as follows:

max ]E[Zx] - an[Zx] = —min E[_Zx] + qu—a[_zx] (630)
xeX xeX
=— min E|-(1— V4 —Z, —
min E[—( = co)Zy +c(at +[=Z = 114)]

= Xergl(%)éR E [(1 —ca)Z, + c(at — [t — ZX]+)] . (6.31)
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In the last problem we replaced ¢ by—¢ to stress the similarity with (6.29). Again, if
¢ € [0, «~1] and the function x — Z, is convex, problem (6.30) is convex.

6.3 Coherent Risk Measures

Let (€2, ¥) be a sample space, equipped with the sigma algebra ¥, on which considered
uncertain outcomes (random functions Z = Z(w)) are defined. By a risk measure we
understand a function p (Z) which maps Z into the extended real line R = RU{+4o00}U{—00}.
In order to make this concept precise we need to define a space Z of allowable random
functions Z(w) for which p(Z) is defined. It seems that a natural choice of Z will be the
space of all ¥ -measurable functions Z : 2 — R. However, typically, this space is too large
for development of a meaningful theory. Unless stated otherwise, we deal in this chapter
with spaces Z := £,(Q2, ¥, P), where p € [1, +00). (See section 7.3 for an introduction
of these spaces.) By assuming that Z € £,(2, ¥, P), we assume that random variable
Z(w) has a finite pth order moment with respect to the reference probability measure P.
Also, by considering function p to be defined on the space £,(€2, F, P), it is implicitly
assumed that actually p is defined on classes of functions which can differ on sets of P-
measure zero, i.e., p(Z) = p(Z') if P{w : Z(w) # Z'(w)} = 0.

We assume throughout this chapter that risk measures p : Z — R are proper. That
is, p(Z) > —oo forall Z € Z and the domain

dom(p) :={Z € Z: p(Z) < o0}
is nonempty. We consider the following axioms associated with a risk measure p. For
Z,Z' € Z we denote by Z > Z' the pointwise partial order,*’ meaning Z(w) > Z'(w) for

a.e. w € Q. We also assume that the smaller the realizations of Z, the better; for example,
Z may represent a random cost.

(R1) Convexity:
p(tZ+ (1 =02 <tp(Z)+ (1 —-1)p(Z)
forall Z, 7' € Zand all ¢ € [0, 1].
(R2) Monotonicity: If Z, Z' € Z and Z = Z', then p(Z) > p(Z').
(R3) Translation equivariance: If a € Rand Z € Z, then p(Z 4+ a) = p(Z) + a.
(R4) Positive homogeneity: If + > 0 and Z € Z, then p(tZ) = tp(Z).

It is said that a risk measure p is coherent if it satisfies the above conditions (R1)—(R4).
An example of a coherent risk measure is the Average Value-at-Risk p(Z) := AV@R,(2).
(Further examples of risk measures will be discussed in section 6.3.2.) It is natural to assume
in this example that Z has a finite first order moment, i.e., to use Z := £,(2, ¥, P). For
such space Z in this example, p(Z) is finite (real valued) for all Z € Z.

“3This partial order corresponds to the cone € := uC?;(Q, F, P). See the discussion of section 7.3, page
404, following (7.245).
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If the random outcome represents a reward, i.e., larger realizations of Z are preferred,
we can define a risk measure 9(Z) = p(—Z), where p satisfies axioms (R1)—(R4). In this
case, the function o also satisfies (R1) and (R4). The axioms (R2) and (R3) change to

(R2a) Monotonicity: If Z, Z' € Z and Z > Z', then 9(Z) < o(Z').
(R3a) Translation equivariance: If a € Rand Z € Z, then o(Z + a) = 0(Z) — a.

All our considerations regarding risk measures satisfying (R1)—(R4) have their obvious
counterparts for risk measures satisfying (R1), (R2a), (R3a), and (R4).

With each space Z := «£,(2, F, P)isassociated its dual space Z* := £,(2, ¥, P),
where g € (1, +oo]issuchthat1/p+1/g = 1. For Z € Z and { € Z* their scalar product
is defined as

(¢, Z) := /Q {(w)Z(w)d P(w). (6.32)
Recall that the conjugate function p* : Z* — R of a risk measure p is defined as
p*(¢) = sup {{¢, Z) — p(2)} (6.33)
Zez
and the conjugate of p* (the biconjugate function) as
p*(Z) = sup {(¢.2) = p* )} (6.34)

By the Fenchel-Moreau theorem (Theorem 7.71) we have thatif p : Z — R is
convex, proper and lower semicontinuous, then p** = p, i.e., p(-) has the representation

0(Z) = sup {(¢.2) - p*©)}, VZez. (6.35)
fezr

Conversely, if the representation (6.35) holds for some proper function p* : Z* — R, then
p is convex, proper, and lower semicontinuous. Note that if p is convex, proper, and lower
semicontinuous, then its conjugate function p* is also proper. Clearly, we can write the
representation (6.35) in the following equivalent form:

p(2)=sup{(c. 2) = p" (D)}, VZeZ (6.36)
re

where 2 := dom(p*) is the domain of the conjugate function p*.
The following basic duality result for convex risk measures is a direct consequence
of the Fenchel-Moreau theorem.

Theorem 6.4. Suppose that p : Z — R is convex, proper, and lower semicontinuous. Then
the representation (6.36) holds with 21 := dom(p*). Moreover, we have that: (i) condition
(R2) holds iff every ¢ € R is nonnegative, i.e., {(w) > 0 fora.e. w € 2, (ii) condition (R3)
holds Iﬁ’fﬂ LdP =1 forevery ¢ € 2, and (iii) condition (R4) holds iff p(-) is the support
function of the set 2, i.e., can be represented in the form

0(Z) =sup (¢, Z), VZeZ. (6.37)
ced

Proof. If p : Z — R is convex, proper, and lower semicontinuous, then representation
(6.36) is valid by virtue of the Fenchel-Moreau theorem (Theorem 7.71).
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Now suppose that assumption (R2) holds. It follows that p*(¢) = +oo for every
¢ € Z* which is not nonnegative. Indeed, if { € Z* is not nonnegative, then there exists
aset A € ¥ of positive measure such that {(w) < O for all @ € A. Consequently, for
Z := 1, we have that (¢, Z) < 0. Take any Z in the domain of p, i.e., such that p(Z) is
finite, and consider Z; := Z — tZ. Then for t > 0, we have that Z > Z;, and assumption
(R2) implies that p(Z) > p(Z;). Consequently,

p*(©) = sup {(¢. Z,) — p(Zp} = sup {{¢, Z) — 1(¢, Z) — p(2)} =

teRy4 teR4

Conversely, suppose that every ¢ € 2 is nonnegative. Then for every ¢ € 2 and Z > Z’,
we have that (¢, Z') > (¢, Z). By (6.36), this implies that if Z > Z’, then p(Z) > p(Z’).
This completes the proof of assertion (i).

Suppose that assumption (R3) holds. Then for every Z € dom(p) we have

p (@) =sup{(¢. Z+a)—p(Z+a)} = Sup{a/ ¢dP —a+(t, Z) —p(Z)} :
aeR aeR Q

It follows that p*(¢) = 400 for any ¢ € Z* such that fQ ¢dP # 1. Conversely, if
fQ ¢dP = 1, then (¢, Z + a) = (¢, Z) + a, and hence condition (R3) follows by (6.36).
This completes the proof of (ii).

Clearly, if (6.37) holds, then p is positively homogeneous. Conversely, if p is posi-
tively homogeneous, then its conjugate function is the indicator function of a convex subset
of Z*. Consequently, the representation (6.37) follows by (6.36). [

It follows from the above theorem that if p is a risk measure satisfying conditions
(R1)—(R3) and is proper and lower semicontinuous, then the representation (6.36) holds
with 2 being a subset of the set of probability density functions,

P = {; ez / {@)dP@) =1, = 0}. (6.38)
Q

If, moreover, p is positively homogeneous (i.e., condition (R4) holds), then its conjugate p*
is the indicator function of a convex set 2l C Z*, and 2 is equal to the subdifferential dp (0)
of p at 0 € Z. Furthermore, p(0) = 0 and hence by the definition of dp (0) we have that

={teP:(,2)<p(Z), VZeZ}. (6.39)

The set 2 is weakly™ closed. Recall that if the space Z, and hence Z*, is reflexive, then
a convex subset of Z* is closed in the weak™ topology of Z* iff it is closed in the strong
(norm) topology of Z*. If p is positively homogeneous and continuous, then 2 = 9p(0) is
a bounded (and weakly* compact) subset of Z* (see Proposition 7.74).

We have that if p is a coherent risk measure, then the corresponding set 2 is a set
of probability density functions. Consequently, for any ¢ € 2 we can view (¢, Z) as
the expectation E,[Z] taken with respect to the probability measure ¢d P, defined by the
density ¢. Consequently representation (6.37) can be written in the form

p(Z) =supE[Z], VZe Z. (6.40)
ced
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Definition of a risk measure p depends on a particular choice of the corresponding
space Z. In many cases there is a natural choice of Z which ensures that p(Z) is finite
valued for all Z € Z. We shall see such examples in section 6.3.2. By Theorem 7.79
we have the following result, which shows that for real valued convex and monotone risk
measures, the assumption of lower semicontinuity in Theorem 6.4 holds automatically.

Proposition 6.5. Let Z := L,(Q,F,P) with p € [1,+00land p : Z — R be a
real valued risk measure satisfying conditions (R1) and (R2). Then p is continuous and
subdifferentiable on Z.

Theorem 6.4 together with Proposition 6.5 imply the following basic duality result.

Theorem 6.6. Let p : Z — R, where Z = L,(R2, F, P)with p € [1,+00). Then p isa
real valued coherent risk measure iff there exists a convex bounded and weakly* closed set
A C B such that the representation (6.37) holds.

Proof. If p : Z — R is a real valued coherent risk measure, then by Proposition 6.5 it
is continuous, and hence by Theorem 6.4 the representation (6.37) holds with 2l = 9p(0).
Moreover, the subdifferential of a convex continuous function is bounded and weakly*
closed (and hence is weakly* compact).

Conversely, if the representation (6.37) holds with the set 2 being a convex subset of
B and weakly* compact, then p is real valued and satisfies conditions (R1)~(R4). [0

The following result shows that if a risk measure satisfies conditions (R1)—-(R3), then
either it is finite valued and continuous on Z or it takes value +00 on a dense subset of Z.

Proposition 6.7. Let Z := £L,(Q2, ¥, P), with p € [1,4+00), and p : Z — R be a proper
risk measure satisfying conditions (R1), (R2) and (R3). Suppose that the domain of p has
a nonempty interior. Then p is finite valued and continuous on Z.

Proof. Consider the level sets of p:
A ={Z e Z:p(Z) <c}

We have that U.cyA. = dom(p). Since dom(p) has a nonempty interior, it follows by
Baire’s lemma that for some ¢ € R the set 4, has a nonempty interior. Because of condition
(R3) we have that Z € Ay iff Z + ¢ € A, 1.e., A, = Ao + ¢ (here ¢ denotes the constant
function Z(-) = c). Therefore A has a nonempty interior. That is, there exist Zy € Z and
r > 0 such that B(Zy, r) C +g, where

B(Zy,r) ={Z € Z:||Z—-Zy| <r}.

By changing variables Z — Z — Z,, we can assume without loss of generality that Z, = 0,
ie., B(0,r) C Ayp.

Consider a point Z € Z. For ¢ € R we have that Z = Z_ + Z}, where Z_ (-) :=
min{Z(-), ¢} and Z} (-) := [Z(-) — c]+. Note that for ¢ large enough, the norm of Z can be
made arbitrarily small. Therefore we can choose ¢ such that || Z1 || < r. Since A, = A+,
we have that B(c, r) C .. Consequently, c + ZI € A,. It follows by the monotonicity
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condition (R2) that p(Z) < p(c + Z1) < ¢, and hence p(Z) is finite. That is, we showed
that p(-) is finite valued on Z. Continuity of p(-) follows by Proposition 6.5. [

It is not difficult to show (we leave this as an exercise) that for Z := L (2, ¥, P)
any risk measure p : Z — R satisfying conditions (R1)—-(R3), and having a finite value in
at least one point of Z, is finite valued and hence is continuous by Proposition 6.5.

Of course, the analysis simplifies considerably if the space 2 is finite, say, Q :=
{wi, ..., wk} equipped with sigma algebra of all subsets of €2 and respective (positive)
probabilities py, ..., px. Then every function Z : @ — R is measurable and the space
Z of all such functions can be identified with RX by identifying Z € Z with the vector
(Z(w1), ..., Z(wk)) € RX. The dual of the space R can be identified with itself by using
the standard scalar product in R¥, and the set 3 becomes

K
“B:{(ERKiZPka:LEEO : (6.41)

k=1

The above set J3 forms a convex bounded subset of RX, and hence the set 2 is also bounded.

6.3.1 Differentiability Properties of Risk Measures

Let p : Z — R be a convex proper lower semicontinuous risk measure. By convexity and
lower semicontinuity of p we have that p** = p and hence by Proposition 7.73 that

90(2) = argmax {(¢. 2) = 0" ()} (6.42)

provided that p(Z) is finite. If, moreover, p is positively homogeneous, then 2 = dp(0)
and

00(Z) = arg{n&ax({, Z). (6.43)

As we know, conditions (R1)-(R3) imply that 2( is a subset of the set I3 of probability
density functions. Consequently, under conditions (R1)—(R3), dp(Z) is a subset of P as
well.

We also have that if p is finite valued and continuous at Z, then dp(Z) is a nonempty
bounded and weakly* compact subset of Z*, p is Hadamard directionally differentiable and
subdifferentiable at Z, and

o' (Z,H)= sup (¢,H), VH¢€Z. (6.44)
tedp(Z)

In particular, if p is continuous at Z and dp(Z) is a singleton, i.e., dp(Z) consists of unique
point denoted V p(Z), then p is Hadamard differentiable at Z and

P(Z,) =(Vp(Z),"). (6.45)

We often have to deal with composite functions po F : R* — R, where F : R" — Z
is a mapping. We write f(x, w), or f,(x), for [F(x)](w), and view f(x, w) as a random
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function defined on the measurable space (2, ). We say that the mapping F is convex if
the function f (-, w) is convex for every w € Q.

Proposition 6.8. If the mapping F : R" — Z is convex and p : Z — R satisfies conditions
(R1)—(R2), then the composite function ¢ (-) := p(F(-)) is convex.

Proof. For any x, x’ € R" and ¢ € [0, 1], we have by convexity of F(-) and monotonicity
of p(-) that

p(F(x+ (1 =0)x") < ptF(x)+ (1 —1)F(x)).
Hence convexity of p(-) implies that

p(F(tx 4+ (1 =0)x")) < tp(F(x)) + (1 = 0)p(F(x").
This proves convexity of p(F(-)). [

It should be noted that the monotonicity condition (R2) was essential in the above
derivation of convexity of the composite function.

Let us discuss differentiability properties of the composite function ¢ = p o F ata
point X € R". As before, we assume that Z := .£,(Q2, ¥, P). The mapping F : R" — Z
maps a point x € R” into a real valued function (or rather a class of functions which may
differ on sets of P-measure zero) [ F'(x)](-) on €2, also denoted f (x, -), which is an element
of £ ,(2, F, P). If F is convex, then f (-, w) is convex real valued and hence is continuous
and has (finite valued) directional derivatives at x, denoted f (x, h). These properties are
inherited by the mapping F.

Lemma 6.9. Let Z := L,(Q2, F, P) and F : R" — Z be a convex mapping. Then F is
continuous and directionally differentiable, and

[F'(x, W) = f/(x.h), w<€Q, heR" (6.46)

Proof. In order to show continuity of F' we need to verify that, for an arbitrary pointx € R”",
| F(x)— F(x)]l, tends to zero as x — x. By the Lebesgue dominated convergence theorem
and continuity of f(-, w) we can write that

lim_/ |f(x,0) — f&, w)|"dP(w) :/ lim | f(x, ®) — f(X, ®)|"dP(w) =0, (6.47)
X—>X Q Q)(-)JC

provided that there exists a neighborhood U C R” of x such that the family {| f (x, w) —
f(x, w)|P}rey is dominated by a P-integrable function, or equivalently that {| f (x, w) —
f(x, ®)|}xev is dominated by a function from the space £,(€2, ¥, P). Since f(x,-)
belongs to «£,(2, F, P), it suffices to verify this dominance condition for {| f (x, ®)|}xev-
Now let xy, ..., x,+1 € R"” be such points that the set U := conv{xy, ..., x,4} forms a
neighborhood of the point x, and let g (w) := max{ f (x1, ®), ..., f(x,+1, ®)}. By convexity
of f(-, w) we have that f(x,-) < g(-) for all x € U. Also since every f(x;,...), i =
I,...,n+1,isanelement of £,(£2, ¥, P), we have that g € .L,(2, ¥, P) as well. That
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is, g(w) gives an upper bound for {| f(x, w)|}rcy. Also by convexity of f (-, w) we have
that

fx,0) =2f(x,0) — f(2x — x, w).

By shrinking the neighborhood U if necessary, we can assume that U is symmetrical around
X,ie., if x € U, then 2x — x € U. Consequently, we have that g(w) := 2 f(x, w) — g(w)
gives alower bound for {| f (x, w)|}rcv, and g € £L,(2, F, P). This shows that the required
dominance condition holds and hence F is continuous at x by (6.47).

Now for & € R" and ¢t > 0 denote

Riw):=t""[fGE+1th, o) — f& )] and Z(w) = f.(& h), weQ.

Note that f(x +th, -) and f(x, -) are elements of the space £,(£2, ¥, P), and hence R,(-)
is also an element of «£,($2, ¥, P) for any ¢t > 0. Since for a.e. w € 2, f(-, w) is convex
real valued, we have that R, (w) is monotonically nonincreasing and converges to Z(w) as
t | 0. Therefore, we have that R,(-) > Z(-) for any ¢ > 0. Again by convexity of f (-, ),
we have that for ¢ > 0,

ZO) =t f R, = @& —th, )]

We obtain that Z(-) is bounded from above and below by functions which are elements of
the space £,(£2, F, P) and hence Z € £,(2, ¥, P) as well.

We have that R;(-) — Z(-), and hence |R;(-) — Z(-)|?, are monotonically decreasing
to zero as t | 0 and for any ¢ > 0, E[|R; — Z|”] is finite. It follows by the monotone
convergence theorem that E [|R; — Z|”] tends to zero as ¢ | 0. That is, R, converges to
Z in the norm topology of Z. Since R, = t~[F (% + th) — F(x)], this shows that F is
directionally differentiable at x and formula (6.46) follows. [

The following theorem can be viewed as an extension of Theorem 7.46, where a
similar result is derived for p(:) := E[ -].

Theorem 6.10. Let Z := L£,(2, F, P) and F : R" — Z be a convex mapping. Suppose
that p is convex, finite valued, and continuous at Z := F(x). Then the composite function
¢ = po F is directionally differentiable at X, ¢’ (X, h) is finite valued for every h € R", and

¢'(x,h) = sup /fu’)()f,h){(w)dP(a)). (6.48)
Q

c€dp(2)

Proof. Since p is continuous at Z, it follows that p is subdifferentiable and Hadamard
directionally differentiable at Z and formula (6.44) holds. Also by Lemma 6.9, mapping F
is directionally differentiable. Consequently, we can apply the chain rule (see Proposition
7.58) to conclude that ¢ (-) is directionally differentiable at x, ¢'(x, &) is finite valued and

¢' (X, h) = p'(Z, F'(x, h)). (6.49)
Together with (6.44) and (6.46), the above formula (6.49) implies (6.48). [

Itis also possible to write formula (6.48) in terms of the corresponding subdifferentials.
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Theorem 6.11. Let Z := £,(2, F, P) and F : R" — Z be a convex mapping. Suppose
that p satisfies conditions (R1) and (R2) and is finite valued and continuous at Z := F(X).
Then the composite function ¢ = p o F is subdifferentiable at X and

@ =c| /afw()z)g(w)dp(w) . (6.50)

cedp(2)

Proof. Since, by Lemma 6.9, F is continuous at X and p is continuous at F'(x), we have
that ¢ is continuous at x, and hence ¢ (x) is finite valued for all x in a neighborhood of x.
Moreover, by Proposition 6.8, ¢ (-) is convex and hence is continuous in a neighborhood of
X and is subdifferentiable at x. Also, formula (6.48) holds. It follows that ¢’ (x, -) is convex,
continuous, and positively homogeneous, and

¢'(x, )= sup 1 (), (6.51)
t€dp(2)
where
n¢ () :=f fo (X, )¢ (w)d P(w). (6.52)
Q

Because of condition (R2), we have that every ¢ € dp(Z) is nonnegative. Consequently, the
corresponding function 7, is convex continuous and positively homogeneous and hence is
the support function of the set a1, (0). The supremum of these functions, given by the right-
hand side of (6.51), is the support function of the set U, ,,z,dn;(0). Applying Theorem
7.47 and using the fact that the subdifferential of f](x, -) at 0 € R" coincides with df,,(X),
we obtain

a0 (0) = /Q 0f0(D)¢ (@)d P (w). 6.53)

Since dp(Z) is convex, it is straightforward to verify that the set Urcapz)0n:(0) is also
convex. Consequently it follows by (6.51) and (6.53) that the subdifferential of ¢'(x, )
at 0 € R" is equal to the topological closure of the set U, ¢;,(z)97;(0), i.e., is given by the
right-hand side of (6.50). It remains to note that the subdifferential of ¢'(x, -) at 0 € R”
coincides with d¢(x). O

Under the assumptions of the above theorem, we have that the composite function ¢
is convex and is continuous (in fact, even Lipschitz continuous) in a neighborhood of x. It
follows that ¢ is differentiable** at X iff d¢ (X) is a singleton. This leads to the following
result, where for ¢ > 0 we say that a property holds for {-a.e. w €  if the set of points
A € F where it does not hold has ¢d P measure zero, i.e., fA L(w)d P(w) = 0. Of course,
if P(A) = 0, then fA {(w)dP(w) = 0. That is, if a property holds for a.e. w € Q with
respect to P, then it holds for ¢-a.e. w € Q.

“Note that since ¢ (-) is Lipschitz continuous near X, the notions of Gateaux and Fréchet differentiability
at x are equivalent here.
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Corollary 6.12. Let Z := £,(2, ¥, P) and F : R" — Z be a convex mapping. Suppose
that p satisfies conditions (R1) and (R2) and is finite valued and continuous at 7 := F(%).
Then the composite function ¢ = p o F is differentiable at X iff the following two properties
hold: (i) for every ¢ € 3p(Z) the function f(-, w) is differentiable at X for {-a.e. w € Q,
and (ii) fQ V f.,(X)¢ (w)d P(w) is the same for every ¢ € dp(Z).

In particular, if 3p(Z) = {C} is a singleton, then ¢ is differentiable at X iff f (-, ) is
differentiable at X for ¢-a.e. w € R, in which case

Vo (x) =/QVfw(i)E(w)dP(w)- (6.54)

Proof. By Theorem 6.11 we have that ¢ is differentiable at x iff the set on the right-hand
side of (6.50) is a singleton. Clearly this set is a singleton iff the set fQ 0f(X)¢(w)d P(w)
is a singleton and is the same for every ¢ € 9p(Z). Since df,,(X) is a singleton iff f,(-) is
differentiable at x, in which case df,,(x) = {V f,(x)}, we obtain that ¢ is differentiable at
X iff conditions (i) and (ii) hold. The second assertion then follows. [

Of course, if the set inside the parentheses on the right-hand side of (6.50) is closed,
then there is no need to take its topological closure. This holds true in the following case.

Corollary 6.13. Suppose that the assumptions of Theorem 6.11 are satisfied and for every
¢ € 3p(Z) the function f,(-) is differentiable at X for {-a.e. w € Q2. Then

o= J fom(i)C(w)dP(w)- (6.55)

¢€dp(2)

Proof. In view of Theorem 6.11 we only need to show that the set on the right-hand side
of (6.55) is closed. As p is continuous at Z, the set ap (Z) is weakly* compact. Also, the
mapping ¢ — fQ V f»(X)¢ (w)d P(w), from Z* to R, is continuous with respect to the
weak™* topology of Z* and the standard topology of R". It follows that the image of the set
dp(Z) by this mapping is compact and hence is closed, i.e., the set at the right-hand side of
(6.55)is closed. [

6.3.2 Examples of Risk Measures

In this section we discuss several examples of risk measures which are commonly used
in applications. In each of the following examples it is natural to use the space Z :=
L,(2, ¥, P) for an appropriate p € [1, 4-00). Note that if a random variable Z has a
pth order finite moment, then it has finite moments of any order p’ smaller than p, i.e.,
ifl <p <pand Z € L,(R2,F, P), then Z € L,(R2, F, P). This gives a natural
embedding of £,(2, ¥, P) into £,(2, ¥, P) for p’ < p. Note, however, that this
embedding is not continuous. Unless stated otherwise, all expectations and probabilistic
statements will be made with respect to the probability measure P.

Before proceeding to particular examples, let us consider the following construction.
Let p : Z — R and define

p(Z) :=EIZ] + inf p(Z —1). (6.56)
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Clearly we have that for any a € R,
o(Z +a) =E[Z+a]+}n]£p(Z+a —1) =E[Z]+a+}nﬂ£p(Z—t) =p(Z) +a.
€ €
That is, p satisfies condition (R3) irrespective of whether p does. It is not difficult to see

that if p satisfies conditions (R1) and (R2), then p satisfies these conditions as well. Also,
if p is positively homogeneous, then so is p. Let us calculate the conjugate of p. We have

p*(¢) = sup {(£, Z) — p(Z)} = sup {@, Z) —E[Z] —inf p(Z — z)}
ZeZ ZeZ reR
= sup {(¢.Z) -E[Z] - p(Z - 1)}
ZeZ,teR
= sup {(¢—1,2)+1E]-1) - p(2)}.
ZeZ,teR

It follows that

pr¢—1 ifE[f]=1

) = !—i—oo ifE[C] # 1.

The construction below can be viewed as a homogenization of a risk measure p :
Z — R. Define
p(Z) = im; p(t712). (6.57)
>

For any # > 0, by making change of variables T > ¢, we obtain that ¢(¢Z) = t5(Z). That
is, g is positively homogeneous whether p is orisn’t. Clearly, if p is positively homogeneous
to start with, then p = p.

If p is convex, then so is p. Indeed, observe that if p is convex, then function
¢(t, Z) := tp(r~'Z) is convex jointly in Z and t > 0. This can be verified directly as
follows. Fort € [0,1], 71,72 > 0, and Z;, Z, € Z, and setting 7 := tt; + (1 — H)p
and Z :=tZ + (1 — t)Z,, we have

(1—1)
T

-1 -1 I [
ety ZD1+ (1 = Dlrp(y, Zz)]=f|:?;0(fl Zy) + p(T, Zz)]

(1—-1)
T

t
> 1p0 <;Z1 + Zz) =1p(t7'2).

Minimizing convex function ¢(t, Z) over T > 0, we obtain a convex function. It is also
not difficult to see that if p satisfies conditions (R2) and (R3), then so does 0.
Let us calculate the conjugate of p. We have

5 =sup [(£.2) = (D)) = sup {(.2) —tp(r™'2))

ZeZ ZeZ,t>0
= sup {l(¢, 2) - p(D)]}.
ZeZ,t>0

It follows that p* is the indicator function of the set
A:={¢eZ :(,Z2)<p(Z), VZeZ}. (6.58)

If, moreover, g is lower semicontinuous and then g is equal to the conjugate of p*, and
hence p is the support function of the above set 2.
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Example 6.14 (Utility Model). It is possible to relate the theory of convex risk measures
with the utility model. Let g : R — R be a proper convex nondecreasing lower semicontin-
uous function such that the expectation E[g(Z)] is well defined for all Z € Z. (It is allowed
here for E[g(Z)] to take value +o0o but not —oo since the corresponding risk measure is
required to be proper.) We can view the function g as a disutility function.*>

Proposition 6.15. Let g : R — R be a proper convex nondecreasing lower semicontinuous
function. Suppose that the risk measure

p(Z) = E[g(2)] (6.59)

is well defined and proper. Then p is convex and lower semicontinuous and satisfies the
monotonicity condition (R2), and the representation (6.35) holds with

p* (&) = E[g*(D)]. (6.60)
Moreover, if p(Z) is finite, then
ap(Z) = {{ €Z":{(w) €0g(Z(w)) ae. we Q} (6.61)

Proof. Since g is lower semicontinuous and convex, we have by the Fenchel-Moreau
theorem that
g(2) = sup {az — g* (@)},
aeR
where g* is the conjugate of g. As g is proper, the conjugate function g* is also proper. It
follows that

p(Z)=E [su}g {OlZ - g*(oz)}:| . (6.62)

By the interchangeability principle (Theorem 7.80) for the space M := Z* = £,(2, F, P),
which is decomposable, we obtain

p(Z) = {Sug {(¢, 2) = Elg"(©1}. (6.63)

It follows that p is convex and lower semicontinuous, and representation (6.35) holds with
the conjugate function given in (6.60). Moreover, since the function g is nondecreasing, it
follows that p satisfies the monotonicity condition (R2).

Since p is convex proper and lower semicontinuous, and hence p** = p, we have by
Proposition 7.73 that

90(2) = argmax {BI£ Z — £ (01}, (6.64)

assuming that p(Z) is finite. Together with formula (7.247) of the interchangeability prin-
ciple (Theorem 7.80), this implies (6.61). 0

4We consider here minimization problems, and that is why we speak about disutility. Any disutility
function g corresponds to a utility function # : R — R defined by u(z) = —g(—z). Note that the function u
is concave and nondecreasing since the function g is convex and nondecreasing.



272 Chapter 6. Risk Averse Optimization

The above risk measure p, defined in (6.59), does not satisfy condition (R3) unless
g(z) = z. We can consider the corresponding risk measure p, defined in (6.56), which in
the present case can be written as

p(2) = }gﬂng[Z +g(Z —1)]. (6.65)

We have that p is convex since g is convex, that o is monotone (i.e., condition (R2) holds) if
z + g(z) is monotonically nondecreasing, and that p satisfies condition (R3). If, moreover,
p is lower semicontinuous, then the dual representation

p(Z) = sup {{¢ — 1, Z) — E[g* (D]} (6.66)

rez*
E[Z]=1

holds. N

Example 6.16 (Average Value-at-Risk). The risk measure p associated with disutility
function g, defined in (6.59), is positively homogeneous only if g is positively homogeneous.
Suppose now that g(z) := max{az, bz}, where b > a. Then g(-) is positively homogeneous
and convex. Itis natural here to use the space Z := £,(2, ¥, P), since E [g(Z)] is finite for
every Z € £1(2, ¥, P). The conjugate function of g is the indicator function g* = I, p.
Therefore it follows by Proposition 6.15 that the representation (6.37) holds with

A={¢ € Lo, F, P): (o) € [a,b] ae. we Q.

Note that the dual space Z* = L(2, F, P), of the space Z := L1(2, F, P), appears
naturally in the corresponding representation (6.37) since, of course, the condition that
“C(w) € [a, b] for a.e. w € 2”7 implies that ¢ is essentially bounded.

Consider now the risk measure

5(Z) :=E[Z] + }IEIHfRE{ﬁI[t —Zl + BlZ — 111}, Z e L1(Q, F, P), (6.67)

where g1 € [0, 1] and B, > 0. This risk measure can be recognized as risk measure defined
in (6.65), associated with function g(z) := B1[—z]+ + Ba2[z]+. For specified 8; and B,, the
function z + g(z) is convex and nondecreasing, and p is a continuous coherent risk measure.
For 81 € (0, 1] and B, > 0, the above risk measure p(Z) can be written in the form

p(Z) = (1= BNEIZ] + BIAV@R,(2), (6.68)

where @ := B1/(B1 + B2). Note that the right-hand side of (6.67) attains its minimum at
t* = V@R, (Z). Therefore, the second term on the right-hand side of (6.67) is the weighted
measure of deviation from the quantile V@R, (Z), discussed in section 6.2.3.

The respective conjugate function is the indicator function of the set 2 := dom(p*),
and p can be represented in the dual form (6.37) with

A={ € Loo(Q, F,P): (@ e[l =B, 1 +Blacwe, Ecl=1}. (6.69)

In particular, for 8; = 1 we have that o(-) = AV@R,(-), and hence the dual representation
(6.37) of AV@R,, holds with the set

A={l € Loo(Q, F, P): {(w) €[0,0 Nae. weQ, E[t]=1}. (6.70)
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Since AV@R,(-) is convex and continuous, it is subdifferentiable and its subdiffer-
entials can be calculated using formula (6.43). That is,

I(AV@R ) (Z) = arg max {(6.2) : ¢(@) € [0, ' Tae. weQ, E[¢c]=1}. (6.71)

Consider the maximization problem on the right-hand side of (6.71). The Lagrangian of
that problem is

L&, )= Z)+2(1-ElL) = (¢, Z—=2)+ A,
and its (Lagrangian) dual is the problem

Min  sup {(¢, Z —A) + A}. (6.72)
2R r()el0,a]

‘We have that

sup (¢, Z — i) =a 'E(Z — Aly),
tOel.a]

and hence the dual problem (6.72) can be written as

1}41}150:-%([2 —Aly) + A (6.73)

The set of optimal solutions of problem (6.73) is the interval with the end points given by
the left and right side (1 — «)-quantiles of the cdf Hz(z) = Pr(Z < z) of Z(w). Since the
set of optimal solutions of the dual problem (6.72) is a compact subset of R, there is no
duality gap between the maximization problem on the right hand side of (6.71) and its dual
(6.72) (see Theorem 7.10). It follows that the set of optimal solutions of the right-hand
side of (6.71), and hence the subdifferential d(AV @R )(Z), is given by such feasible E that
(E, ) is a saddle point of the Lagrangian L(¢, 1) for any (1 — «)-quantile X. Recall that the
left-side (1 — «r)-quantile of the cdf Hz(z) is called Value-at-Risk and denoted V@R, (Z).
Suppose for the moment that the set of (1 — «)-quantiles of H is a singleton, i.e., consists
of one point V@R, (Z). Then we have

@) =a"! if Z(w) > V@R, (2),
IAV@R)(Z) = ¢ :E[Z]=1, {(@)=0 if Z(w) <V@R,(Z), (6.74)
t(w) €[0,a7'] if Z(w)=V@R,(Z).

If the set of (1 — «)-quantiles of H is not a singleton, then the probability that Z(w) be-
longs to that set is zero. Consequently, formula (6.74) still holds with the left-side quantile
V@R, (Z) can be replaced by any (1 — «)-quantile of H.

It follows that 9(AV@R,)(Z) is a singleton, and hence AV@R, (-) is Hadamard dif-
ferentiable at Z, iff the following condition holds:

Pr(Z < V@R,(Z)) =1—a or Pr(Z > V@R, (Z)) = . (6.75)

Again if the set of (1 — «)-quantiles is not a singleton, then the left-side quantile V@R ,(Z)
in the above condition (6.75) can be replaced by any (1 — «)-quantile of Hz. Note that
condition (6.75) is always satisfied if the cdf Hz(-) is continuous at V@R, (Z), but may
also hold even if H(-) is discontinuous at V@R, (Z). [ |
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Example 6.17 (Exponential Utility Function Risk Measure). Consider utility risk mea-
sure p, defined in (6.59), associated with the exponential disutility function g(z) := e*. That
is, p(Z) := E[e?]. A natural question is what space Z = L,(2, F, P) to use here. Let
us observe that unless the sigma algebra # has a finite number of elements, in which case
L,(2, F, P) is finite dimensional, there exist such Z € «£,(2, F, P) that E[e?] = +o0.
In fact, for any p € [1, +o0) the domain of p forms a dense subset of «£,($2, ¥, P) and
p () is discontinuous atevery Z € &£,(22, ¥, P) unless £ ,(2, F, P) is finite dimensional.
Nevertheless, for any p € [1, +00) the risk measure p is proper and, by Proposition 6.15,
is convex and lower semicontinuous. Note thatif Z : Q@ — R is an £ -measurable function
such that E[¢?] is finite, then Z € L,(2, F, P) for any p > 1. Therefore, by formula
(6.61) of Proposition 6.15, we have that if E[¢?] is finite, then dp(Z) = {e?} is a singleton.
It could be mentioned that although p(-) is subdifferentiable at every Z € £,(£2, ¥, P)
where it is finite and has unique subgradient e?, it is discontinuous and nondifferentiable
at Z unless £,(82, £, P) is finite dimensional.

The above risk measure associated with the exponential disutility function is not
positively homogeneous and does not satisfy condition (R3). Let us consider instead the
risk measure

p.(Z) := InE[¢?], (6.76)

defined on Z = £,(2, F, P) for some p € [I, +o00). Since In(-) is continuous on the
positive half of the real line and E[e?] > 0, it follows from the above that p, has the same
domain as p(Z) = E[e?] and is lower semicontinuous and proper. It is also can be verified
that p, is convex. (See derivations of section 7.2.8 following (7.175).) Moreover, for any
ackR,

InE[e”*“] = In (¢“E[e”]) = InE[¢”] + a,

i.e., p. satisfies condition (R3).
Let us calculate the conjugate of p,. We have that

Pz (6) = sup {E[¢ Z] — InE[e”]} . 6.77)
ZeZ

Since p, satisfies conditions (R2) and (R3), it follows that dom(p,) C ‘B3, where 3 is the
set of density functions (see (6.38)). By writing (first order) optimality conditions for the
optimization problem on the right-hand side of (6.77), it is straightforward to verify that for
¢ € B such that {(w) > 0 for a.e. w € R, a point Z is an optimal solution of that problem
if Z =In¢ + a for some a € R. Substituting this into the right-hand side of (6.77), and
noting that the obtained expression does not depend on a, we obtain

sy - | ElCIng] if ¢ eP,
pe(g)_{ too  if ¢ ¢R

Note that x In x tends to zero as x | 0. Therefore, we set 0ln 0 = 0 in the above formula
(6.78). Note also that x In x is bounded for x € [0, 1]. Therefore, dom(p)) = ‘P for any
p €1, 400).

Furthermore, we can apply the homogenization procedure to p, (see (6.57)). That is,
consider the following risk measure:

(6.78)

pe(Z) := inf 71n Ef[e" 2. (6.79)
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Risk measure p, satisfies conditions (R1)-(R4), i.e., it is a coherent risk measure. Its
conjugate o is the indicator function of the set (see (6.58)):

A:={¢r € 2" :E[¢Z] <InE[e”], VZe Z}. (6.80)

Note that since ¢ is a convex function it follows by Jensen inequality that E[Z] < In E[e?].
Consequently, ¢(-) = 1 is an element of the above set 2.

Example 6.18 (Mean-Variance Risk Measure). Consider
p(Z) :=E[Z] + cVar[Z], (6.81)

where ¢ > 0 is a given constant. It is natural to use here the space Z := £,(2, ¥, P) since
for any Z € L£,(2, ¥, P) the expectation E[Z] and variance Var[Z] are well defined and
finite. We have here that Z* = Z (i.e., Z is a Hilbert space) and for Z € Z its norm is given

by | Z]l» = +/E[Z?]. We also have that

I1Z113 = sup {(¢, Z) — LI¢I3)- (6.82)
tezZ

Indeed, it is not difficult to verify that the maximum on the right-hand side of (6.82) is
attained at { = 2Z.

We have that Var[Z] = |Z — E[Z] i, and since || - ||§ is a convex and continuous
function on the Hilbert space Z, it follows that p(-) is convex and continuous. Also because
of (6.82), we can write

Var[Z] = sup {t¢. Z = E[2]) - Lic13).
ce

Since
(¢, Z - E[Z]) = (¢, Z) — E[Z]E[Z] = (¢ — E[¢], Z), (6.83)
we can rewrite the last expression as follows:

Var[Z] = sug{({ - E[¢], Z) - i”(”%}
ce

= sup {(¢ — E[¢], Z) — IVar[¢] — L(E[¢])*).

LeZ

Since ¢ — E[¢] and Var[¢] are invariant under transformations of ¢ to ¢ + a, where a € R,
the above maximization can be restricted to such ¢ € Z that E[¢] = 0. Consequently

Var[Z] = sup {(¢. Z) — tvar[¢]}.

E[¢]=0

Therefore the risk measure p, defined in (6.81), can be expressed as

p(Z) = E[Z] + ¢ sup {<:, Z) — Var [;]}

teZ
E[¢]=0
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and hence for ¢ > 0 (by making change of variables {’ = c¢ + 1) as

0(Z) = sup {(g“, Z) — ﬁVar[;]}. (6.84)

tezZ
E[¢]=1

It follows that for any ¢ > 0 the function p is convex, continuous, and

L Var[g] ifE[¢] =1,

. (6.85)
400 otherwise.

P () = {

The function p satisfies the translation equivariance condition (R3), e.g., because the domain
of its conjugate contains only ¢ such that E[¢] = 1. However, for any ¢ > 0 the function
p is not positively homogeneous and it does not satisfy the monotonicity condition (R2),
because the domain of p* contains density functions which are not nonnegative.

Since Var[Z] = (Z, Z) — (E[Z])?, it is straightforward to verify that o (-) is (Fréchet)
differentiable and

Vo(Z)=2cZ -2cE[Z]+1. K (6.86)

Example 6.19 (Mean-Deviation Risk Measures of Order p). For Z = £,(Q, ¥, P)
and Z* := £L,(Q2, ¥, P), with p € [1, +00) and ¢ > 0, consider

p(Z) := E[Z] + ¢ (E[|1Z - E[Z]]])""". (6.87)

We have that (]E[|Z|P])1/p = || Z||», where ||-|| , denotes the norm of the space &£ ,(Q, F, P).
The function p is convex continuous and positively homogeneous. Also

171, = sup (6. 2), (6.88)
¢l =
and hence
(E[I1Z — E[21)7])"" = Sup (6,2~ BIZ) = s (¢ ~EI¢), 2). (6.89)
¢llg= g1y =<

It follows that representation (6.37) holds with the set 2 given by
A={'ez ' =1+¢—F[) ¢ly <c}. (6.90)

We obtain here that p satisfies conditions (R1), (R3), and (R4).
The monotonicity condition (R2) is more involved. Suppose that p = 1. Then
g = +o00 and hence for any ¢’ € 2 and a.e. w € Q we have

(@ =14 —E5] =1 - ¢(@)| —E[g] > 1 —2c.

It follows that if ¢ € [0, 1/2], then ¢'(w) > O for a.e. w € €2, and hence condition (R2)
follows. Conversely, take ¢ := c(—14 + 1g\a), forsome A € F,and ¢’ =1+ ¢ — E[¢].
We have that ||{||oc = ¢ and ¢'(w) = 1 — 2¢ + 2¢P(A) for all w € A It follows that if
¢ > 1/2, then ¢’(w) < O for all w € A, provided that P(A) is small enough. We obtain
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that for ¢ > 1/2 the monotonicity property (R2) does not hold if the following condition is
satisfied:

For any ¢ > 0 there exists A € ¥ such that ¢ > P(A) > 0. (6.91)

Thatis, for p = 1 the mean-deviation measure p satisfies (R2) if, and provided that condition
(6.91) holds, only if ¢ € [0, 1/2]. (The above condition (6.91) holds, in particular, if the
measure P is nonatomic.)

Suppose now that p > 1. Foraset A € ¥ and o > 0 let us take ¢ := —al, and
¢ =1+¢ —E[¢] Then ||¢]l; = aP(A)/% and ¢'(w) =1 —a +aP(A) forallw € A.
It follows that if p > 1, then for any ¢ > 0 the mean-deviation measure p does not satisfy
(R2) provided that condition (6.91) holds.

Since p is convex continuous, it is subdifferentiable. By (6.43) and because of (6.90)
and (6.83) we have here that 9p(Z) is formed by vectors ¢’ = 1 + ¢ — [E[¢] such that
¢ € argmaxg), <c(¢, Z — E[Z]). That s,

p(Z)={¢'=14ct—cE[¢]:¢ € &y}, (6.92)

where Y (w) = Z(w) — E[Z] and Gy is the set of contact points of Y. If p € (1, +00),
then the set Gy is a singleton, i.e., there is unique contact point ¢y, provided that Y (w) is
not zero for a.e. w € Q. In that case p(-) is Hadamard differentiable at Z and

Vo(Z) =1+ c¢y — cElgy] (6.93)

(An explicit form of the contact point £; is givenin (7.232).) If Y (») is zero fora.e. w € Q,
i.e., Z(w) is constant w.p. 1, then &y = {¢ € Z* : ||¢ ||, < 1}.

For p = 1 the set Gy is described in (7.233). It follows that if p = 1, and hence
q = 00, then the subdifferential dp(Z) is a singleton iff Z(w) # E[Z] for a.e. w € L, in
which case

|, tw=142c(1-Pr(Z>E[Z]) if Z(w) >E[Z],
Vo(2) = {5 " f(w) =1 —2¢Pr(Z > B[Z]) it Z(w) <Ez). W69
Example 6.20 (Mean-Upper-Semideviation of Order p). Let Z := £,(22, £, P) and
for ¢ > 0 consider*

0(Z) = E[Z] + ¢ (]E [[z - E[Z]]i])l/p . (6.95)

For any ¢ > 0 this function satisfies conditions (R1), (R3), and (R4), and similarly to the
derivations of Example 6.19 it can be shown that representation (6.37) holds with the set 2
given by

A={¢' ez ¢ =1+¢—E[gl ¢lly <e & =0} (6.96)

Since |E[¢]] < E[¢| < [I¢]ly for any ¢ € £,(2, F, P), we have that every element of
the above set 2 is nonnegative and has its expected value equal to 1. This means that the
monotonicity condition (R2) holds, if and, provided that condition (6.91) holds, only if
c € [0, 1]. That is, p is a coherent risk measure if ¢ € [0, 1].

4We denote [a]” := (max{0, a})”.
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Since p is convex continuous, it is subdifferentiable. Its subdifferential can be cal-
culated in a way similar to the derivations of Example 6.19. That is, dp(Z) is formed by
vectors ¢’ = 1 + ¢ — E[¢] such that

¢ eargmax {(£,Y) : ||¢lly < ¢, & =0}, (6.97)

where Y := Z — E[Z]. Suppose that p € (1, 400). Then the set of maximizers on the
right-hand side of (6.97) is not changed if Y is replaced by Y., where Y, (-) := [V (-)]+.
Consequently, if Z(w) is not constant for a.e. w € 2, and hence Y, # 0, then dp(Z) is a
singleton and

Vo(Z)=1+c¢ {}: — c]E[{}i], (6.98)

where CI}: is the contact point of Y,.. (Note that the contact point of Y. is nonnegative since
Y, >0)

Suppose now that p = 1 and hence ¢ = +o00. Then the set on the right-hand side
of (6.97) is formed by ¢(-) such that {(w) = cif Y(w) > 0, {(w) = 0, if Y(w) < 0, and
¢(w) € [0, c]if Y(w) = 0. It follows that dp(Z) is a singleton iff Z(w) # E[Z] for a.e.
w € 2, in which case

_ .. t@=14c(1-Pr(Z>E[Z]) if Z(w)>E[Z],
Vo(2) = {g“ " f(w)=1-cPr(Z > E[Z]) if Z(w) <E[Z]. (6.99)
It can be noted that by Lemma 6.1
]E(|Z — E[Z]|) = 2IE([Z — E[Z]]+). (6.100)

Consequently, formula (6.99) can be derived directly from (6.94). W

Example 6.21 (Mean-Upper-Semivariance from a Target). Let Z := £,(2, ¥, P) and
for a weight ¢ > 0 and a target 7 € R consider

p(2) :=EIZ] +cE[[Z -]} ]. (6.101)

This is a convex and continuous risk measure. We can now use (6.63) with g(z) :=
z+clz — 2. Since

(@ —D*4c+t(@—1) ifa>1,
+00 otherwise,

g (a) = {

we obtain that

p(Z)= sup [El¢Z]—TEl; — 11— £E[¢ — DM}, (6.102)
{€Z,5()=1

Consequently, representation (6.36) holds withl = {¢ € Z: ¢ — 1 > 0} and
p*(¢) =E[L — 1+ £E[¢ — D], ¢ e

If ¢ > 0, then conditions (R3) and (R4) are not satisfied by this risk measure.
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Since p is convex continuous, it is subdifferentiable. Moreover, by using (6.61)
we obtain that its subdifferentials are singletons and hence p(-) is differentiable at every
Z € Z, and

() =14+2cZ(w) —1) if Z(w) =T,

V'O(Z)Z{C: t(w) =1 if Z(w) < 1. (6.103)

The above formula can also be derived directly, and it can be shown that p is differentiable
in the sense of Fréchet. Nl

Example 6.22 (Mean-Upper-Semideviation of Order p from a Target). Let Z be the
space £,(2, F, P), and for c > 0 and T € R consider

0(Z) :=TE[Z] + ¢ (E [[z - z]i])w . (6.104)

For any ¢ > 0 and  this risk measure satisfies conditions (R1) and (R2), but not (R3) and
(R4) if ¢ > 0. We have

(E [[Z - t]i])l/p = sup IE({[Z — T]+) = sup E({[Z — T]+)

lgllg=<1 l¢llg=<1,£()=0
= sup IE(;‘[Z — r]) = sup E[{Z - rg‘].
lzllg=<1,5()=0 lzllg<1,£()=0

We obtain that representation (6.36) holds with
A={eZ :|¢lly <c, ¢ =0}

and p*(¢) = tE[¢]forc e A. N

6.3.3 Law Invariant Risk Measures and Stochastic Orders

Asin the previous sections, unless stated otherwise we assume here that Z = £,(2, ¥, P),
p € [1, +00). Wesay thatrandom outcomes Z; € Z and Z, € Z have the same distribution,
with respect to the reference probability measure P, if P(Z; < z) = P(Z, < z) for all

z € R. We write this relation as Z; 2 Z,. In all examples considered in section 6.3.2, the
risk measures p(Z) discussed there were dependent only on the distribution of Z. That is,
each risk measure p(Z), considered in section 6.3.2, could be formulated in terms of the
cumulative distribution function (cdf) Hz(¢) := P(Z < t) associated with Z € Z. We call
such risk measures law invariant (or law based, or version independent).

Definition 6.23. A risk measure p : Z — R is law invariant, with respect to the reference
probability measure P, if for all Z,, Z, € Z we have the implication

{202 22} = {p(z) = p(22)).

Suppose for the moment that the set 2 = {w;, ..., wg} is finite with respective
probabilities py, ..., px such that any two partial sums of py are different, i.e., Y, ., px =



280 Chapter 6. Risk Averse Optimization

ZkeB pr for A,B C {l,...,K}iff A = B. Then Z;,Z, : 2 — R have the same
distribution only if Z; = Z,. In that case, any risk measure, defined on the space of random
variables Z : Q — R, is law invariant. Therefore, for a meaningful discussion of law
invariant risk measures it is natural to consider nonatomic probability spaces.

A particular example of law invariant coherent risk measure is the Average Value-at-
Risk measure AV@R,. Clearly, a convex combination Z;”Zl wiAV@ R,.» withe; € (0, 1],
wi >0, Z;"zl w; = 1, of Average Value-at-Risk measures is also a law invariant coherent
risk measure. Moreover, maximum of several law invariant coherent risk measures is again
a law invariant coherent risk measure. It turns out that any law invariant coherent risk
measure can be constructed by the operations of taking convex combinations and maximum
from the class of Average Value-at-Risk measures.

Theorem 6.24 (Kusuoka). Suppose that the probability space (2, ¥, P) is nonatomic
and let p : Z — R be a law invariant lower semicontionuous coherent risk measure. Then
there exists a set M of probability measures on the interval (0, 1] (equipped with its Borel
sigma algebra) such that

1
p(Z2) = sup/ AV@R,(Z)du(a), VZ € Z. (6.105)
neMJo

In order to prove this we will need the following result.

Lemma 6.25. Let (2, ¥, P) be a nonatomic probability space and Z = L,(Q2, ¥, P).
Then for Z € Z and { € Z* we have

1
sup / (@)Y (w)dP(w) = / H ') Hy' (1), (6.106)
yiy2z 7% 0

where H, and Hyz are the cdf’s of { and Z, respectively.

Proof. First we prove formula (6.106) for finite set Q = {wy, ..., w,} with equal proba-
bilities P({w;}) = 1/n,i = 1,...,n. For a function Y : 2 — R denote ¥; := Y(w;),

i =1,...,n. Wehave here that Y 2 Z iff Y; = Z,(; for some permutation 7 of the set
{1,....n},and [, (YdP = n~'3" | &Y;. Moreover,*

Z Y < Z ¢ Y, (6.107)
i=1 i=1

where ; < -+ < {u are numbers ¢, ..., ¢, arranged in the increasing order, and
Yy < -- - Ypuy are numbers Y, .. ., Y, arranged in the increasing order. It follows that
n
sup / L@)Y (@)dP(@) =n""Y " 2. (6.108)
yr2z79¢ i=1

“TInequality (6.107) is called the Hardy—Littlewood—Polya inequality (compare with the proof of Theorem
4.50).
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It remains to note that in the considered case the right-hand side of (6.108) coincides with
the right-hand side of (6.106).

Now if the space (€2, ¥, P) is nonatomic, we can partition €2 into n disjoint subsets,
each of the same P-measure 1/n, and it suffices to verify formula (6.106) for functions
which are piecewise constant on such partitions. This reduces the problem to the case
considered above. [

Proof of Theorem 6.24. By the dual representation (6.37) of Theorem 6.4, we have that for
ZeZ,

0(Z) = sup / C(w)Z(w)d P(w), (6.109)
CeAJQ

where 2 is a set of probability density functions in Z*. Since p is law invariant, we have
that
p(Z) = sup p(Y),
YeD(2)

where D(Z) ={Y e Z:Y 2 Z}. Consequently,

1
po(Z) = sup |:sup/ {(a))Y(a))dP(a)):| = sup|: sup / {(a))Y(a))dP(a)):|.
Q 0

YeD(Z) | ret e | Yen(2)
(6.110)
Moreover, by Lemma 6.25 we have
1
sup / (@)Y (w)dP(w) = / H;‘ (HH; ' (ndt, (6.111)
Yen(2)Ja 0
where H; and H are the cdf’s of {(w) and Z(w), respectively.
Recalling that HZ_l (t) =V@R,_,(Z), we can write (6.111) in the form
1
sup / (@)Y (w)dP(w) = / H{I(I)V@ R,_,(Z)dt, (6.112)
YeD(2) JQ 0
which together with (6.110) imply that
1
o(Z) = sup[ H;l(t)V@Rl_t(Z)dt. (6.113)
ceA JO

For ¢ € 2, the function H, L(¢) is monotonically nondecreasing on [0,1] and can be repre-
sented in the form

1
H (1) =/ o ldu(e) (6.114)
1—¢

for some measure © on [0,1]. Moreover, for { € 24 we have that f tdP = 1, and hence
fol H(_I(t)dt = [¢dP = 1, and therefore

1 pl 1 pl 1
1=/ / a du(a)dt =/ / o ldrdp(a) =/ du(a).
0 Ji— 0 Ji-a 0
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Consequently, u is a probability measure on [0,1]. Also (see Theorem 6.2) we have

1 1
AV@R,(Z) = —/ V@R,_,(Z)d1,
1

o —a

and hence

[) AV@R, (Z)du(@) = [} [l a 'V@R,_(Z)dtdu(a)
JIVeRr, (z) (fll_t a’ldu(oz)) dr
= [y V@R,_,(2) H '(dr.

By (6.113) this completes the proof, with the correspondence between ¢ € 2 and p € 9
given by (6.114). [

Example 6.26. Consider p := AV@R,, risk measure for some y € (0, 1). Assume that the
corresponding probability space is 2 = [0, 1] equipped with its Borel sigma algebra and
uniform probability measure P. We have here (see (6.70))

A={c:0=c@ =y wel0 1l ) e@do=1}.

Consequently, the family of cumulative distribution functions H, ', ¢ € 2, is formed by
left-side continuous monotonically nondecreasing on [0,1] functions with fol H "dr =1
and range values 0 < H{l(t) <y~ ', t € [0,1]. Since V@R,_,(Z) is monotonically
nondecreasing in ¢ function, it follows that the maximum in the right-hand side of (6.113)
is attained at ¢ € 2 such that H;l(t) =O0forr € [0,1 — y], and Hg_l(t) = y~! for
t € (1 —y,1]. The corresponding measure u, defined by (6.114), is given by function
u(a) = 1fora € [0, y] and u(e) = 1 for e € (y, 1], i.e., u is the measure of mass 1 at
the point y. By the above proof of Theorem 6.24, this u is the maximizer of the right-hand
side of (6.105). It follows that the representation (6.105) recovers the measure AV @ R, as
it shouldbe. W

For law invariant risk measures, it makes sense to discuss their monotonicity properties
with respect to various stochastic orders defined for (real valued) random variables. Many
stochastic orders can be characterized by a class U of functions u# : R — R as follows. For
(real valued) random variables Z; and Z; itis said that Z, dominates Z;, denoted Z, >, Z;,
if E[u(Z,)] = E[u(Z;)] for all u € U for which the corresponding expectations do exist.
This stochastic order is called the integral stochastic order with generator U. In particular,
the usual stochastic order, written Z, >1y Z, corresponds to the generator U formed by
all nondecreasing functions u : R — R. Equivalently, Z, > Z; iff Hz,(t) < Hz, (t) for
all t € R. The relation >y is also frequently called the first order stochastic dominance
(see Definition 4.3). We say that the integral stochastic order is increasing if all functions in
the set U are nondecreasing. The usual stochastic order is an example of increasing integral
stochastic order.

Definition 6.27. A law invariant risk measure p : Z — R is consistent (monotone) with
the integral stochastic order >, if for all Z,, Z, € Z we have the implication

{2 =, Z1} = {p(Z2) = p(ZD)}.
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For an increasing integral stochastic order we have that if Z,(w) > Z;(w) for a.e.
w € Q, then u(Z,(w)) > u(Z(w)) forany u € U and a.e. w € 2, and hence E[u(Z;,)] >
E[u(Z,)]. Thatis, if Z, > Z; in the almost sure sense, then Z, >, Z;. It follows that if p
is law invariant and consistent with respect to an increasing integral stochastic order, then
it satisfies the monotonicity condition (R2). In other words, if p does not satisfy condition
(R2), then it cannot be consistent with any increasing integral stochastic order. In particular,
for ¢ > 1 the mean-semideviation risk measure, defined in Example 6.20, is not consistent
with any increasing integral stochastic order, provided that condition (6.91) holds.

A general way of proving consistency of law invariant risk measures with stochastic
orders can be obtained via the following construction. For a given pair of random variables
Zy and Z; in Z, consider another pair of random variables, VA 1 and 22, which have distribu-

tions identical to the original pair, i.e., 7 1 2 Zy and 22 2 Z,. The construction is such that
the postulated consistency result becomes evident. For this method to be applicable, it is
convenient to assume that the probability space (€2, &, P) is nonatomic. Then there exists
a measurable function U : 2 — R (uniform random variable) such that P(U < t) = ¢ for
allt € [0, 1].

Theorem 6.28. Suppose that the probability space (2, ¥, P) is nonatomic. Then the
following holds: if a risk measure p : Z — R is law invariant, then it is consistent with the
usual stochastic order iff it satisfies the monotonicity condition (R2).

Proof. By the discussion preceding the theorem, it is sufficient to prove that (R2) implies
consistency with the usual stochastic order.

For a uniform random variable U (w) consider the random variables Z 1= Hy, (%)
and Z, := H;'(U). We obtain that if Z >, Z1, then Z»(w) > Z (o) for all w € 2, and

. S IS . A D A D .
hence by virtue of (R2), p(Z,) > p(Z;). By construction, Z; ~ Z; and Z, ~ Z,. Since
the risk measure is law invariant, we conclude that p(Z,) > p(Z;). Consequently, the risk
measure p is consistent with the usual stochastic order. [

It is said that Z; is smaller than Z, in the increasing convex order, written Z; <icx
Zy, if E[u(Z)] < E[u(Z,)] for all increasing convex functions # : R — R such that
the expectations exist. Clearly this is an integral stochastic order with the corresponding
generator given by the set of increasing convex functions. It is equivalent to the second
order stochastic dominance relation for the negative variables: —Z; >») —Z,. (Recall
that we are dealing here with minimization rather than maximization problems.) Indeed,
applying Definition 4.4 to —Z; and —Z, for k = 2 and using identity (4.7) we see that

E{[Z1 - nl+} <E{[Zo —nl4}, VneR. (6.115)

Since any convex nondecreasing function u(z) can be arbitrarily close approximated by a
positive combination of functions u;(z) = B + [z — nxl+, inequality (6.115) implies that
E[u(Z,)] < E[u(Z,)], as claimed (compare with the statement (4.8)).

Theorem 6.29. Suppose that the probability space (2, ¥, P) is nonatomic. Then any law
invariant lower semicontinuous coherent risk measure p : Z — R is consistent with the
increasing convex order.
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Proof. By using definition (6.22) of AV@R, and the property that Z; <icx Z; iff condition
(6.115) holds, it is straightforward to verify that AV@R, is consistent with the increasing
convex order. Now by using the representation (6.105) of Theorem 6.24 and noting that
the operations of taking convex combinations and maximum preserve consistency with the
increasing convex order, we can complete the proof.  [I

Remark 20. For convex risk measures (without the positive homogeneity property), The-
orem 6.29 in the space L£(€2, ¥, P) can be derived from Theorem 4.52, which for the
increasing convex order can be written as follows:

(ZeL£y(Q F,P):Z =i Y} =clconv{Z € L1(Q, F.P): Z <, Y}.  (6.116)

If Z is an element of the set in the left-hand side of (6.116), then there exists a sequence of
random variables Z¥ — Z, which are convex combinations of some elements of the set in
the right-hand side of (6.116), that is,

k_ k 7k k_ k k
VARS ZajZ;, Za_/ =1, o =0, Z; = Y.
j=1 =1

By convexity of p and by Theorem 6.28, we obtain

NA- Nk
p(ZH <) dip(Z) <) dip(¥) = p(¥).
j=1 j=1

Passing to the limit with k — oo and using lower semicontinuity of p, we obtain p(Z) <
p(Y), as required.

If p > 1 the domain of p can be extended to /£ (€2, &, P), while preserving its lower
semicontinuity (cf. Filipovi¢ and Svindland [66]).

Remark 21. For some measures of risk, in particular, for the mean-semideviation measures,
defined in Example 6.20, and for the Average Value-at-Risk, defined in Example 6.16,
consistency with the increasing convex order can be proved without the assumption that
the probability space (€2, ¥, P) is nonatomic by using the following construction. Let
(2, ¥, P) be a nonatomic probability space; for example, we can take 2 as the interval
[0, 1] equipped with its Borel sigma algebra and uniform probability measure P. Then for
any finite set of probabilities p, > 0, k = 1,..., K, Zlel pr = 1, we can construct a
partition of the set 2 = U,leAk such that P(Ay) = px, k =1, ..., K. Consider the linear
subspace of the respective space £, (£2, ¥, P) formed by piecewise constant on the sets A,
functions Z : Q@ — R. We can identify this subspace with the space of random variables
defined on a finite probability space of cardinality K with the respective probabilities py,
k = 1,..., K. By the above theorem, the mean-upper-semideviation risk measure (of
order p) defined on (2, ¥, P) is consistent with the increasing convex order. This property
is preserved by restricting it to the constructed subspace. This shows that the mean-upper-
semideviation risk measures are consistent with the increasing convex order on any finite
probability space. This can be extended to the general probability spaces by continuity
arguments.
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Corollary 6.30. Suppose that the probability space (2, F , P) isnonatomic. Letp : Z — R
be a law invariant lower semicontinuous coherent risk measure and § be a sigma subalgebra
of the sigma algebra ¥ . Then

p(E[ZI§]) < p(Z), VZe Z, (6.117)
and
E[Z] < p(Z), VZe Z. (6.118)
Proof. Consider Z € Z and Z' := E[Z|4]. For every convex function u : R — R we have
E[u(Z)] = E [u (E[ZI$])] < E[E@(Z)I$)] = E[u(2)],

where the inequality is implied by Jensen’s inequality. This shows that Z" <;.x Z, and
hence (6.117) follows by Theorem 6.29.

In particular, for § := {2, @}, it follows by (6.117) that p(Z) > p (E[Z]), and since
o (E[Z]) = E[Z] this completes the proof. [

An intuitive interpretation of property (6.117) is that if we reduce variability of a
random variable Z by employing conditional averaging Z’' = [E[Z|4], then the risk measure
0(Z") becomes smaller, while E[Z'] = E[Z].

6.3.4 Relation to Ambiguous Chance Constraints

Owing to the dual representation (6.36), measures of risk are related to robust and ambiguous
models. Consider a chance constraint of the form

P{C(x,w) <0} > 1 —a. (6.119)

Here P is a probability measure on a measurable space (2, ¥) and C : R" x Q —
R is a random function. It is assumed in this formulation of chance constraint that the
probability measure (distribution), with respect to which the corresponding probabilities are
calculated, is known. Suppose now that the underlying probability distribution is not known
exactly but rather is assumed to belong to a specified family of probability distributions.
Problems involving such constrains are called ambiguous chance constrained problems.
For a specified uncertainty set 2 of probability measures on (€2, ¥, the corresponding
ambiguous chance constraint defines a feasible set X C R”, which can be written as

X:={xr:p{Cx,0)<0}>=1-a, Vued} (6.120)
The set X can be written in the following equivalent form:
X=JxeR":supE, [IAX] <ay, (6.121)
ned

where A, := {w € Q : C(x, w) > 0}. Recall that by the duality representation (6.37), with
the set 2 is associated a coherent risk measure p, and hence (6.121) can be written as

X={xeR' :p(1s,) <a}. (6.122)
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We discuss now constraints of the form (6.122) where the respective risk measure is defined
in a direct way. As before, we use spaces Z = £,(R2, ¥, P), where P is viewed as a
reference probability measure.

It is not difficult to see that if p is a law invariant risk measure, then for A € F the
quantity p(14) depends only on P(A). Indeed, if Z := 1, for some A € ¥, then its cdf
Hz(z) :=P(Z <2)is

0 if z<0,
Hz;(z)=47 1=-P(A) if 0<z<],
1 if 1<z,

which clearly depends only on P(A).

» With every law invariant real valued risk measure p : Z — R we associate function
¢, defined as @, (t) := p (14), where A € ¥ is any event such that P(A) = ¢, and
teT:={P(A):Aec¥F}

The function ¢, is well defined because for law invariant risk measure o the quantity p (14)
depends only on the probability P(A) and hence p (14) is the same for any A € F such
that P(A) = r fora given t € T. Clearly T is a subset of the interval [0, 1], and 0 € T
(since ¥ € F)and 1 € T (since 2 € F). If P is a nonatomic measure, then for any A € ¥
the set {P(B) : B C A, B € ¥} coincides with the interval [0, P(A)]. In particular, if P
is nonatomic, then the set T = {P(A) : A € ¥}, on which ¢, is defined, coincides with
the interval [0, 1].

Proposition 6.31. Let p : Z — R be a (real valued) law invariant coherent risk measure.
Suppose that the reference probability measure P is nonatomic. Then ¢, (-) is a continuous
nondecreasing function defined on the interval [0, 1] such that ¢,(0) = 0 and ¢,(1) = 1,
and @,(t) > t forall t € [0, 1].

Proof. Since the coherent risk measure p is real valued, it is continuous. Because p is
continuous and positively homogeneous, p(0) = 0 and hence ¢,(0) = 0. Also by (R3), we
have that p(1g) = 1 and hence ¢,(1) = 1. By Corollary 6.30 we have that p(14) > P(A)
forany A € ¥ and hence ¢, (t) > ¢ forall ¢ € [0, 1].

Let # € [0, 1] be a monotonically increasing sequence tending to t*. Since P is
a nonatomic, there exists a sequence A} C A; C --- of F-measurable sets such that
P(Ay) = t for all k € N. It follows that the set A := U2, Ay is ¥ -measurable and
P(A) = t*. Since 1,, converges (in the norm topology of Z) to 14, it follows by continuity
of p that p(1,4,) tends to p(14), and hence ¢, () tends to ¢, (¢*). In a similar way we have
that ¢, (tx) — ¢,(t*) for a monotonically decreasing sequence f; tending to ¢t*. This shows
that ¢, is continuous.

Forany 0 <1t < t, < 1thereexistsets A, B € ¥ suchthat B C A and P(B) =1,
P(A) = 1t,. Since 14 > 13, it follows by monotonicity of p that p(14) > p(1p). This
implies that ¢, (2) > ¢,(#1), i.e., ¢, is nondecreasing. a0

Now consider again the set X of the form (6.120). Assuming conditions of Proposition
6.31, we obtain that this set X can be written in the following equivalent form:

X ={x:P{Cx,w) <0} > 1 —a*}, (6.123)
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where o 1= go;l (o). Thatis, X can be defined by a chance constraint with respect to the
reference distribution P and with the respective significance level o*. Since ¢, (¢) > ¢, for
any ¢ € [0, 1], it follows that «* < «. Let us consider some examples.

Consider Average Value-at-Risk measure p := AV@ Ry, y € (0, 1]. By direct calcu-
lations it is straightforward to verify that for any A € &

y'P(A) if P(A) <v,

,W@&OM={ 1 if P(A)>y.

Consequently the corresponding function ¢, () = y~ 't fort € [0, y], and @, (1) =1 for
t € [y, 1]. Now let p be a convex combination of Average Value-at-Risk measures, i.e., p :=
Yo Aipi, With p; := AV @ R,, and positive weights A; summing up to one. By the definition
of the function ¢, we have then that ¢, = Z;":l Ai@,,. It follows that ¢, : [0, 1] — [0, 1]
is a piecewise linear nondecreasing concave function with ¢,(0) = 0 and ¢, (1) = 1. More

generally, let A be a probability measure on (0, 1] and p := fol AV@R,dA(y). In that case,
the corresponding function ¢, becomes a nondecreasing concave function with ¢,(0) =0
and ¢, (1) = 1. We also can consider measures p given by the maximum of such integral
functions over some set 90t of probability measures on (0, 1]. In that case the respective
function ¢, becomes the maximum of the corresponding nondecreasing concave functions.
By Theorem 6.24 this actually gives the most general form of the function ¢,,.

For instance, let Z := £,(2, ¥, P) and p(Z) := (1 — B)E[Z] + BAV@R  (2),
where 8, y € (0, 1) and the expectations are taken with respect to the reference distribution
P. This risk measure was discussed in example 6.16. Then

(1=B+y ' iftel0,yl],
0p(1) = Pty b i v (6.124)
B+ 1 —p)t ift € (y, 1].
It follows that for this risk measure and fora < 8 + (1 — B)y,
. — (6.125)
B - .

In particular, for 8 = 1, i.e., for p = AV@ Ry, we have that o* = ya.
As another example consider the mean-upper-semideviation risk measure of order p.
Thatis, Z := £,(2, ¥, P) and

o= ol o))

(see Example 6.20). We have here that p(14) = P(A) + ¢[P(A)(1 — P(A)P1Y/P, and
hence

() =t +ct'P(1—1), tel0,1]. (6.126)

In particular, for p = 1 we have that ¢, () = (1 + o)t — ct?, and hence

o — I4+c¢—+/(14¢)?—4dac
2c '
Note that for ¢ > 1 the above function ¢, (-) is not monotonically nondecreasing on the inter-
val [0, 1]. This should be not surprising since for ¢ > 1 and nonatomic P, the corresponding
mean-upper-semideviation risk measure is not monotone.

(6.127)
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6.4 Optimization of Risk Measures

As before, we use spaces Z = £,(2,F, P) and Z* = £L,(2, F, P). Consider the
composite function ¢ (-) := p(F(-)), also denoted ¢ = p o F, associated with a mapping
F : R" — Z and a risk measure p : Z — R. We already studied properties of such
composite functions in section 6.3.1. Again we write f(x, w) or f,(x) for [F(x)](w) and
view f(x, w) as a random function defined on the measurable space (2, ¥). Note that
F(x) is an element of space ££,($2, ¥, P) and hence f(x, -) is ¥ -measurable and finite
valued. If, moreover, f (-, w) is continuous for a.e. w € 2, then f(x, w) is a Carathéodory
function, and hence is random lower semicontinuous.
In this section we discuss optimization problems of the form

lﬁi}‘ {#x) := p(F(x))}. (6.128)

Unless stated otherwise, we assume that the feasible set X is a nonempty convex closed
subset of R". Of course, if we use p(-) := E[-], then problem (6.128) becomes a standard
stochastic problem of optimizing (minimizing) the expected value of the random function
f(x, w). In that case we can view the corresponding optimization problem as risk neutral.
However, a particular realization of f(x, @) could be quite different from its expectation
E[ f(x, w)]. This motivates an introduction, in the corresponding optimization procedure,
of some type of risk control. In the analysis of portfolio selection (see section 1.4), we
discussed an approach of using variance as a measure of risk. There is, however, a problem
with such approach since the corresponding mean-variance risk measure is not monotone
(see Example 6.18). We shall discuss this later.

Unless stated otherwise we assume that the risk measure p is proper and lower semi-
continuous and satisfies conditions (R1)-(R2). By Theorem 6.4 we can use representation
(6.36) to write problem (6.128) in the form

Min sup @ (x, &), (6.129)
xeX {em

where 2 := dom(p*) and the function ® : R" x Z* — R is defined by

Px,¢) = /Qf(x,w)é“(w)df’(w) = p"(). (6.130)

If, moreover, p is positively homogeneous, then p* is the indicator function of the set 2 and
hence p*(-) is identically zero on 2. That s, if o is a proper lower semicontinuous coherent
risk measure, then problem (6.128) can be written as the minimax problem

Min supE;[ f(x, )], (6.131)
xeX e

where
E [ f(x, )] = /Q F(x, )¢ (@)d P()

denotes the expectation with respect to {d P. Note that, by the definition, F(x) € Z and
¢ € Z*, and hence

Elf(x, 0)] = (F(x), )

is finite valued.
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Suppose that the mapping F : R" — Z is convex, i.e., for a.e. @ € Q the function
f (-, w) is convex. This implies that for every ¢ > 0 the function ®(:, ¢) is convex and
if, moreover, ¢ € 2, then ® (-, ¢) is real valued and hence continuous. We also have that
(F(x), ¢} is linear and p*(¢) is convex in ¢ € Z*, and hence for every x € X the function
@ (x, -) is concave. Therefore, under various regularity conditions, there is no duality gap
between problem (6.128) and its dual

Max inf {/ f(x, )¢ (@)dP(w) — p*(g)}, (6.132)
Q

ceU xeX

which is obtained by interchanging the min and max operators in (6.129). (Recall that the
set X is assumed to be nonempty closed and convex.) In particular, if there exists a saddle
point (¥, £) € X x 2 of the minimax problem (6.129), then there is no duality gap between
problems (6.129) and (6.132), and X and ¢ are optimal solutions of (6.129) and (6.132),
respectively.

Proposition 6.32. Suppose that mapping F : R" — Z is convex and risk measure p :
Z — R is proper and lower semicontinuous and satisfies conditions (R1)~(R2). Then
(x,¢) € X x AU is a saddle point of (x,¢) iff ¢ € 0p(Z) and

0 € Nx(xX) + Ez[0fu(X)], (6.133)
where 7 := F(¥).
Proof. By the definition, (x, g: ) is a saddle point of ® (x, ¢) iff

% € argmin ®(x, ¢) and ¢ € argmax ®(X, ¢). (6.134)
xeX ceA
The first of the above conditions means that X € arg min,cx ¥ (x), where

v (x) :Z/Qf(x,w)f(w)df’(w)-

Since X is convex and v () is convex real valued, by the standard optimality conditions this
holds iff 0 € Nx(X) + 9y (x). Moreover, by Theorem 7.47 we have 0y (x) = Ez[9f,(X)].
Therefore, condition (6.133) and the first condition in (6.134) are equivalent. The second
condition (6.134) and the condition ¢ € dp(Z) are equivalent by (6.42). [

Under the assumptions of Proposition 6.32, existence of g: € 8,0(2) in (6.133) can
be viewed as an optimality condition for problem (6.128). Sufficiency of that condition
follows directly from the fact that it implies that (X, ) is a saddle point of the min-max
problem (6.129). In order for that condition to be necessary we need to verify existence of
a saddle point for problem (6.129).

Proposition 6.33. Ler x be an optimal solution of the problem (6.128). Suppose that the
mapping F : R" — Z is convex and risk measure p : Z — R is proper and lower
semicontinuous and satisfies conditions (R1)~(R2) and is continuous at Z = F(%). Then
there exists E € 0p(Z) such that (x, E) is a saddle point of ®(x, ¢).
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Proof. By monotonicity of p (condition (R2)) it follows from the optimality of x that (x, Z)
is an optimal solution of the problem

Min p(2), (6.135)

(x,2)eS

where S := {(x, Z) € X x Z: F(x) = Z}. Since F is convex, the set S is convex, and
since F' is continuous (see Lemma 6.9), the set S is closed. Also because p is convex and
continuous at Z, the following (first order) optimality condition holds at (x, 7) (see Remark
34, page 403):

0 € 3p(Z) x {0} + Ns(X, Z). (6.136)

This means that there exists ¢ € dp(Z) such that (—¢, 0) € Ng(x, Z). This in turn implies
that

(¢, Z—2Z)>0, Y(x,Z)eS. (6.137)
Setting Z := F(x) we obtain that
(¢, F(x) — F(¥)) >0, VxeX. (6.138)

It follows that X is a minimizer of (¢, F(x)) over x € X, and hence X is a minimizer of
®(x, ) over x € X. That is, X satisfies first of the two conditions in (6.134). Moreover,
as it was shown in the proof of Proposition 6.32, this implies condition (6.133), and hence
(x, ¢) is a saddle point by Proposition 6.32. [

Corollary 6.34. Suppose that problem (6.128) has optimal solution X, the mapping F :
R" — Z is convex and risk measure p : Z — R is proper and lower semicontinuous and
satisfies conditions (R1)—~(R2), and is continuous at Z := F(%). Then there is no duality
gap between problems (6.129) and (6.132), and problem (6.132) has an optimal solution.

Propositions 6.32 and 6.33 imply the following optimality conditions.

Theorem 6.35. Suppose that mapping F : R" — Z is convex and risk measure p : Z — R
is proper and lower semicontinuous and satisfies conditions (R1)—-(R2). Consider a point
% € X andlet Z := F(x). Thena sufficient condition for X to be an optimal solution of the
problem (6.128) is existence of{ € 0p(Z) such that (6.133) holds. This condition is also
necessary if p is continuous at Z.

It could be noted that if p(-) := E[-], then its subdifferential consists of unique
subgradient ¢ (-) = 1. In that case condition (6.133) takes the form

0 € Nx(x) +E[0f,(X)]. (6.139)

Note that since it is assumed that F(x) € £,(2, ¥, P), the expectation E[ f,(x)] is well
defined and finite valued for all x, and hence JE[ £, (x)] = E[df,(x)] (see Theorem 7.47).
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6.4.1 Dualization of Nonanticipativity Constraints
We assume again that Z = £,(2, ¥, P) and Z* = £L,(2, ¥, P), that F : R" — Z

is convex and p : Z — R is proper lower semicontinuous and satisfies conditions (R1)
and (R2). A way to represent problem (6.128) is to consider the decision vector x as a
function of the elementary event w € 2 and then to impose an appropriate nonaniticipativity
constraint. That s, let 97 be a linear space of # -measurable mappings x : 2 — R". Define

Fy(@) = f(x(@), ) and
My :={x eM: x(w) € X, ae. w € Q}. (6.140)

We assume that the space 90 is chosen in such a way that F, € Z for every x € 9 and for
every x € R” the constant mapping x (w) = x belongs to 9t. Then we can write problem
(6.128) in the following equivalent form:

& B stx@ =x, ae o 6.141
(X’X)Eg}g(x]]{"p( X) S X(a)) X, a.e.w € ( )

Formulation (6.141) allows developing a duality framework associated with the nonan-
ticipativity constraint x(-) = x. In order to formulate such duality, we need to specify
the space 91 and its dual. It looks natural to use M = £, (2, F, P;R"), for some
p' €1, +00), and its dual M* := L, (2, F, P; R"), ¢’ € (1, +0o0]. Itis also possible to
employ 9 := L (2, F, P; R"). Unfortunately, this Banach space is not reflexive. Nev-
ertheless, it can be paired with the space £1(£2, &, P; R") by defining the corresponding
scalar product in the usual way. As long as the risk measure is lower semicontinuous and
subdifferentiable in the corresponding weak topology, we can use this setting as well.

The (Lagrangian) dual of problem (6.141) can be written in the form

Max {(X,x)égxw L(x, x, ,\)} , (6.142)
where
L(x,x,2) == p(F) +E[AT(x —0)], (x,x,%) € M x R" x M*. (6.143)
Note that

L(x,0,%) if E[]=0,

Jnf LOx,x, %) :{ 0 if E[A] £0.

Therefore the dual problem (6.143) can be rewritten in the form

M inf L A L E[X] = 144
AE%{XIG%X o(x; )} s.t. E[A] =0, (6.144)

where Lo(x, ») := L(x,0,) = p(F,) + E[A"x].

We have that the optimal value of problem (6.141) (which is the same as the optimal
value of problem (6.128)) is greater than or equal to the optimal value of its dual (6.144).
Moreover, under some regularity conditions, their optimal values are equal to each other. In
particular, if Lagrangian L(x, x, A) has asaddle point ((¥, X), 1), then there is no duality gap
between problems (6.141) and (6.144), and (), x) and 2. are optimal solutions of problems
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(6.141) and (6.144), respectively. Noting that L(x, 0, 1) is linear in x and in A, we have
that ((), x), 1) is a saddle point of L(x, x, 1) iff the following conditions hold:

$(w) =%, ae.weQ, and E[A] =0,
X €arg min Lo(x, 7). (6.145)
XEMy
Unfortunately, it may be not be easy to verify existence of such saddle point.
We can approach the duality analysis by conjugate duality techniques. For a pertur-
bation vector y € 9t consider the problem

Min F,) s.t. =x+ , 6.146
(x,x)eimxanp( 1) stox(@) =x+y() ( )

and let ¥ (y) be its optimal value. Note that a perturbation in the vector x, in the constraints of
problem (6.141), can be absorbed into y(w). Clearly for y = 0, problem (6.146) coincides
with the unperturbed problem (6.141), and ¢ (0) is the optimal value of the unperturbed
problem (6.141). Assume that ¢ (0) is finite. Then there is no duality gap between problem
(6.141) and its dual (6.142) iff 9 (y) is lower semicontinuous at y = 0. Again it may be
not easy to verify lower semicontinuity of the optimal value function ¥ : 9T — R. By the
general theory of conjugate duality we have the following result.

Proposition 6.36. Suppose that F : R" — Z is convex, p : Z — R satisfies conditions
(R1)-(R2) and the function p (Fy), from M to R, is lower semicontinuous. Suppose, further,
that ¥ (0) is finite and ¥ (y) < +o00 for all y in a neighborhood (in the norm topology) of
0 € 9. Then there is no duality gap between problems (6.141) and (6.142), and the dual
problem (6.142) has an optimal solution.

Proof. Since p satisfies conditions (R1) and (R2) and F is convex, we have that the
function p(F,) is convex, and by the assumption it is lower semicontinuous. The assertion
then follows by a general result of conjugate duality for Banach spaces (see Theorem
7.77). 0

In order to apply the above result, we need to verify lower semicontinuity of the
function p (F,). This function is lower semicontinuous if p(-) is lower semicontinuous and
the mapping x +— F,,from 9 to Z, is continuous. If the set Q2 is finite, and hence the spaces
Z and 90 are finite dimensional, then continuity of x +— F, follows from the continuity of
F. In the infinite dimensional setting this should be verified by specialized methods. The
assumption that ¢ (0) is finite means that the optimal value of the problem (6.141) is finite,
and the assumption that ¥ (y) < 400 means that the corresponding problem (6.146) has a
feasible solution.

Interchangeability Principle for Risk Measures

By removing the nonanticipativity constraint x (-) = x, we obtain the following relaxation
of the problem (6.141):

Mi F,), 6.147
xei)liltlxp( ) ( )
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where 9y is defined in (6.140). Similarly to the interchangeability principle for the expec-
tation operator (Theorem 7.80), we have the following result for monotone risk measures.
By inf,cx F(x) we denote the pointwise minimum, i.e.,

[mf{ F(x)] (@) = inf f(x,0), weQ. (6.148)

Proposition 6.37. Let Z := L,(2, F, P) and M := L, (2, F, P;R"), where p, p' €
[1, 4+00], My be defined in (6.140), p : Z — R be a proper risk measure satisfying
monotonicity condition (R2), and F : R" — Z be such that inf,cx F(x) € Z. Suppose
that p is continuous at WV := inf .cx F(x). Then

inf p(F,) = inf F . .14
ot p(Fy)=p (fféx (x)> (6.149)
Proof. For any x € 9Mx we have that x (-) € X, and hence the following inequality holds:
|:in£ F(x)i| (w) < Fy(w) ae. w € Q.
xXe

By monotonicity of p this implies that p (W) < p(F,), and hence
o (W) < inf p(Fy). (6.150)
xXeMx

Since p is proper we have that p (V) > —oo. If p (V) = +o00, then by (6.150) the left-hand
side of (6.149) is also +00 and hence (6.149) holds. Therefore we can assume that p (V)
is finite.

Let us derive now the converse of (6.150) inequality. Since it is assumed that ¥ € Z,
we have that W(w) is finite valued for a.e. w € 2 and measurable. Therefore, for a
sequence ¢ | 0 and a.e. @ € Q and all k € N, we can choose x,(w) € X such that
| f(x,(w), o) — ¥(w)| < & and x, (-) are measurable. We also can truncate y,(-), if
necessary, in such a way that each y, belongs to My, and f(x,(w), @) monotonically
converges to W(w) for a.e. w € Q. We have then that f(x,(-), ) — W () is nonnegative
valued and is dominated by a function from the space Z. It follows by the Lebesgue
dominated convergence theorem that Fy converges to W in the norm topology of Z. Since
p is continuous at W, it follows that p(F ) tends to p (V). Also inf,eon, o (Fy) < p(Fy s
and hence the required converse 1nequa11ty

inf p(Fy) = p (V) (6.151)
XEMx
follows. [
Remark 22. It follows from (6.149) that if
X € arg min p(F,), (6.152)
XEMy

then

X (w) € argmi}rg f(x,w) ae. we Q. (6.153)
Xe
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Conversely, suppose that the function f(x, w) is random lower semicontinuous. Then the
multifunction w +— argmin,cx f(x, w) is measurable. Therefore, x (w) in the left-hand
side of (6.153) can be chosen to be measurable. If, moreover, x € 9 (this holds, in
particular, if the set X is bounded and hence x (-) is bounded), then the inclusion (6.152)
follows.

Consider now a setting of two-stage programming. That is, suppose that the function
[F(x)](w) = f(x, w) of the first-stage problem

Min p(F(x) (6.154)

is given by the optimal value of the second-stage problem

Min g(x,y,w), (6.155)

YeG(x,0)

where g : R" x R" x @ — Rand § : R" x Q@ = R™. Under appropriate regularity
conditions, from which the most important is the monotonicity condition (R2), we can
apply the interchangeability principle to the optimization problem (6.155) to obtain

p(F(x)) = inf p(g(x, y(®), w)), (6.156)
y()€G(x.")

where now y(-) is an element of an appropriate functional space and the notation y(-) €
G(x, ) means that y(w) € G(x,w) w.p. 1. If the interchangeability principle (6.156)
holds, then the two-stage problem (6.154)—(6.155) can be written as one large optimization
problem:

Min x, y(w), w)). 6.157
ex. y(.)eg(xf)p(g( y(), w)) ( )
In particular, suppose that the set €2 is finite, say Q = {wy, ..., wk}, i.e., there is a fi-

nite number K of scenarios. In that case we can view function Z : Q — R as vector
(Z(w), ..., Z(wg)) € RX and hence identify the space Z with R¥X. Then problem (6.157)
takes the form

Mi VL)), .., 8(x, VK, . 6.158
XGX’yﬁg(X’;)r:)’kzl ,,,, Kp[(g(x yi, ®1) g(x, yk, wg))] ( )

Moreover, consider the linear case where X := {x : Ax = b, x > 0}, g(x,y,w) =
c'x +q(w)"y and

§(x,0) :={y: T(@x + W)y =h(w), y =0}

Assume that p satisfies conditions (R1)—(R3) and the set Q = {w, ..., wg} is finite. Then
problem (6.158) takes the form

Min, c'x+p [(qlTyl, ce q1T<y1<)]
Xy V1sees VK (6.159)
st Ax=b, x>0, ix+ Wk =hg, i >0, k=1,...,K,

where (g, Tx, Wi, hi) = (q(wp), T (wr), W(wr), h(wr)), k=1,..., K.
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6.4.2 Examples
Let Z := L£{(2, ¥, P) and consider

0(Z2) :=E[Z] + }gﬂgE{ﬁl [t —Zls + BlZ — 111}, ZeZ, (6.160)

where B € [0, 1] and B, > 0 are some constants. Properties of this risk measure were
studied in Example 6.16 (see (6.67) and (6.68) in particular). We can write the corresponding
optimization problem (6.128) in the following equivalent form:

Min B (f,00) + Bilt = ful0)] + Pl fu() = (1) 6.161)

That is, by adding one extra variable we can formulate the corresponding optimization
problem as an expectation minimization problem.

Risk Averse Optimization of an Inventory Model

Let us consider again the inventory model analyzed in section 1.2. Recall that the objective
of that model is to minimize the total cost

F(x,d)=cx+bld — x]+ + h[x —d]+,

where c, b, and h are nonnegative constants representing costs of ordering, backordering,
and holding, respectively. Again we assume that b > ¢ > 0, i.e., the backorder cost
is bigger than the ordering cost. A risk averse extension of the corresponding (expected
value) problem (1.4) can be formulated in the form

Min { f (x) := p[F (x, D)1}, (6.162)

where p is a specified risk measure.

Assume that the risk measure p is coherent, i.e., satisfies conditions (R1)—(R4), and
that demand D = D(w) belongs to an appropriate space Z = «£,(2, F, P). Assume,
further, that p : Z — R is real valued. 1t follows that there exists a convex set 2 C ‘I3,
where B C Z* is the set of probability density functions, such that

p(Z) = sup/ Z(w)t(w)dP(w), Z e Z.
LeAJQ

Consequently we have that

p[F(x, D) = sup/ F(x, D(®))¢(w)d P(w). (6.163)
LeAJQ

To each ¢ € P corresponds the cumulative distribution function H of D with respect
to the measure Q := ¢d P, that is,

H(z) = Q0(D <2) =E;[1p<.] = / (w)dP(w). (6.164)
{w:D(w)<z}
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‘We have then that
/ F(x, D(w))¢ (w)d P(w) = / F(x,2)dH(2).
Q

Denote by 21 the set of cumulative distribution functions H associated with densities ¢ € 2.
The correspondence between ¢ € 2 and H € 9 is given by formula (6.164) and depends
on D(-) and the reference probability measure P. Then we can rewrite (6.163) in the form

PLF(x, D)] = sup /F(x,z)dH(z) = sup Ey[F(x, D)]. (6.165)
HeM HeM

This leads to the following minimax formulation of the risk averse optimization problem
(6.162):

Min sup Ey[F(x, D)]. (6.166)
20 Heom

Note that we also have that p(D) = supycon Ex[D].

In the subsequent analysis we deal with the minimax formulation (6.166), rather than
the risk averse formulation (6.162), viewing 97 as a given set of cumulative distribution
functions. We show next that the minimax problem (6.166), and hence the risk averse
problem (6.162), structurally is similar to the corresponding (expected value) problem (1.4).
We assume that every H € 9 is such that H (z) = 0 for any z < 0. (Recall that the demand
cannot be negative.) We also assume that sup .o Ex[D] < +00, which follows from the
assumption that p(-) is real valued.

Proposition 6.38. Let 91 be a set of cumulative distribution functions such that H(z) = 0
Jorany H € M and z < 0, and supy.on Ex[D] < 4o00. Consider function f(x) =
SUpgeon En[F (x, D). Then there exists a cdf H, depending on the set M and 1 =
b/(b + h), such that H(z) = 0 for any z < 0, and the function f(x) can be written in the
form

f(x) =b sup Eg[D] + (c — b)x + (b + h)/ H(z)dz. (6.167)
HeM —00

Proof. We have (see formula (1.5)) that for H € 90,
Ey(F(x, D)]=bEy[D] + (c — D)x + (b + h)/ H(z)dz.
0

Therefore we can write f(x) = (¢ — b)x + (b + h)g(x), where
g(x) := sup {17 Eg[D] +/ H(Z)dz}. (6.168)
HeM —00

Since every H € 9 is a monotonically nondecreasing function, we have that x
f * « H(z)dz is a convex function. It follows that the function g(x) is given by the maximum
of convex functions and hence is convex. Moreover, g(x) > 0 and

g(x) <n sup Ey[D]+ [x]4, (6.169)
HedMm
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and hence g(x) is finite valued for any x € R. Also, for any H € 9 and z < 0 we have
that H(z) = 0, and hence g(x) = 1 supgcon Ex[D] for any x < 0.
Consider the right-hand-side derivative of g(x):
l‘ —
g+(x) = ]11‘8 M’

and define H(-) := g*(-). Since g(x) is real valued convex, its right-hand-side derivative
g7 (x) exists and is finite, and for any x > 0 and a < 0,

g(x) = g(a) +/ gt (z)dz =n sup Ey[D] +/ H(2)dz. (6.170)
a HeM

Note that definition of the function g(-), and hence H (), involves the constant n and set
only. Let us also observe that the right-hand-side derivative g* (x), of a real valued convex
function, is monotonically nondecreasing and right-side continuous. Moreover, g+ (x) = 0
for x < O since g(x) is constant for x < 0. We also have that g*(x) tends to one as
x — +o00. Indeed, since g* (x) is monotonically nondecreasing it tends to a limit, denoted
r,as x — 4o00. We have then that g(x)/x — r as x — 4oc0. It follows from (6.169) that
r < 1, and by (6.168) that for any H € 91,

lim inf @ > liminf —/ H((z)dz > 1,
xX—>—+00 X x—+00 X
and hencer > 1. It fo_llows thatr = 1.
We obtain that H (-) = g*(-) is a cumulative distribution function of some probability
distribution and the representation (6.167) holds. [

It follows from the representation (6.167) that the set of optimal solutions of the risk
averse problem (6.162) is an interval given by the set of k-quantiles of the cdf H (-), where
K= Z_%Z. (Compare with Remark 1, page 3.)

In some specific cases it is possible to calculate the corresponding cdf H in a closed
form. Consider the risk measure o defined in (6.160),

p(Z) :=EIZ]+inf E{Bi[t — Z]4 + fo[Z — 111},

where the expectations are taken with respect to some reference cdf H*(-). The correspond-
ing set 91 is formed by cumulative distribution functions H (-) such that

(1 —ﬂode* < /dH <a +ﬂ2)/dH* 6.171)
S S S

for any Borel set S C R. (Compare with formula (6.69).) Recall that for 8; = 1 this
risk measure is p(Z) = AV@R_(Z) with o« = 1/(1 + B2). Suppose that the reference
distribution of the demand is uniform on the interval [0, 1], i.e., H*(z) = z for z € [0, 1].
It follows that any H € 971 is continuous, H(0) = 0 and H(1) = 1, and

1 1 1
Ey[D] = / zdH(z) = zH(z)|é —/ H(x)dz=1 —/ H(z)dz.
0 0 0
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Consequently we can write function g(x), defined in (6.168), for x € [0, 1] in the form

x 1
g(x) =n+ sup {(1 - 77)/ H(z)dz — 77/ H(z)dz} ) (6.172)
HeM 0 x

Suppose, further, that 4~ = 0 (i.e., there are no holding costs) and hence n = 1. In that case

1
g(x)=1— inf f H(z)dz for x € [0, 1]. (6.173)
HeMm |,

By using the firstinequality of (6.171) with § := [0, z] we obtain that H(z) > (1—81)z
forany H € Mandz € [0, 1]. Similarly, by the second inequality of (6.171) with S := [z, 1]
we have that H(z) > 1 + (1 4+ B)(z — 1) forany H € 9 and z € [0, 1]. Consequently,
the cdf

H(z) := max{(1 — Bz, (1 + B2)z — B}, z €0, 1], (6.174)

is dominated by any other cdf H € 901, and it can be verified that H € 9. Therefore, the
minimum on the right-hand side of (6.173) is attained at H for any x € [0, 1], and hence
this cdf H fulfills (6.167).

Note that for any 8; € (0, 1) and 8, > 0, the cdf H (-) defined in (6.174) is strictly less
than the reference cdf H*(-) on the interval (0, 1). Consequently, the corresponding risk
averse optimal solution H ! («) is bigger than the risk neutral optimal solution H* ! (k). It
should be not surprising that in the absence of holding costs it will be safer to order a larger
quantity of the product.

Risk Averse Portfolio Selection

Consider the portfolio selection problem introduced in section 1.4. Arisk averse formulation
of the corresponding optimization problem can be written in the form

Min p(— X0 &x;), (6.175)
where p is a chosen risk measure and X := {x € R* : Y x; = Wy, x > 0}. We

use the negative of the return as an argument of the risk measure, because we developed
our theory for the minimization, rather than maximization framework. An example below
shows a possible problem with using risk measures with dispersions measured by variance
or standard deviation.

Example 6.39. Letn = 2, Wy = 1 and the risk measure p be of the form
p(Z) :=E[Z] +cD[Z], (6.176)

where ¢ > 0 and DJ[-] is a dispersion measure. Let the dispersion measure be either
D[Z] := +/Var[Z] or D[Z] := Var[Z]. Suppose, further, that the space Q := {w, w;}
consists of two points with associated probabilities p and 1 — p for some p € (0, 1).
Define (random) return rates &, &, : 2 — R as follows: & (w;) = a and & (w;) = 0,
where a is some positive number, and & (w;) = &(w2) = 0. Obviously, it is better to
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invest in asset 1 than asset 2. Now, for D[Z] := 4/Var[Z], we have that p(—&;) = 0 and
p(=&) = —pa+ ca/p(l — p). It follows that p(—&;) > p(—&;) forany ¢ > O and p <
(1 + ¢=%)~!. Similarly, for D[Z] := Var[Z] we have that p(—£&,) = —pa + ca’p(1 — p),
p(—=&) = 0, and hence p(—&|) > p(—&) again, provided p < 1 — (ca)”'. That is,
although &, dominates & in the sense that &, (w) > &;(w) for every possible realization of
(§1(®), §2(w)), we have that p(§1) > p(&2).

Here [F(x)](w) := —&1(w)x; — & (w)xy. Let x := (1,0) and x* := (0, 1). Note
that the feasible set X is formed by vectors tx + (1 — #)x*, r € [0, 1]. We have that
[F(x)](w) = —&(w)x1, and hence [F (x)](w) is dominated by [F(x)](w) for any x € X
and w € 2. And yet, under the specified conditions, we have that p[F (x)] = p(—§&)) is
greater than p[ F (x*)] = p(—&;), and hence x is not an optimal solution of the corresponding
optimization (minimization) problem. This should be not surprising, because the chosen
risk measure is not monotone, i.e., it does not satisfy the condition (R2), for ¢ > 0. (See
Examples 6.18 and 6.19.) N

Suppose now that p is areal valued coherent risk measure. We can then write problem
(6.175) in the corresponding min-max form (6.131), that is,

Min sup Z —E, [E,

xeX ce

Equivalently,

Max inf E:[&]) x;. 6.177

Max inf ) (Ec[&1) x ( )
Since the feasible set X is compact, problem (6.175) always has an optimal solution X.
Also (see Proposition 6.33), the min-max problem (6.177) has a saddle point, and (x, ¢) is
a saddle point iff

L €dp(Z) and x € argr)glg(;uixi, (6.178)
i=

where Z(w) := — Y7, &(w)X; and f1; := Ez[§].

An interesting insight into the risk averse solution is provided by its game-theoretical
interpretation. For W = 1 the portfolio allocations x can be interpreted as a mixed strategy
of the investor. (For another Wy, the fractions x; / Wj are the mixed strategy.) The measure
¢ represents the mixed strategy of the opponent (the market). It is chosen not from the set
of all possible mixed strategies but rather from the set 2(. The risk averse solution (6.178)
corresponds to the equilibrium of the game.

It is not difficult to see that the set arg max,cx Z:’: | ix; is formed by all convex
combinations of vectors Wye;, i € {, where ¢; € R” denotes the ith coordinate vector (with
zero entries except the ith entry equal to 1), and

1= {i’ D =maXi<i<p fi, I =1,. n}

Also 9p(Z) C 2, see formula (6.43) for the subdifferential 0p(Z).
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6.5 Statistical Properties of Risk Measures

All examples of risk measures discussed in section 6.3.2 were constructed with respect to
a reference probability measure (distribution) P. Suppose now that the “true” probability
distribution P is estimated by an empirical measure (distribution) Py based on a sample
of size N. In this section we discuss statistical properties of the respective estimates of the
“true values” of the corresponding risk measures.

6.5.1 Average Value-at-Risk

Recall that the Average Value-at-Risk, AV@R ,(Z), atalevela € (0, 1) of arandom variable
Z, is given by the optimal value of the minimization problem

MinE {t + o '[Z — 1]}, (6.179)
teR

where the expectation is taken with respect to the probability distribution P of Z. We assume
that E|Z| < 400, which implies that AV@R ,(Z) is finite. Suppose now that we have an iid
random sample Z', ..., ZN of N realizations of Z. Then we can estimate 6* := AV @ Ry (Z)

by replacing distribution P with its empirical estimate*® Py := % Z_II.V:, A(Z7). This leads
to the sample estimate Oy, of 6* = AV@ R, (Z), given by the optimal value of the following
problem:

N
1
Mi — . 1
in 11+ oy 217 (6150

Let us observe that problem (6.179) can be viewed as a stochastic programming
problem and problem (6.180) as its sample average approximation. That is,

0* =inf f(t) and Oy = inf fy (1),
teR teR

where
N

: 1 :
fO)=t+a 'E[Z—1]; and fy(t) =1+ - ;[Z/ -1,

Therefore, results of section 5.1 can be applied here in a straightforward way. Recall that
the set of optimal solutions of problem (6.179) is the interval [¢*, **], where

t*=inf{z: Hz(z) > | —a} =V@R,(Z) and ™ =sup{z: Hz(z) <1 — «}

are the respective left- and right-side (1 — «)-quantiles of the distribution of Z (see page
258). Since for any « € (0, 1) the interval [¢*, £**] is finite and problem (6.179) is convex,
we have by Theorem 5.4 that

Oy — 6* wp.1as N — oo. (6.181)

That is, Oy is a consistent estimator of §* = AV @ R, (2).

“8Recall that A(z) denotes measure of mass one at point z.
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Assume now that E[Z?] < 4o00. Then the assumptions (A1) and (A2) of Theorem
5.7 hold, and hence
Oy = inf  fy(t) +0,(N"V/?). (6.182)
te[t*, 1]
Moreover, if t* = **, i.e., the left- and right-side (1 — «)-quantiles of the distribution of Z
are the same, then

N'/2 (éN - 9*) 2 N0, 0, (6.183)

where 02 = ¢ *Var ((Z —1*14).
The estimator 91\1 has a negative bias, i.e. E[QN] — 6* < 0, and (see Proposition 5.6)

E[dy] < E[fy.11, N=1,..., (6.184)
i.e., the bias is monotonically decreasing with increase of the sample size N. If t* = **,
then this bias is of order O(N~') and can be estimated using results of section 5.1.3.
The first and second order derivatives of the expectation function f(¢) here are f'(¢) =
14+a~'(Hz(t) — 1), provided that the cumulative distribution function H(-) is continuous
att,and f7(t) = a~'hz(t), provided that the density /7 () = d H(¢)/dt exists. We obtain
(see Theorem 5.8 and the discussion on page 168), under appropriate regularity conditions,
in particular if t* = t** = V@R, (Z) and the density hz(t*) = dHz(t*)/dt exists and
hz(t*) # 0, that

é—At*=_'f 7 12//t* N—l
v — fn(*) al; cer {TZ + 27 @)} 4 o0p,(NTY (6.185)
= TNk +0,(N7),
where Z ~ N (0, y?) with
) L 0Z—1"]y\  Hz(")(1 —Hz(t") 11—«
y“=Var |« = = .
ot a? o
Consequently, under appropriate regularity conditions,
A A D l—«o
N[e - r*] - 2 6.186
v — fu@ | 3 [th(m}xl (6.186)
and (see Remark 32 on page 382)
~ 1l -«
E[fy] — 0" = ———— N7h. 6.187
[On] Wi TN (6.187)
6.5.2 Absolute Semideviation Risk Measure
Consider the mean absolute semideviation risk measure
pc(Z2) =E{Z 4+ c[Z —E(Z)]+}, (6.188)

where ¢ € [0, 1] and the expectation is taken with respect to the probability distribution
P of Z. We assume that E|Z| < 400, and hence p.(Z) is finite. For a random sample
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ZY. ..., ZN of Z, the corresponding estimator of 6* := p.(Z) is

QD)

N
Z (27 +clz/ - 714), (6.189)

where Z = N~' YV | 7/,
We have that p.(Z) is equal to the optimal value of the following convex—concave
minimax problem

Min Inax E[F(t v, Z)], (6.190)

teR y€l0,
where

Ft,y,2)=z+cylz—tl+ +c(1 — )t — zl+

=z+clz—tly+c(l =)z —1). (6.191)

This follows by virtue of Corollary 6.3. More directly we can argue as follows. Denote
u = [E[Z]. We have that

sup - E{Z +cy[Z 1]y +c(l =)t = Z14}
velo.1]
= E[Z] + cmax {E([Z — 11;), E([r — Z]1)}.

Moreover, E([Z — t]y) = E([t — Z],) if t = p, and either E([Z — ¢]y) or E([t — Z]4)
is bigger than E([Z — u]y) if r # p. This implies the assertion and also shows that the
minimum in (6.190) is attained at unique point t* = . It also follows that the set of saddle
points of the minimax problem (6.190) is given by {ut} x [y*, y**], where

y*=Pr(Z <u) and y* =Pr(Z < u) = Hz(n). (6.192)

In particular, if the cdf Hz(-) is continuous at © = E[Z], then there is unique saddle point

(s Hz (). .
Consequently, 6y is equal to the optimal value of the corresponding SAA problem

N

Mi NS F@,y, 29, 6.193

iy N 2 ey 2 0199
j:

Therefore we can apply results of section 5.1.4 in a straightforward way. We obtain that Oy
converges w.p. 1 to #* as N — 0o. Moreover, assuming that E[Z?] < 400 we have by
Theorem 5.10 that

A

Oy = max N~ Z, VF(u,y, Z9) 4+ 0,(N~ 172y
vely*.y*] (6.194)
= Z+4+cN- Z [Z7 = uly 4+ eV (Z — ) +0,(N7V2),

where Z = N1 Z;V:l Z/ and function W (-) is defined as

) a=yHz if z>0,
v '—{ (1—y™z if z<0.
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If, moreover, the cdf Hz(-) is continuous at i, and hence y* = y** = Hz(u), then

N2y — 0% 2 N, 02, (6.195)

where 0% = Var[F (u, Hz(w), 2)].
This analysis can be extended to risk averse optimization problems of the form (6.128).
That is, consider problem

Min {p.[G(x, )1 = E{G(x, §) +c[G(x, §) ~ EG(x, D1}, (6.196)

where X C R” and G : X x E — R. Its SAA is obtained by replacing the true distribution
of the random vector £ with the empirical distribution associated with a random sample
gl ... EVN thatis,

N
Min L 3° {G(x, £) 4 c [G(x, &) — LYV, Gx, gf’)] } . (6.197)
xeX j=1 +

Assume that the set X is convex compact and function G (-, &) is convex for a.e. £. Then, for

c € [0, 1], problems (6.196) and (6.197) are convex. By using the min-max representation

(6.190), problem (6.196) can be written as the minimax problem

(x.}\)/g)?x]l@ yrg[%?cl]E [F(t,y, Gx,EN], (6.198)
where function F (¢, y, z) is defined in (6.191). The function F (¢, y, z) is convex and mono-
tonically increasing in z. Therefore, by convexity of G (-, &), the function F (¢, y, G(x, §))is
convex inx € X, and hence (6.198) is a convex—concave minimax problem. Consequently,
results of section 5.1.4 can be applied.

Let 9* and Dy be the optimal values of the true problem (6.196) and the SAA problem
(6.197), respectively, and S be the set of optimal solutions of the true problem (6.196). By
Theorem 5.10 and the above analysis we obtain, assuming that conditions specified in
Theorem 5.10 are satisfied, that

N
Oy =N~ inf max F (¢, v, G(x, J +o N—1/27 6.199
Y s velrtye Z (17, GO ED) ¢ 40, (N7 (6.199)
1=E[G(x,§)] j=1
where

y* :=Pr{G(x,&) <E[G(x,©)]} and y** :=Pr{G(x,&) <E[G(x,&)]}, x €.

Note that the points ((x, E[G(x, &)]), y), where x € S and y € [y*, y*], form the set
of saddle points of the convex—concave minimax problem (6.198), and hence the interval
[y*, y**]is the same for any x € S.

Moreover, assume that S = {x} is a singleton, i.e., problem (6.196) has unique
optimal solution x, and the cdf of the random variable Z = G(x, &) is continuous at
w = E[G(x, )], and hence y* = y**. Then it follows that Nl/z(lA?N — ©¥*) converges in
distribution to normal with zero mean and variance

Var{G(x, §) + c[G(X, §) — uly +c(1 = y)NG(F, §) — w)}.
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6.5.3 Von Mises Statistical Functionals

In the two examples, of AV @R, and absolute semideviation, of risk measures considered in
the above sections it was possible to use their variational representations in order to apply
results and methods developed in section 5.1. A possible approach to deriving large sample
asymptotics of law invariant coherent risk measures is to use the Kusuoka representation
described in Theorem 6.24 (such approach was developed in [147]). In this section we
discuss an alternative approach of Von Mises statistical functionals borrowed from statistics.
We view now a (law invariant) risk measure p(Z) as a function §(P) of the corresponding
probability measure P. For example, with the (upper) semideviation risk measure op* [Z],
defined in (6.5), we associate the functional

3Py = (Ep[(z - EP[Z])i])l/". (6.200)

The sample estimate of F(P) is obtained by replacing probability measure P with the
empirical measure Py. That is, we estimate 8* = §(P) by éN =S5 (Py).

Let Q be an arbitrary probability measure, defined on the same probability space as P,
and consider the convex combination (1 — )P +tQ = P +t(Q — P), withr € [0, 1],
of P and Q. Suppose that the following limit exists:

§(P.0—P):=lim FP+1(Q—P)—F(P)

0 t

(6.201)

The above limit is just the directional derivative of §(-) at P in the direction Q — P. If,
moreover, the directional derivative §'(P, -) is linear, then §(-) is Géteaux differentiable
at P. Consider now the approximation

F(Py) —F(P)~ F' (P, Py — P). (6.202)
By this approximation,
N2y — 6%) =~ §'(P, N'(Py — P)), (6.203)

and we can use §'(P, N'/2(Py — P)) to derive asymptotics of N1/2(éN —0%).
Suppose, further, that §'(P, -) is linear, i.e., F(-) is Giteaux differentiable at P. Then,
since Py = N~! Z?’:l A(Z7), we have that

, | & -
FP Py—P) = ; 1F5(Z%), (6.204)
where
N
[F3(z) := Y §'(P.AGx) — P) (6.205)
j=1

is the so-called influence function (also called influence curve) of §.
It follows from the linearity of §' (P, -) that Ep[I F5(Z)] = 0. Indeed, linearity of
§'(P, -) means that it is a linear functional and hence can be represented as

¥ (P.Q—P)= /gd(Q —p)= /ng _E,g(2)]
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for some function g in an appropriate functional space. Consequently, / Fz(z) = g(z) —
Ep[g(Z)], and hence

Epll F3(2)] = Ep{g(Z) — Ep[g(2)]} = 0.

Then by the CLT we have that N~1/2 Z;V:l 1 F3(Z7) converges in distribution to normal
with zero mean and variance Ep[I F5(Z)?]. This suggests the following asymptotics:

N2y —6%) 2 N (0, Epll F5(2)). (6.206)

It should be mentioned at this point that the above derivations do not prove in arigorous
way validity of the asymptotics (6.206). The main technical difficulty is to give a rigorous
justification for the approximation (6.203) leading to the corresponding convergence in
distribution. This can be compared with the Delta method, discussed in section 7.2.7
and applied in section 5.1, where first (and second) order approximations were derived in
functional spaces rather than spaces of measures. Anyway, formula (6.206) gives correct
asymptotics and is routinely used in statistical applications.

Let us consider, for example, the statical functional

§(P):=Ep[Z —EplZ]],, (6.207)
associated with o, [Z]. Denote u := Ep[Z]. Then
FP+1(Q - P)—§(P) =1 (Eo[Z - u], —Ep[Z - u],)
+Ep[Z — n—1t(EglZ] — W], + o).

Moreover, the right-side derivative at t+ = 0 of the second term in the right-hand side of the
above equation is (1 — Hz(u))(Eg[Z] — u), provided that the cdf Hz(z) is continuous at
z = . It follows that if the cdf Hz(z) is continuous at z = p, then

F'(P,Q—P)=Eo[Z -], —Ep[Z —u], + (1 = Hz())(EolZ] — 1),
and hence
[F5(2) = [z = uls —Ep[Z — u], + (1 = Hz(w)(z — 1. (6.208)
It can be seen now that Ep[/ F3(Z)] = 0 and
Epll F5(2)’] = Var{[Z — pls + (1 = Hz(W)(Z — w)}.

That is, the asymptotics (6.206) here are exactly the same as the ones derived in the previous
section 6.5.2 (compare with (6.195)).

In a similar way, it is possible to compute the influence function of the statistical
functional defined in (6.200), associated with o; [Z], for p > 1. For example, for p = 2
the corresponding influence function can be computed, provided that the cdf Hz(z) is
continuous at 7 = [, as

1F3(z) =

1
2 (12 = 1 =07 4 261 = Hy (W) e = ). (6.209)

where 0* := §(P) = (Ep[Z — pnl3)"? and k :=Ep[Z — puly = 1Ep|Z — pul.
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6.6 The Problem of Moments

Due to the duality representation (6.37) of a coherent risk measure, the corresponding risk
averse optimization problem (6.128) can be written as the minimax problem (6.131). So far,
risk measures were defined on an appropriate functional space, which in turn was dependent
on a reference probability distribution. One can take an opposite point of view by defining
a min-max problem of the form
Min sup Ep[f(x, w)] (6.210)
X€X peom
in a direct way for a specified set 9t of probability measures on a measurable space (2, ).
Note that we do not assume in this section existence of a reference measure P and do not work
in a functional space of corresponding density functions. In fact, it will be essential here
to consider discrete measures on the space (€2, ¥). We denote by ‘I3 the set of probability
measures*® on (2, F) and Ep[ f (x, w)] is given by the integral

Ep[f(x,w)]=/ﬂf(x,w)dP(w)-

The set 991 can be viewed as an uncertainty set for the underlying probability dis-
tribution. Of course, there are various ways to define the uncertainty set 9. In some
situations, it is reasonable to assume that we have knowledge about certain moments of the
corresponding probability distribution. That is, the set 91 is defined by moment constraints

as follows:
- Eplvi(w)]=0b;,i=1,...,p,
M:={PeP: : ) 6.211
{ P By @] <b i=p+1i...q (6.211)
where ¥; : Q@ — R, i = 1,...,q, are measurable functions. Note that the condition

P € B, i.e., that P is a probability measure, can be formulated explicitly as the constraint™°
JodP =1,P>=0.

We assume that every finite subset of 2 is ¥ -measurable. This is a mild assumption.
For example, if €2 is a metric space equipped with its Borel sigma algebra, then this certainly
holds true. We denote by B the set of probability measures on (2, ¥) having a finite
support of at most m points. That is, every measure P € ‘:B,’;l can be represented in the
form P = Y " | o; A(w;), where o; are nonnegative numbers summing up to one and A (w)
denotes measure of mass one at the point @ € 2. Similarly, we denote 90t* := M NP .
Note that the set 91 is convex while, for a fixed m, the set 91" is not necessarily convex.
By Theorem 7.32, to any P € 9 corresponds a probability measure Q € 9 with a finite
support of at most ¢ + 1 points such that Ep[¢;(w)] = Eg[¢i(w)], i =1, ..., g. Thatis,
if the set 9T is nonempty, then its subset M7, is also nonempty. Consider the function

g(x) := sup Ep[f(x, w)]. (6.212)
PeM

Proposition 6.40. For any x € X we have that

gx) = sup Ep[f(x, )] (6.213)

*
pPemy

“*The set P of probability measures should be distinguished from the set § of probability density functions
used before.

S0Recall that the notation P > 0 means that P is a nonnegative (not necessarily probability) measure on
(2, F).
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Proof. If the set 91 is empty, then its subset M7, is also empty, and hence g(x) as well as
the optimal value of the right-hand side of (6.213) are equal to +0c0. So suppose that 91 is
nonempty. Consider a point x € X and P € 9. By Theorem 7.32 there exists Q € M7,
such that Ep[ f(x, w)] = Eplf(x, w)]. It follows that g(x) is equal to the maximum of

Ep[f(x, w)] over P € M7 ,, which in turn is equal to the optimal value of the problem

Max Zajf(x ;)

uem{‘”

S.t. Zajlp,-(a)j) = bi, I = 1, R /8

o (6.214)
Z“ﬂﬂi(wj) <b,i=p+1,....q
j=1
2 =1
j=1
where m := g + 2. For fixed wy, ..., w, € 2, the above is a linear programming problem.

Its feasible set is bounded and its optimum is attained at an extreme point of its feasible
set which has at most ¢ + 1 nonzero components of «. Therefore it suffices to take the
maximum over P € M*, . 0

For a given x € X, the (Lagrangian) dual of the problem

ll\g;t( Epl[f(x, ®)] (6.215)
is the problem
Min sup L, (P, A), (6.216)

AeRxRﬁfo’f” P>0
where
Li(P,)A) == [ f(x,0)dP(®) + ro(1 — [ dP(@)) + 2! &i(bi — [ ¥i(@)d P(w)).

It is straightforward to verify that

H 247 i — — 9 Alrs
Sup LX(P, )\.) — )\,0 + Zi:] bl)\.z lf f(x,' (1)) )\.0 Zi:l )\'lwl (a)) S 0’
P>0 +00 otherwise.

The last assertion follows since for any @ € @ and ¢ > 0 we can take P := ¢ A(®), in
which case

q q
Ep [f(x, ®) = Ao — inl/n(w} =a [f(x, @) — Ao — Zm@)} :

i=1 i=1
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Consequently, we can write the dual problem (6.216) in the form

q
Min Ao+ Y biA;
reRxRPxRE™” ‘ ; (6 217)

q
stho+ ) (@) = f(x, 0), 0 € Q.

i=1

If the set €2 is finite, then problem (6.215) and its dual (6.217) are linear programming
problems. In that case, there is no duality gap between these problems unless both are
infeasible. If the set €2 is infinite, then the dual problem (6.217) becomes a linear semi-
infinite programming problem. In that case, one needs to verify some regularity conditions in
order to ensure the no-duality-gap property. One such regularity condition will be, “the dual
problem (6.217) has a nonempty and bounded set of optimal solutions” (see Theorem 7.8).
Another regularity condition ensuring the no-duality-gap property is, “the set €2 is a compact
metric space equipped with its Borel sigma algebra and functions v;(-),i =1, ..., g, and
f(x, -) are continuous on 2.”

If for every x € X there is no duality gap between problems (6.215) and (6.217), then
the corresponding min-max problem (6.210) is equivalent to the following semi-infinite
programming problem:

q
Min )\() + E bi}‘-i
xeX, AeRxRr xRIP el

, (6.218)
stho+ ) Mivi(@) = f(x.0), ©€Q.

i=1

Remark 23. Let Q be a nonempty measurable subset of R?, equipped with its Borel sigma
algebra, and let 1 be the set of all probability measures supported on 2. Then by the above
analysis we have that it suffices in problem (6.210) to take the maximum over measures of
mass one, and hence problem (6.210) is equivalent to the following (deterministic) minimax
problem:

Min sup f(x, w). (6.219)

xeX heQ

6.7 Multistage Risk Averse Optimization

In this section we discuss an extension of risk averse optimization to a multistage setting.
In order to simplify the presentation we start our analysis with a discrete process in which
evolution of the state of the system is represented by a scenario tree.

6.7.1 Scenario Tree Formulation

Consider a scenario tree representation of evolution of the corresponding data process (see
section 3.1.3). The basic idea of multistage stochastic programming is that if we are currently
at a state of the system at stage ¢, represented by a node of the scenario tree, then our decision
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atthat node is based on our knowledge about the next possible realizations of the data process,
which are represented by its children nodes at stage ¢ + 1. In the risk neutral approach we
optimize the corresponding conditional expectation of the objective function. This allows
us to write the associated dynamic programming equations. This idea can be extended to
optimization of a risk measure conditional on a current state of the system. We now discuss
such construction in detail.

As in section 3.1.3, we denote by €2, the set of all nodes at staget = 1,..., T, by
K, := || the cardinality of €2, and by C, the set of children nodes of a node a of the
tree. Note that {C,},cq, forms a partition of the set ,,;,i.e., C, N Cy =@ ifa # a’ and
Qi1 = Ugeq,Co, t =1, ..., T — 1. With the set Qr we associate sigma algebra F7 of all
its subsets. Let F7_; be the subalgebra of 7 generated by sets C,, a € Qr_y, i.e., these
sets form the set of elementary events of F7_;. (Recall that {C,},ecq, , forms a partition
of Q7.) By this construction, there is a one-to-one correspondence between elementary
events of ¥7_; and the set Q7_; of nodes at stage 7 — 1. By continuing this process we
construct a sequence of sigma algebras ; C - - - C F7. (Such a sequence of nested sigma
algebras is called filtration.) Note that ] corresponds to the unique root node and hence
F1 = {@, Qr}. In this construction, there is a one-to-one correspondence between nodes of
2, and elementary events of the sigma algebra #;, and hence we can identify every node
a € Q, with an elementary event of #;. By taking all children of every node of C, at later
stages, we eventually can identify with C, a subset of Q7.

Suppose, further, that there is a probability distribution defined on the scenario tree.
As discussed in section 3.1.3, such probability distribution can be defined by introducing
conditional probabilities of going from a node of the tree to its children nodes. That is, with
anode a € €, is associated a probability vector’! p® € R!C! of conditional probabilities of
moving from a to nodes of C,. Equipped with probability vector p?, the set C, becomes
a probability space, with the corresponding sigma algebra of all subsets of C,, and any
function Z : C, — R can be viewed as a random variable. Since the space of functions
Z : C, — R canbe identified with the space R/®!, we identify such random variable Z with
an element of the vector space RI%!. With every Z € R!%! is associated the expectation
[E <[ Z], which can be considered as a conditional expectation given that we are currently at
node a.

Now with every node a at staget = 1, ..., T — 1 we associate a risk measure p%(Z)
defined on the space of functions Z : C, — R, that is, we choose a family of risk measures
RIS SR o ae, r=1,...,T —1. (6.220)

Of course, there are many ways to define such risk measures. For instance, for a given
probability distribution on the scenario tree, we can use conditional expectations

pU(Z) :=FEplZ], acQ, t=1,...,T—1. (6.221)

Such choice of risk measures p“ leads to the risk neutral formulation of a corresponding
multistage stochastic program. For a risk averse approach we can use any class of coherent
risk measures discussed in section 6.3.2, as, for example,

a R —1 _
pZ] = inf {t+2,"Ep[Z —1].}, 2ae€ O D), (6.222)
SlAvector p = (pi, ..., pa) € R" is said to be a probability vector if all its components p; are nonnegative
and Z:': Wwpi =11t Z =(Z,...,Z,) € R" is viewed as a random variable, then its expectation with

respect to p is E,[Z] =Y ";_, piZ:.
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corresponding to AV @R risk measure and

P1Z] :=EplZ] + ciEp[Z —EplZ]].. ca €10,1], (6.223)

+
corresponding to the absolute semideviation risk measure.

Since €2, is the union of the disjoint sets C,, a € 2;, we can write RKw+1 ag the
Cartesian product of the spaces RI%!, ¢ € Q,. Thatis, RK+ = RICu! x ... x R!%x |, where
{al, cee, aK,} = ;. Define the mappings

Pl = (p%, ..., pt) i RE S RE =1, T -1, (6.224)

associated with risk measures p%. Recall that the set 2,1 of nodes at stage ¢ + 1 is
identified with the set of elementary events of sigma algebra ¥, |, and its sigma subalgebra
F; is generated by sets Cy, a € ;.

We denote by Zr the space of all functions Z : Q7 — R. As mentioned, we can
identify every such function with a vector of the space RX7, i.e., the space Zr can be
identified with the space RX7. We have that a function Z : Q7 — R is F7_,-measurable
iff it is constant on every set C,, a € Qr_;. We denote by Z7_; the subspace of Zr
formed by F7_;-measurable functions. The space Z7_; can be identified with RX7-1. And
$0 on, we can construct a sequence Z,,t = 1, ..., T, of spaces of F;-measurable functions
Z : Q7 — Rsuch that Z; C --- C Z7 and each Z, can be identified with the space RX:.
Recall that K; = 1, and hence Z, can be identified with R. We view the mapping 0,41,
defined in (6.224), as a mapping from the space Z,; into the space Z,. Conversely, with
any mapping 0,41 : Z;+1 — 2Z; we can associate a family of risk measures of the form
(6.220).

We say that a mapping p;+1 : Z,+1 — Z, is a conditional risk mapping if it satisfies
the following conditions:?

(R'1) Convexity:
pr1@Z 4+ (1 —a)Z") <2 api1(Z2) + (1 = a)pi1(Z)
forany Z,Z' € Z,.; and o € [0, 1].
(R'2) Monotonicity: If Z, Z' € Z,; 1 and Z > Z', then p,(Z) = pi+1(Z").
(R’3) Translation equivariance: If Y € Z, and Z € Z,,,then p, 1 (Z+Y) = p,11(Z)+7Y.
(R'4) Positive homogeneity: If « > 0and Z € Z,, then p,11(¢Z) = ap,+1(Z).

It is straightforward to see that conditions (R'1), (R’2), and (R’4) hold iff the corresponding
conditions (R1), (R2), and (R4), defined in section 6.3, hold for every risk measure p*
associated with p, ;. Also by construction of p,;;, we have that condition (R’3) holds
iff condition (R3) holds for all p®. That is, p,+ is a conditional risk mapping iff every
corresponding risk measure p“ is a coherent risk measure.

By Theorem 6.4 with each coherent risk measure p?, a € €2, is associated a set 2 (a)
of probability measures (vectors) such that

p*(Z) = max E,[Z]. (6.225)
pe(a)

2For Z,, Z, € Z, the inequality Z, > Z; is understood componentwise.
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Here Z € RX++1 is a vector corresponding to function Z : 2,41 — R, and A(a) = ;1 (a)
is a closed convex set of probability vectors p € R¥+1 suchthat p, = 0ifk € ;11\ C,, i.e.,
all probability measures of 2(,;(a) are supported on the set C,. We can now represent the
corresponding conditional risk mapping p;4+; as a maximum of conditional expectations as
follows. Let v = (v,)4eq, be a probability distribution on €2;, assigning positive probability
v, toevery a € €, and define

Crar = =D vap*  p* €@ (6.226)

ael,

It is not difficult to see that €, ; C RX+1 is a convex set of probability vectors. Moreover,
since each 2, (a) is compact, the set &, is also compact and hence is closed. Consider
a probability distribution (measure) = ", co, Va p* € €,1. We have that for a € €, the

corresponding conditional distribution given the event C, is p“, and>?
E,[Z|F])(a) =Exl[Z], Z € Z:41. (6.227)
It follows then by (6.225) that

pi+1(Z) = max E, [Z]|F], (6.228)
ned

t+1

where the maximum on the right-hand side of (6.228) is taken pointwise in a € €2;. That
is, formula (6.228) means that

[or+1(D)](a) = max E,[Z], Z € Z;4y, a €. (6.229)

peUiyi(a)

Note that in this construction, choice of the distribution v is arbitrary and any distribution
of €, agrees with the distribution v on £2;.

We are ready now to give a formulation of risk averse multistage programs. For a
sequence p;41 : Z;y1 —> 24t = 1,..., T — 1, of conditional risk mappings, consider the
following risk averse formulation analogous to the nested risk neutral formulation (3.1):

Min fi(x1) + inf X2, @) + - -
x1EX1f1( D p2|:x2€x2()f1,60) f2( 2 @)

+ pr-i[ inf Sr-1(xr-1, ) (6.230)

xXr-1€X7 (XT-2,0)

+ or[ inf )fT(xT,w)]]]

xr€Xr(XT-1,0

Here w is an element of 2 := Q7, the objective functions f; : R"-' x Q — Rarereal valued
functions, and X, : R™-!' x Q = R™, ¢t =2, ..., T, are multifunctions such that f;(x;, -)
and X, (x,_1, -) are F;-measurable for all x; and x,_;. Note that if the corresponding risk
measures p“ are defined as conditional expectations (6.221), then the multistage problem
(6.230) coincides with the risk neutral multistage problem (3.1).

33Recall that the conditional expectation E,[-|¥:]is a mapping from Z,, into Z,.
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There are several ways in which the nested formulation (6.230) can be formalized.
Similarly to (3.3), we can write problem (6.230) in the form

Min fi(0) + oo fa(r2(@). @)+

X1,X2
+ proi[ fr—1 (xr-1(@), ®) + prlfr (X1 (o), 60)]]] (6.231)
s.t.x; € X1, x;(w) € Xy(x—1(w),w), t=2,...,T.
Optimization in (6.231) is performed over functions x, : Q@ — R, r =1, ..., T, satisfying

the corresponding constraints, which imply that each x,(w) is F;-measurable and hence
each f;(x;(w), w) is F;-measurable. The requirement for x;(w) to be F;-measurable is
another way of formulating the nonanticipativity constraints. Therefore, it can be viewed
that the optimization in (6.231) is performed over feasible policies.

Consider the function o : Z; x --- X Z7 — R defined as

o(Zy,....Z7) =Z1 + ,02[22 4+ 4 pro [ZT—I + pT[ZT]]]- (6.232)
By condition (R3) we have that
oT—1 [ZT—I + ,OT[ZT]] = pr_1 0 ,OT[ZT—I + ZT]~
By continuing this process we obtain that
o(Zy,....Z7)=p(Z1+ ...+ Zr), (6.233)

where p := py o --- o pr. We refer to p as the composite risk measure. That is,
pZi+---+Zr)=2Z1 + ,02[22 + -+ PT—l[ZT—l + ,OT[ZT]]], (6.234)

defined for Z; € Z;,t = 1, ..., T. Recall that Z, is identified with R, and hence Z; is a
real number and p : Z7 — R is a real valued function. Conditions (R’1)—(R’4) imply that
p is a coherent risk measure.

As above, we have that since fr_; (x7_1(w), ) is Fr_;-measurable, it follows by
condition (R’3) that

fr-1 (xr—1(w), w) + pr [fr (x7(0), ®)] = pr [fr-1 (x7-1 (@), ®) + fr (x7(0), ®)].

Continuing this process backward, we obtain that the objective function of (6.231) can be
formulated using the composite risk measure. That is, problem (6.231) can be written in
the form

. Min pLAGD) + folx2(@), @) + - + fr (x7(), 0) ] (6.235)
S m e X, X € X (@), o), 1=2,...,T. '

If the conditional risk mappings are defined as the respective conditional expectations, then
the composite risk measure p becomes the corresponding expectation operator, and (6.235)
coincides with the multistage program written in the form (3.3). Unfortunately, it is not easy
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to write the composite risk measure p in a closed form even for relatively simple conditional
risk mappings other than conditional expectations.

An alternative approach to formalize the nested formulation (6.230) is to write dynamic
programming equations. That is, for the last period T we have

Or(xr-1, @) := inf Jrxr, w), (6.236)
xr €Xr (X7-1,0)
Qr(xr—1, w) == pr[Qr(xr-1, ®)], (6.237)
andforr =T — 1, ..., 2, we recursively apply the conditional risk measures
Qi (x—1, 0) == p [Qr (X1, W)], (6.238)
where
Qi) = il i) + @ (1, 0) . (6.239)

Of course, equations (6.238) and (6.239) can be combined into one equation:>*

Q@) = _inf i) o Qb o] | (6240)

X €6 (xp—1,0

Finally, at the first stage we solve the problem
Nglcl S1(x1) + p2[Q2(x1, @)]. (6.241)
X1 1

It is important to emphasize that conditional risk mappings p;(Z) are defined on real valued
functions Z (w). Therefore, itis implicitly assumed in the above equations that the cost-to-go
(value) functions Q,(x,_;, w) are real valued. In particular, this implies that the considered
problem should have relatively complete recourse. Also, in the above development of the
dynamic programming equations, the monotonicity condition (R'2) plays a crucial role,
because only then we can move the optimization under the risk operation.

Remark 24. By using representation (6.228), we can write the dynamic programming
equations (6.240) in the form

Qi(xi—1,0) = inf {fz(xt,a))-i- sup B, [Qry1(x)|F7] (w)}- (6.242)

X €X; (Xr—1,0) HEC, 1

Note that the left- and right-hand-side functions in (6.242) are ¥;-measurable, and hence
this equation can be written in terms of a € €2, instead of w € 2. Recall thatevery u € €,
is representable in the form u = > v, p® (see (6.226)) and that

ae,

By [Qi+1(x)|F1] @) = Epe[Qrs1(x)], a € Q. (6.243)

‘We say that the problem is convex if the functions f, (-, ), O, (-, w) and the sets X, (x,_1, »)
are convex forevery w € Qandt = 1,..., T. If the problem is convex, then (since the

S4With some abuse of the notation we write Q,1(x,, ®) for the value of Q,;(x,) at ® € £, and
Pr41 [Qr41(xr, @)] for o1 [Qrp1(x)] ().
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set &, is convex compact) the inf and sup operators on the right-hand side of (6.242) can
be interchanged to obtain a dual problem, and for a given x,_; and every a € 2, the dual
problem has an optimal solution p¢ € 2, ;(a). Consequently, for fi,4; := Zaeﬂt v, p* an
optimal solution of the original problem and the corresponding cost-to-go functions satisfy
the following dynamic programming equations:

Oi(xi—1, w) = . exil(lf \ {ﬁ‘(xta ) + Eﬂm [Ql+1(xt)|?f](w)}' (6.244)
' (X1, 0

Moreover, it is possible to choose the “worst case” distributions [i,4 in a consistent way,

i.e., such that each [, coincides with fi, on %;. That is, consider the first-stage problem

(6.241). We have that (recall that at the first stage there is only one node, | = {J, 2} and

& =12)

p2[Q2(x1)] = sup E,[Q2(x1)|Fi] = sup E,[Qa(x1)]. (6.245)
nee, nee,
By convexity and since €, is compact, we have that there is i, € €;(an optimal solution
of the dual problem) such that the optimal value of the first-stage problem is equal to the
optimal value and the set of optimal solutions of the first-stage problem is contained in the
set of optimal solutions of the problem

Min Egz,[Q2(x1)]- (6.246)

Let x; be an optimal solution of the first-stage problem. Then we can choose i3 € €3, of
the form i3 := ), e, Va p“ such that (6.244) holds with t = 2 and x| = x;. Moreover, we
can take the probability measure v = (v,),eq, to be the same as (1,, and hence to ensure that
L3 coincides with 1, on 5. Next, for every node a € 2, choose a corresponding (second-
stage) optimal solution and repeat the construction to produce an appropriate (4 € &4, and
so on for later stages.

In that way, assuming existence of optimal solutions, we can construct a probability
distribution fi,, ..., fir on the considered scenario tree such that the obtained multistage
problem, of the standard form (3.1), has the same cost-to-go (value) functions as the orig-
inal problem (6.230) and has an optimal solution which also is an optimal solution of the
problem (6.230). (In that sense, the obtained multistage problem, driven by dynamic pro-
gramming equations (6.244), is almost equivalent to the original problem.)

Remark 25. Let us define, for everynode a € ©,,¢t = 1,..., T — 1, the corresponding set
A(a) = A;41(a) to be the set of all probability measures (vectors) on the set C,. (Recall
that C, C €2,4 is the set of children nodes of a and that all probability measures of 2, (a)
are supported on C,.) Then the maximum on the right-hand side of (6.225) is attained at a
measure of mass one at a point of the set C,. Consequently, by (6.243), for such choice of
the sets ;11 (a) the dynamic programming equations (6.242) can be written as

0,(x,_1.a) = inf {ft(xt, ) + max Q41 (x;, a))}, aeQ, (6.247)
X, €%, (x;—1,a) weC,

It is interesting to note (see Remark 24, page 313) that if the problem is convex,
then it is possible to construct a probability distribution (on the considered scenario tree),
defined by a sequence i, t = 2, ..., T, of consistent probability distributions, such that the
obtained (risk neutral) multistage program is almost equivalent to the min-max formulation
(6.247).
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6.7.2 Conditional Risk Mappings

In this section we discuss a general concept of conditional risk mappings which can be
applied to a risk averse formulation of multistage programs. The material of this section
can be considered as an extension to an infinite dimensional setting of the developments
presented in the previous section. Similarly to the presentation of coherent risk measures,
given in section 6.3, we use the framework of £, spaces, p € [1, +00). That is, let
be a sample space equipped with sigma algebras ¥; C %3 (i.e., ¥, is subalgebra of %;)
and a probability measure P on (£2, 7). Consider the spaces Z; := £,(£2, ¥1, P) and
Z, = L£,(2, 5, P). Since ¥ is a subalgebra of 5, it follows that Z; C Z,.

We say that a mapping p : Z, — Z; is a conditional risk mapping if it satisfies the
following conditions:

(R'1) Convexity:
p@Z+ (1 —-a)Z') <ap(Z) + (1 —a)p(Z)

forany Z,Z' € Z, and @ € [0, 1].
(R’2) Monotonicity: If Z, Z' € Z, and Z = Z', then p(Z) > p(Z').

(R’3) Translation equivariance: If Y € Z; and Z € Z,, then
p(Z+Y)=p(Z)+Y.

(R’4) Positive homogeneity: If « > 0 and Z € Z,, then p(aZ) = ap(Z).

The above conditions coincide with the respective conditions of the previous section
which were defined in a finite dimensional setting. If the sigma algebra ¥ is trivial, i.e.,
F1 = {0, 2}, then the space Z, can be identified with R, and conditions (R'1)-(R’4) define
a coherent risk measure. Examples of coherent risk measures, discussed in section 6.3.2,
have conditional risk mapping analogues which are obtained by replacing the expectation
operator with the corresponding conditional expectation E[ - | #,] operator. Let us look at
some examples.

Conditional Expectation. In itself, the conditional expectation mapping E[ - |#7] :
Z, — Z is a conditional risk mapping. Indeed, for any p > 1 and Z € £,(2, %, P) we
have by Jensen inequality that E[|Z|?|#] = |E[Z|#] P and hence

/ |E[Z|#1)"dP < / E[|1Z|?|F1]dP = E[|Z]"] < 4oo. (6.248)
Q Q

This shows that, indeed, E[ - | #1] maps Z, into Z,. The conditional expectation is a linear
operator, and hence conditions (R'1) and (R’4) follow. The monotonicity condition (R'2)
also clearly holds, and condition (R’3) is a property of conditional expectation.

Conditional AV@R. An analogue of the AV@R risk measure can be defined as
follows. Let Z; := £,(2, ¥, P),i = 1,2. Fora € (0, 1) define mapping AV@R,, (- | 1) :
Z, —> Z, as

[AV@R(Z|F))(@) := inf {Y(@) + o 'E[[Z - Y] |F @}, weQ. (6.249)
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It is not difficult to verify that, indeed, this mapping satisfies conditions (R'1)—(R’4). Simi-
larly to (6.68), for 8 € [0, 1] and @ € (0, 1), we can also consider the following conditional
risk mapping:

papiF (Z2) == (1 = B)E[Z|F1] + BAV@R (Z|F1). (6.250)

Of course, the above conditional risk mapping p, g|# corresponds to the coherent risk mea-
sure pg,(Z) == (1 — B)E[Z] + BAV@R(Z).

Conditional Mean-Upper-Semideviation. An analogue of the mean-upper-semi-
deviation risk measure (of order p) can be constructed as follows. Let Z; := £,(£2, ¥, P),
i =1,2. Forc € [0, 1] define

1/
pes (Z) == E[Z|Fi] + ¢ (IE[[Z - E[Z|$1]]i|5f1]) " (6.251)

In particular, for p = 1 this gives an analogue of the absolute semideviation risk measure.

In the discrete case of scenario tree formulation (discussed in the previous section)
the above examples correspond to taking the same respective risk measure at every node of
the considered tree at stager = 1,...,T.

Consider a conditional risk mapping p : Z, — Z;. With a set A € %, such that
P(A) # 0, we associate the function

pa(Z) :=E[p(2)|A], Z € Z,, (6.252)

where E[Y|A] = ﬁ f 4 Yd P denotes the conditional expectation of random variable
Y € Z, given event A € F;. Clearly conditions (R'1)—(R’4) imply that the corresponding
conditions (R1)—(R4) hold for p4, and hence p, is a coherent risk measure defined on the
space Z, = £,(2, 2, P). Moreover, for any B € ¥, we have by (R3) that

04(Z +alp) :=E[p(Z) + alp|Al = pa(Z) + a P(B|A) Vo € R, (6.253)

where P(B|A) = P(BN A)/P(A).
Since p4 is a coherent risk measure, by Theorem 6.4 it can be represented in the form

pa(Z) = sup /g(w)Z(a))dP(a)) (6.254)
re(a) Ja

for some set A(A) C £,(R2, >, P) of probability density functions. Let us make the
following observation:

e Each density ¢ € 2((A) is supported on the set A.

Indeed, for any B € ¥, such that P(B N A) = 0, and any « € R, we have by (6.253) that
oa(Z +alg) = pa(Z). On the other hand, if there exists { € A(A) such that fB tdP >0,
then it follows from (6.254) that p4(Z + alp) tends to +00 as @ — +o00.

Similarly to (6.228), we show now that a conditional risk mapping can be represented
as a maximum of a family of conditional expectations. We consider a situation where the
subalgebra £ has a countable number of elementary events. That is, there is a (countable)
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partition {A; };cn of the sample space €2 which generates ¥, i.e., U;enA; = €2, the sets A;,
i € N, are disjoint and form the family of elementary events of sigma algebra ¥;. Since ¥,
is a subalgebra of ¥,, we have of course that A; € %3, i € N. We also have that a function
Z : Q2 — Ris F1-measurable iff it is constant on every set A;, i € N.

Consider a conditional risk mapping p : Z, — Z,;. Let

MN:={i e N: P(A;) #0}

and py,, i € N, be the corresponding coherent risk measures defined in (6.252). By (6.254)
with every pa,, i € N, is associated set A(A;) of probability density functions, supported
on the set A;, such that

pa,(Z) = sup / (W) Z(w)d P (w). (6.255)
ceUA(A) JQ

Now let v = (v;);en be a probability distribution (measure) on (€2, ¥7), assigning proba-

bility v; to the event A;, i € N. Assume that v is such that v(A;) = 0iff P(A;) =0(@.e, u

is absolutely continuous with respect to P and P is absolutely continuous with respect to v

on (€2, ¥1)); otherwise the probability measure v is arbitrary. Define the following family

of probability measures on (€2, %3):

¢ = [u = v dp; =GdP, & € A, i € m} . (6.256)
ien

Note that since ) ;o v; = 1, every u € € is a probability measure. For u € €, with
respective densities {; € A(A;) and du; = ¢;d P, and Z € Z, we have that

EZ|Fi] =) E,[Z|F]. (6.257)
ieN

Moreover, since ¢; is supported on A;,

= | Ju ZadP if we A,
E,[Z]F1)(w) = { otherwise. (6.258)
By the max-representations (6.255) it follows that for Z € Z, and w € A;,
supE,[Z]|F1](w) = sup / Z5idP = pa,(Z). (6.259)
nec GeAA) JA

Also since [p(Z)](-) is F1-measurable, and hence is constant on every set A;, we have that
[0(Z2)(w) = pa,(Z) forevery w € A;, i € 1. We obtain the following result.

Proposition 6.41. Let Z; := £L,(Q, F;, P), i = 1,2, with ¥y C F>, and let p : Z, — Z,
be a conditional risk mapping. Suppose that | has a countable number of elementary
events. Then
p(Z) =supE,[Z|F], VZ e Z,, (6.260)
nec
where € is a family of probability measures on (2, ), specified in (6.256), corresponding
to a probability distribution v on (2, F1).
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6.7.3 Risk Averse Multistage Stochastic Programming

There are several ways in which risk averse stochastic programming can be formulated in
a multistage setting. We now discuss a nested formulation similar to the derivations of
section 6.7.1. Let (2, &, P) be a probability space and £ C --- C F7 be a sequence of
nested sigma algebras with ¥ = {{J, 2} being trivial sigma algebra and ¥7 = ¥ . (Such
sequence of sigma algebras is called a filtration.) For p € [1, +00)let Z; := £,(R2, &, P),
t =1,...,T,be the corresponding sequence of spaces of F;-measurable and p-integrable
functions, and let o415 : Z;41 — Z,t =1, ..., T —1, beaselected family of conditional
risk mappings. It is straightforward to verify that the composition

PT|Fr_y PT-11Fp_» Pr|F,_y
Pt|F,_; OO PT|Fp_, ° ZT e ZT—I —_> e —> Z,_l, (6261)
t = 2,...,T, of such conditional risk mappings is also a conditional risk mapping. In

particular, the space Z; can be identified with R and hence the composition pyg o --- o
P15, - Zr — Ris areal valued coherent risk measure.

Similarly to (6.230), we consider the following nested risk averse formulation of
multistage programs:

XzG.Xz()Cl,w

Ngcl fl(x1)+p2}'1|: inf )fz(xz,w)-F"'
X1 1

+ ,0T71|3z*772[ inf Sr-1(xr-1, ) (6.262)

Xr-1€X7 (XT-2,0)

+ inf X7, ® .
PT|T1,1[XTExT(x771’w)fT( T )]]]
Here f; : R"!' x Q@ — Rand X; : R"' x Q = R, ¢t = 2,...,T, are such that
fi(xs, ) € Z; and X, (x,_1, -) are F;-measurable for all x, and x;_;.

As was discussed in section 6.7.1, the above nested formulation (6.262) has two
equivalent interpretations. Namely, it can be formulated as

X1, X250
_ Afr—1 (x7— ,
+ pr—yF_ L fr-1 (xr-1(0), ®) (6.263)
+ o117, Lfr (7 (@), 0))]]]
s.t. x1 € X1, x;(w) € X, (x;_1(w),w), t=2,...,T,
where the optimization is performed over ¥;-measurable x, : Q@ — R, t = 1,..., T,

satisfying the corresponding constraints, and such that f;(x,(-), ) € Z,. Recall that the
nonanticipativity is enforced here by the ¥;-measurability of x,(-). By using the composite
risk measure p := pyjg, ©--- 0 pr|F,_,, we also can write (6.263) in the form

x].ch\f[.li?xT ﬁ[fl(xl) + fZ(xZ(w)’ )+ + fT (xT(w), w)]

(6.264)
s.t. x1 € X1, x1(w) € X;(x;_1(w),w), t=2,...,T.
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Recall that for Z, € Z;,t =1, ..., T,
p(Zi+---+Zy)=Z + py7 [Zz R ,OT—1|$T,2[ZT—1 + o117, [ZT]]], (6.265)

and that conditions (R'1)—(R’4) imply that p : Zr — R is a coherent risk measure.
Alternatively we can write the corresponding dynamic programming equations (com-
pare with (6.236)—(6.241)):

Or(xr-1,w) = inf frir, w), (6.266)
xr€Xr(X7-1,0)
Qs 0)= _inf [fn o+ @ o) 1=T-1.....2. 6267
Xt 1 (Xr—1,®
where
Q(xi—1, w) = py7,_, [Qi(xi—r, )], t=T,...,2. (6.268)

Finally, at the first stage we solve the problem
Nglcl S1(x1) + o217 [Q2(x1, w)]. (6.269)
X1 1

We need to ensure here that the cost-to-go functions are p-integrable, i.e., Q;(x;_1, ) € Z;
fort =1,...,T — 1 and all feasible x,_;.
In applications we often deal with a data process represented by a sequence of random

vectors &, ..., &r, say, defined on a probability space (2, ¥, P). We can associate with
this data process filtration %, := o (&;,...,&),t =1,..., T, where o (&, ..., &) denotes
the smallest sigma algebra with respect to which &) = (&, ..., &) is measurable. How-

ever, it is more convenient to deal with conditional risk mappings defined directly in terms
of the data process rather that the respective sequence of sigma algebras. For example,
consider

Prigey(Z) == (1 = BIE[Z|gu—1] + BAV@R, (Z|Ey—1), 1=2,....T, (6.270)
where

AV@R, (Z|g—) = inf {Y + o 'B[[Z — Y14 |&-n]}- (6.271)

Here B, € [0, 1] and «; € (0, 1) are chosen constants, Z; := L(R2, ¥;, P), where F; is the
smallest filtration associated with the process &;, and the minimum on the right-hand side
of (6.271) is taken pointwise in w € 2. Compared with (6.249), the conditional AV @R is
defined in (6.271) in terms of the conditional expectation with respect to the history &j;_i;
of the data process rather than the corresponding sigma algebra ¥;_;. We can also consider
conditional mean-upper-semideviation risk mappings of the form

1/
Pty o(2) = BIZig )+ (B[[Z - Blzig ) la]) . 6272)

defined in terms of the data process. Note that with p;g,_,,, defined in (6.270) or (6.272), is
associated coherent risk measure p, which is obtained by replacing the conditional expecta-
tions with respective (unconditional) expectations. Note also that if random variable Z € Z;
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is independent of &,_1;, then the conditional expectations on the right-hand sides of (6.270)-
(6.272) coincide with the respective unconditional expectations, and hence pyg,_,,(Z) does
not depend on &, and coincides with p;(Z).

Let us also assume that the objective functions f;(x;, &) and feasible sets X, (x;_1, &)
are given in terms of the data process. Then formulation (6.263) takes the form

X15X2,000y

+ or-11,y [fT—l (er-1Er-11), £r-1) (6.273)

+ PT g7y [fT (xT(é:[T])a %-T) ]]:|

s.t.x; € X1, x,§1) € X (xi—1 G-, &), t=2,...,T,

where the optimization is performed over feasible policies.
The corresponding dynamic programming equations (6.267)—(6.268) take the form

O/t i) = _ind i )+ @ e, ) (6.274)

where

Qi1 (X1 &) = Prgtigy [ Qo (51 Errn) |- (6.275)

Note that if the process &, is stagewise independent, then the conditional expectations co-
incide with the respective unconditional expectations, and hence (similar to the risk neutral
case) functions @, (x;, &;7) = @,+1(x,) do not depend on &}, and the cost-to-go functions
Q:(x;—1, &) depend only on & rather than &.

Of course, if we set pyg,_, () == E [ |§[l_1]], then the above equations (6.274) co-
incide with the corresponding risk neutral dynamic programming equations. Also, in that
case the composite measure p becomes the corresponding expectation operator and hence
formulation (6.264) coincides with the respective risk neutral formulation (3.3). Unfortu-
nately, in the general case it is quite difficult to write the composite measure p in an explicit
form.

Multiperiod Coherent Risk Measures

It is possible to approach risk averse multistage stochastic programming in the following
framework. As before, let ¥, be a filtration and Z, := £,(Q2, %, P),t =1,...,T.
Consider the space Z := Z; x - - - X Z7. Recall that since ] = {0J, 2}, the space Z; can be
identified with R. With space Z we can associate its dual space Z* := Z] x - - - x Z}, where
ZF = L4(Q2, F, P)isthedualof Z;. For Z = (Zy, ..., Zr) € Zand { = ({1, ...,¢r) €
Z* their scalar product is defined in the natural way:

T
(€.2):=) / 5(@) Z, (@)d P(w). (6.276)

=17%
Note that Z can be equipped with a norm, consistent with || - ||, norms of its components,
which makes it a Banach space. For example, we can use || Z|| := Z,T=1 IZ]l,. This norm

induces the dual norm || [|* = max{||¢1ly, - .., [I¢7]l4} on the space Z*.
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Consider a function ¢ : Z — R. For such a function it makes sense to talk about
conditions (R1), (R2), and (R4) defined in section 6.3, with Z > Z’ understood componen-
twise. We say that o(-) is a multiperiod risk measure if it satisfies the respective conditions
(R1), (R2), and (R4). Similarly to the analysis of section 6.3, we have the following results.
By Theorem 7.79 it follows from convexity (condition (R1)) and monotonicity (condition
(R2)), and since o(-) is real valued, that o(-) is continuous. By the Fenchel-Moreau theo-
rem, we have that convexity, continuity, and positive homogeneity (condition (R4)) imply
the dual representation

o(Z)=sup{¢, Z), VYZeZ, (6.277)
ceA

where 2 is a convex, bounded, and weakly* closed subset of Z* (and hence, by the Banach—
Alaoglu theorem, 2 is weakly* compact). Moreover, it is possible to show, exactly in the
same way as in the proof of Theorem 6.4, that condition (R2) holds iff ¢ > O for every
¢ € 2. Conversely, if g is given in the form (6.277) with 2 being a convex weakly* compact
subset of Z* such that ¢ > O for every ¢ € 2, then o is a (real valued) multiperiod risk
measure. An analogue of the condition (R3) (translation equivariance) is more involved;
we will discuss this later.

For any multiperiod risk measure o, we can formulate the risk averse multistage
program

Minx, o(fix1), fr(x2(@), @), ..., fr (x7(w), ®))

X1,X2,.00s

s.t. x1 € X1, x;(w) € X;(xs—1(w),w), t =2,...,T,

(6.278)

where optimization is performed over #;-measurablex, : @ — R, =1, ..., T, satisfying
the corresponding constraints, and such that f(x,(-), ) € Z,. The nonanticipativity is
enforced here by the %;-measurability of x; ().

Let us make the following observation. If we are currently at a certain stage of the
system, then we know the past and hence it is reasonable to require that our decisions
be based on that information alone and should not involve unknown data. This is the
nonanticipativity constraint, which was discussed in the previous sections. However, if we
believe in the considered model, we also have an idea what can and what cannot happen
in the future. Think, for example, about a scenario tree representing evolution of the data
process. If we are currently at a certain node of that tree, representing the current state of
the system, we already know that only scenarios passing through this node can happen in
the future. Therefore, apart from the nonanticipativity constraint, it is also reasonable to
think about the following concept, which we refer to as the time consistency principle:

e Atevery state of the system, optimality of our decisions should not depend on scenarios
which we already know cannot happen in the future.

In order to formalize this concept of time consistency we need to say, of course, what
we optimize (say, minimize) at every state of the process, i.e., to formulate a respective opti-
mality criterion associated with every state of the system. The risk neutral formulation (3.3)
of multistage stochastic programming, discussed in Chapter 3, automatically satisfies the
time consistency requirement (see below). The risk averse case is more involved and needs
discussion. We say that multiperiod risk measure g is time consistent if the corresponding
multistage problem (6.278) satisfies the above principle of time consistency.
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Consider the class of functionals ¢ : Z — R of the form (6.232), i.e., functionals
representable as

o(Zy,....Z7) =71+ py# [Zz + o+ oo Zr-1 + PT|$T,1[ZT]]], (6.279)

where o415, 1 Zi41 — Z;,t =1,..., T — 1,1is a sequence of conditional risk mappings.
It is not difficult to see that conditions (R’1), (R'2), and (R’4) (defined in section 6.7.2),
applied to every conditional risk mapping p,1)#, imply respective conditions (R1), (R2),
and (R4) for the functional o of the form (6.279). That is, (6.279) defines a particular class
of multiperiod risk measures.

Of course, for ¢ of the form (6.279), optimization problem (6.278) coincides with
the nested formulation (6.263). Recall that if the set 2 is finite, then we can formulate
multistage risk averse optimization in the framework of scenario trees. As it was discussed
in section 6.7.1, nested formulation (6.263) is implied by the approach where with every
node of the scenario tree is associated a coherent risk measure applied to the next stage of the
scenario tree. In particular, this allows us to write the corresponding dynamic programming
equations and implies that an associated optimal policy has the decomposition property.
That is, if the process reached a certain node at stage ¢, then the remaining decisions of the
optimal policy are also optimal with respect to this node considered as the starting point
of the process. It follows that the multiperiod risk measure of the form (6.279) is time
consistent and the corresponding approach to risk averse optimization satisfies the time
consistency principle.

It is interesting and important to give an intrinsic characterization of the nested ap-
proach to multiperiod risk measures. Unfortunately, this seems to be too difficult and we
will give only a partial answer to this question. Let observe first that for any Z = (Zy, .. .,
Z7) € Z,

ElZi+ -+ Zr]l=Z1 + Eg [Zz +- -+ Eg [ZT—I + Ew'r[zr]]], (6.280)

where [« [ - ] = E[ - | ;] are the corresponding conditional expectation operators. That is,
the expectation risk measure o(Zy, ..., Zr) := E[Z; + - - - 4+ Z7] is time consistent and
the risk neutral formulation (3.3) of multistage stochastic programming satisfies the time
consistency principle.

Consider the following condition:

(R3-d) Forany Z = (Zy,...,Zr) € Z,Y, € Z;,,t =1,...,T — 1,and a € R it holds
that

Q(Zlv "°7Ztvzt+l + Yt’ "°7ZT) :Q(Zlv "‘7ZT +YZ9ZH-1’ "°7ZT)7 (6281)

oZi+a,....Zy)y=a+0(Zy,...,Z7). (6.282)

Proposition 6.42. Let o : Z — R be a multiperiod risk measure. Then the following
conditions (1)—(iii) are equivalent:
(i) There exists a coherent risk measure p : Zy — R such that

oZy,....2r)=p(Z1+---+Zr) V(Zi,...,2Z7) € Z. (6.283)
(ii) Condition (R3-d) is fulfilled.
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(iii) There exists a nonempty, convex, bounded, and weakly* closed subset Ay of
probability density functions ‘Br C Z7 such that the dual representation (6.277) holds with
the corresponding set 2L of the form

A={C.....¢r): ¢r €Ur, & =Elgr|F), t=1,...,T —1}. (6.284)

Proof. 1f condition (i) is satisfied, then for any Z = (Z,, ..., Zy) € Zand Y; € Z,,

0 Zy,.... 2 2+ Y. Zy)=p(Zi+--+Zr+Y)
=Q(Z]7"‘7Zt+Yl9Zf+]7"‘7ZT)'

Property (6.282) also follows by condition (R3) of p. That s, condition (i) implies condition
(R3-d).

Conversely, suppose that condition (R3-d) holds. Then for Z = (Z,, Z,, ..., Z7) we
have that o(Z, Z,, ..., Zr) = 0(0, Z1 + Z5, ..., Z7). Continuing in this way, we obtain
that

oZy,....Z7)=00,...,0,Z1+---+ Z7).

Define
[S(WT) = Q(O, ey O, WT), WT S ZT.

Conditions (R1), (R2), and (R4) for ¢ imply the respective conditions for p. Moreover, for
a € R we have

p(Wr +a)=0@0,...,0, W7 +a) =00, ...,a, Wr) =---=0(a,...,0, Wr)
=a+0(,...,0,Wr) = p(Wr) +a.

That is, p is a coherent risk measure, and hence (ii) implies (i).

Now suppose that condition (i) holds. By the dual representation (see Theorem 6.4
and Proposition 6.5), there exists a convex, bounded, and weakly* closed set 2y C Pr
such that

o(Wr) = sup (¢r, Wr), Wr € Zr. (6.285)
{redr

Moreover, for Wy = Zy + --- + Z7 we have ({7, Wr) = Zthl E[¢rZ,], and since Z, is

F,-measurable,
E[¢rZ,] = E[E[Lr Z,|F]] = E[ZEl¢r| F]1]- (6.286)

That s, (1) implies (iii). Conversely, suppose that (iii) holds. Then (6.285) defines a coherent
risk measure p. The dual representation (6.277) together with (6.284) imply (6.283). This
shows that conditions (i) and (iii) are equivalent. [

As we know, condition (i) of the above proposition is necessary for the multiperiod risk
measure g to be representable in the nested form (6.279). (See section 6.7.3 and equation
(6.265) in particular.) This condition, however, is not sufficient. It seems to be quite difficult
to give a complete characterization of coherent risk measures p representable in the form

p(Zi+---+Zr)=Z1+ py# [Zz + -t prong [ Zr-1 + oris, [ZT]]] (6.287)
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forall Z = (Zy, ..., Zr) € Z, and some sequence p,11¢, : Zi+1 — Lt =1,..., T —1,
of conditional risk mappings.

Remark 26. Of course, condition ¢, = E[¢r|F ], ¢t = 1,..., T — 1, of (6.284) can be
written as

&G =ElGlF), t=1,...,T -1 (6.288)
That s, if representation (6.283) holds for some coherent risk measure p(-), then any element
(¢1, .-, ¢r) of the dual set 2, in the representation (6.277 ) of o(-), forms a martingale

sequence.

Example 6.43. Let p; ¢, , : Z; — Z,_; be a conditional risk mapping for some 2 < 17 <
T,andlet p1(Z)) :=21,Z e R,and o7, , :=E5_,t =2,...,T,t # 7. Thatis, we
take here all conditional risk mappings to be the respective conditional expectations except
(an arbitrary) conditional risk mapping p-|#, , at the period ¢ = 7. It follows that

oZi,....Zr)=E[Zi+ -+ Zeoy + pryz [Eig [ Z: + -+ Z7]]]

=E[pus_ [ErlZi + -+ Zrl]]. (289
That is,
p(Wr) =E[pr5._ [Eis, [Wrl]]. Wr € Zr, (6.290)
is the corresponding (composite) coherent risk measure.
Coherent risk measures of the form (6.290) have the following property:
p(Wr +Yry) = p(Wr) + E[Yeil, VWr € Zr, VY:y € Zoy. (6.291)

By (6.284) the above condition (6.291) means that the corresponding set 2, defined in
(6.284), has the additional property that ¢, = E[¢r] = 1, ¢t = 1,..., 7 — 1, i.e., these
components of ¢ € 2 are constants (equal to one).

In particular, for t = T the composite risk measure (6.290) becomes

p(Wr) =E [pT\%,I[WT]] , WreZr. (6.292)

Further, let po7|#, , : Z7 — Z7_; be the conditional mean absolute deviation, i.e.,

orig [ Zr] = Eig [ZT +c|Zr — Eix 1 Z7] ] (6.293)

¢ € [0, 1/2]. The corresponding composite coherent risk measure here is

o(Wr) =E[Wr]+cE |WT —Eig  [Wr]

, WreZr. (6.294)

For T > 2 the risk measure (6.294) is different from the mean absolute deviation
measure

p(Wr) := E[Wr] + cE|Wr — E[Wr]|, W7 € Zr, (6.295)
and that the multiperiod risk measure
o(Zy,....2r) == p(Zi+ - +Z7) =E[Z\+ - +Z714+cE|Z\+ - -+ Z7—E[Z |+ - +Z7]|

corresponding to (6.295) is not time consistent. W
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Risk Averse Multistage Portfolio Selection

We discuss now the example of portfolio selection. A nested formulation of multistage
portfolio selection can be written as

Min {/3(—WT) = ,01["',0T71|W»,~_2 [oriw:_, [—WT]]]}

n n (6.296)
S.t. WT+1 = Zéi,[ﬂ*lxily inf = er Xt Z 01 = O’ R T - 1'
i=1 i=1

We use here conditional risk mappings formulated in terms of the respective conditional
expectations, like the conditional AV @R (see (6.270)) and conditional mean semideviations
(see (6.272)), and the notation py|w, , stands for a conditional risk mapping defined in terms
of the respective conditional expectations given W;_;. By p,(-) we denote the correspond-
ing (unconditional) risk measures. For example, to the conditional AV@R , (- |&;;—17) corre-
sponds the respective (unconditional) AV@R, (- ). If weset pyw, , == Eyw,_,t =1,..., T,
then since

E[---E[E[-Wr|Wr_1]|Wr_2]] = E[-Wr],

we obtain the risk neutral formulation. Note also that in order to formulate this as a mini-
mization, rather than a maximization, problem we changed the sign of &;,.
Suppose that the random process &, is stagewise independent. Let us write dynamic
programming equations. At the last stage we have to solve problem
Min  pryw,_, [—Wr]
xr-120,Wr
n n (6.297)
st.Wr =Y &rxir1, Y Xir1=Wr

i=1 i=1

Since Wr_; is a function of &7_1;, by the stagewise independence we have that &7, and

hence Wr, are independent of Wy_;. It follows by positive homogeneity of p7 that the

optimal value of (6.297) is Q7r—1(Wr_1) = Wr_jvr_;, where vy_; is the optimal value of
Min = pr[—-Wr]

xr-1=0,Wr
n n
s.t. Wp = E &iTXiT—1, E xir—1 =1,
im1 i=1

and an optimal solution of (6.297) is xr—1(Wr_1) = Wr_1x}_,, where x7_, is an optimal
solution of (6.298). Continuing in this way, we obtain that the optimal policy x,(W;) here
is myopic. That is, x;(W;) = W,x}, where x;" is an optimal solution of

(6.298)

Min ;11 [=W;11]

X >0,Wi4y

n n
st. W1 = E &i i1 Xir, E xip =1
i=1 i=1

(compare with section 1.4.3). Note that the composite risk measure p can be quite compli-
cated here.

(6.299)
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An alternative, multiperiod risk averse approach can be formulated as

Min p[—Wr]
s.t. Wiy = iémﬂxit, Xn:xit =W, x,>0,t=0,...,T —1, (6.300)
i=1 i=1
for an explicitly defined risk measure p. Let, for example,
p() =1 —=PBE[-]+ BAV@R,(-), B<[0,1], « € (0, D). (6.301)
Then problem (6.300) becomes
Min (1 — AE[-Wrl+ B(—r +a 'Elr — Wrl;)
(6.302)

n n
s.t. Wy = Zgi,t-&-lxit, int =W, x,>0,t=0,...,T -1,
i=1 i=1

where r € R is the (additional) first-stage decision variable. After r is decided, at the
first stage, the problem comes to minimizing E[U (W7)] at the last stage, where U (W) :=
(1 — B)W + Ba~'[W — r]; can be viewed as a disutility function.

The respective dynamic programming equations become as follows. The last-stage
value function Q7_;(Wr_y, r) is given by the optimal value of the problem

Min E[ — (1 — p)Wr + pa”'[r — Wrl;]

xr-120,Wr

n n (6.303)
s.t. Wr = ZSiTxi.T—lv in,T—l = Wr_1.
i=1 i=1
Proceeding in this way, at stages t = T — 2, ..., 1 we consider the problems
x,i\é[,ile},ﬂ E{Q+1(Wiy1, 1)}
(6.304)

n n
s.t. Wy = E Eii+1Xits E xit = Wi,
i=1 i=1

whose optimal value is denoted Q;(W;, r). Finally, at stage t = 0 we solve the problem

Min — Br+E[Q;(W}, )]

x0>0,r,W;

n n
s.t. Wy = Zifilxio, ino = Wo.
im1 im1

(6.305)

In the above multiperiod risk averse approach, the optimal policy is not myopic and the
property of time consistency is not satisfied.
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Risk Averse Multistage Inventory Model

Consider the multistage inventory problem (1.17). The nested risk averse formulation of
that problem can be written as

XM>1£1 c1(x1 —y1) + pi [lﬂl(xl, Dy) + c2(x2 — y2) + papy [W2 (X2, Do) + - - -
+er—1(Xr—1 — Yr—1) + PT 1Dy [WT—] (x7-1, Dr—1)

+er(er = yr) + pripg,WrGer, DI
sSt.yir1=x,—D;, t=1,..., T — 1,

(6.306)

where y; is a given initial inventory level, ¥, (x;, d;) := b;[d; — x:1+ + h:[x; — d;]+, and
Py, (), t = 2,..., T, are chosen conditional risk mappings. Recall that the notation
P11D,_,, (+) stands for a conditional risk mapping obtained by using conditional expectations,
conditional on Dy,_}, and note that p; (-) is real valued and is a coherent risk measure.

As discussed earlier, there are two equivalent interpretations of problem (6.306). We
can write it as an optimization problem with respect to feasible policies x,(d|;—1}) (compare
with (6.273)):

MinxT ci(xp —y1) + pi [I/II(XI, Dy) + c2(x2(Dy) — x1 + Dy)

+ P20, [V2(x2(D1), Dy) + - -

+ cr—1(xr—1(Dir-2)) — Xx7—2(D[7-31) + D1_2)

+ pr11Dyn [¥7—1(*7-1 (Dr—2)), Dr—1)

+ cr(x7 (Dir—1)) — x7-1(Dyr—2)) + Dr_1) (6.307)

+ o110y [¥7 (X7 (D7 -1), DT)]]]]

s.t.xy = y1, x2(Dy) = x; — Dy,
x(Dyp) = x (Do) — Dy, t=3,...,T.

Alternatively, we can write dynamic programming equations. At the last staget =T,
for observed inventory level y7, we need to solve the problem

Min cr(xr — yr) + prip,_y[¥r (7, Dr)). (6.308)

X7 2yr

The optimal value of problem (6.308) is denoted Q7 (yr, Dir—1;). Continuing in this way,
we write forr =T — 1, ..., 2 the following dynamic programming equations:

Q: (s, D[r—l]) = )Icn>1§l i (xp —y) + Prt|Dy—yy [llf(x,, D)+ Q41 (Xz — Dy, D[z]) ]

(6.309)
Finally, at the first stage we need to solve the problem

Min ¢, (x1 = y1) + pi[¥(x1, D) + Q2 (x1 — Dy, D) |. (6.310)
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Suppose now that the process D, is stagewise independent. Then, by exactly the
same argument as in section 1.2.3, the cost-to-go (value) function Q,(y;, dy;—17) = Q: (1),
t = 2,...,T, is independent of dj;_;j, and by convexity arguments the optimal policy
X; = X;(d—17) is a basestock policy. That is, X, = max{y;, x;}, where x; is an optimal
solution of

N)[C/in X + pl[w(-xtv Dy) + Qry1 (xr — Dy) ] (6.311)

Recall that p, denotes the coherent risk measure corresponding to the conditional risk map-
ping Pt|Dy_yy-

Exercises

6.1. Let Z € L£1(2, F, P) be a random variable with cdf H(z) := P{Z < z}. Note
that lim,, H(z) = H(t) and denote H~(t) := lim,y, H(z). Consider functions

$1(1) == Elt — Z]4, ¢a2(1) == E[Z — 1] and ¢ (1) := Bi1¢1(t) + B2gp2(1), where
Bi1, B> are positive constants. Show that ¢y, ¢, and ¢ are real valued convex functions
with subdifferentials

dp1(t) = [H (1), H®)] and 3¢s(t) = [-1+ H (1), =1+ H(1)],

99 (1) = [(B1 + f2)H (1) — B2, (B1 + B2) H (1) — B2].

Conclude that the set of minimizers of ¢ (¢) over t € R is the (closed) interval of

[B2/(B1 + B2)]-quantiles of H(-).
6.2. () Let Y ~ N (i, 0?). Show that

V@R, (Y) = 11 + 240, (6.312)

where z, ;== ®~!(1 — «), and

o 2
AV@R,(Y) = pu + e /2, (6.313)
a2m
(i) Let Y', ..., YV be an iid sample of ¥ ~ N (u, 5?). Compute the asymptotic
variance and asymptotic bias of the sample estimator Oy, of 6* = AV@R,(Y),

defined on page 300.
6.3. Consider the chance constraint

Pr{Z&xi zb} >1—-a, (6.314)

i=1

where & ~ N (u, ') (see problem (1.43)). Note that this constraint can be written

as
V@R, (b - Z&x,) <0. (6.315)
i=l1
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6.4.

6.5.

6.6.

6.7.

Consider the following constraint:

AV@R, (b - Zaxi) <0. (6.316)
i=1

. . . _ 1 72 /2
Show that constraints (6.314) and (6.316) are equivalent if z, = e

Consider the function ¢ (x) := AV@R,(F,), where Fy = F () = F(x,w) is
a real valued random variable, on a probability space (2, ¥, P), depending on
x € R". Assume that (i) for a.e. @ € Q the function F (-, w) is continuously
differentiable on a neighborhood V of a point xy € R”, (ii) the families |F (x, w)|,
x € V,and ||V, F(x,w)||, x € V, are dominated by a P-integrable function, and
(iii) the random variable F, has continuous distribution for all x € V. Show that
under these conditions, ¢ (x) is directionally differentiable at xy and

¢'(xo.d) =" inf E {d"V,([F(x0, 0) — t13)}, (6.317)

where a and b are the respective left- and right-side (1 — «)-quantiles of the cdf of
the random variable Fy,. Conclude that if, moreover, a = b = V@R (Fy,), then
¢ (+) is differentiable at xy and

Vo (x0) = o 'E 15, ~a) (@) Vi F (x0, ®)]. (6.318)

Hint: Use Theorem 7.44 together with the Danskin theorem, Theorem 7.21.

Show that the set of saddle points of the minimax problem (6.190) is given by
{u} x [y*, y**], where y* and y** are defined in (6.192).

Consider the absolute semideviation risk measure
pe(Z2) :=E{Z +c[Z -E(2)]+}, Ze L1(Q,F,P),
where ¢ € [0, 1], and the following risk averse optimization problem:

%@E{G(%&)+C[G(X»€)—E(G(x,§))]+}- (6.319)

pclG(x,8)]

Viewing the optimal value of problem (6.319) as the Von Mises statistical functional
of the probability measure P, compute its influence function.
Hint: Use derivations of section 6.5.3 together with the Danskin theorem.

Consider the risk averse optimization problem (6.162) related to the inventory model.
Let the corresponding risk measure be of the form p; (Z) = E[Z] 4+ AD(Z), where
ID(Z) is a measure of variability of Z = Z(w) and A is a nonnegative trade-off
coefficient between expectation and variability. Higher values of A reflect a higher
degree of risk aversion. Suppose that p, is a coherent risk measure for all A € [0, 1]
and let S, be the set of optimal solutions of the corresponding risk averse problem.
Suppose that the sets Sp and S; are nonempty.

Show thatif SyNS; = @, then S, is monotonically nonincreasing or monotonically
nondecreasingin A € [0, 1]depending on whether Sy > SjorSy < S;. If SoNS; # @,
then S, = So N S for any A € (0, 1).
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6.8. Consider the news vendor problem with cost function
F(x,d)=cx +bld — x]+ + h[x —d]., where b >c>0, h >0,
and the minimax problem
Min sup Ey[F(x, D)], (6.320)
*¥20 Heom
where 90 is the set of cumulative distribution functions (probability measures) sup-
ported on (final) interval [/, u] C R, and having a given mean d € [/, u]. Show
that for any x € [/, u] the maximum of E4[F (x, D)] over H € 91 is attained at the
probability measure H = pA() + (1 — p)A(u), where p = (u — d)/(u — 1), i.e.,
the cdf H (-) is the step function
B 0 if z<l|,
H(z) = p if [ <z<u,
1 if u<z
Conclude that H is the cdf specified in Proposition 6.38 and that ¥ = H~'(k), where
k = (b —c)/(b+ h), is the optimal solution of problem (6.320). That is, x = [ if
k < pand X = u if « > p, where k = Zﬁ.
6.9. Consider the following version of the news vendor problem. A news vendor has to

decide about quantity x of a product to purchase at the cost of ¢ per unit. He can
sell this product at the price s per unit and unsold products can be returned to the
vendor at the price of r per unit. It is assumed that 0 < r < ¢ < 5. If the demand
D turns out to be greater than or equal to the order quantity x, then he makes profit
sx —cx = (s — c)x, while if D is less than x, his profitis sD + r(x — D) — cx.
Thus the profit is a function of x and D and is given by

(s —o)x if x <D,

r—cx+(G—-—r)D if x> D. (6.321)

F(x,D) = {

(a) Assuming that demand D > 0 is a random variable with cdf H(-), show that
the expectation function f(x) := Ey[F (x, D)] can be represented in the form

fX)=@6—-0ox—(s—r) /OX H(2)dz. (6.322)

Conclude that the set of optimal solutions of the problem
1\){[2618( {f) :=Eyu[F(x, D)1} (6.323)
is an interval given by the set of x-quantiles of the cdf H(-) with k := (s —

c)/(s —r).

(b) Consider the following risk averse version of the news vendor problem:

1}/{3(1)1 {¢(x) :== p[-F(x, D)]}. (6.324)
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Here p is a real valued coherent risk measure representable in the form (6.165)
and H* is the corresponding reference cdf.

(i) Show that the function ¢ (x) = p[—F (x, D)] can be represented in the form
p) = € —$)x + (s —1) / A)dz (6.325)
0

for some cdf H.

(i) Show that if p(-) :== AV@R,(-), then H(z) = max {a~'H*(z), 1}. Con-
clude that in that case, optimal solutions of the risk averse problem (6.324) are
smaller than the risk neutral problem (6.323).

6.10. Let Z; := £,(R2, F, P),i =1,2,with F| C F,andlet p : Z, — Z;.

(a) Show thatif p is a conditional risk mapping, ¥ € Z;andY > 0,then p(YZ) =
Yp(Z) for any Z € Z,.

(b) Suppose that the mapping p satisfies conditions (R'1)—(R’3), but not necessarily
the positive homogeneity condition (R’4). Show that it can be represented in
the form

[0(D)](@) = sup {E,[Z|Fi](w) = [p*(0)]() }, (6.326)

nec

where € is a set of probability measures on (€2, #,) and

[p*(W](@) = sup {E,[Z|F1](@) — [p(Z)](®)}. (6.327)

ZeZy

You may assume that #; has a countable number of elementary events.

6.11. Consider the following risk averse approach to multistage portfolio selection. Let
&1, ..., &r be the respective data process (of random returns) and consider the fol-
lowing chance constrained nested formulation:

Max E[W7]
s.t. Wiy = Xn:éi,z-&-lxita Xn:xit =W, x>0, (6.328)
i=1 i=1
Pri{Wi1 > kW, &} =1—a, t=0,...,T -1,
where k € (0, 1) and @ € (0, 1) are given constants. Dynamic programming equa-

tions for this problem can be written as follows. At the last stage t = T — 1, the
cost-to-go function Qr_1(Wr_y, &r—17) is given by the optimal value of the problem

Max E[WT |S[T—l]]

x7-120,Wr

n n
st.Wr =Y &rxir_i. Y Xy = Wr_i. (6.329)
i=1 i=1

Pr{Wr > kWr_y |&r_1}.
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and at stage t = T — 2, ..., 1, the cost-to-go function Q,(W;, §;)) is given by the
optimal value of the problem

Max E[QHI(W;H, &) |$ltl]

X 20, Wr g

sUWipr =Y EniXin, Y X =W, (6.330)
i=l i=l

PF{WH_l > kW, |$[t]} .

Assuming that the process &; is stagewise independent, show that the optimal policy
is myopic and is given by x;(W;) = W,x/, where x;* is an optimal solution of the

problem

Max E [f‘Ei,t+1] Xi,t

x>0
==t

n n
s.t. ZX’?’ =1, Pr {Z%}‘,tﬂxi,, > K} >1—o.
i=1 i=1

(6.331)



Chapter 7

Background Material

Alexander Shapiro

In this chapter we discuss some concepts and results from convex analysis, probability,
functional analysis, and optimization theories needed for a development of the material in
this book. Of course, a careful derivation of the required material goes far beyond the scope
of this book. We give or outline proofs of some results while others are referred to the
literature. Of course, this choice is somewhat subjective.

We denote by R” the standard n-dimensional vector space, of (column) vectors x =

(x1, ..., x,)", equipped with the scalar product xTy = >, xiyi. Unless stated otherwise,
we denote by || - || the Euclidean norm | x| = +/xTx. The notation AT stands for the

transpose of matrix (vector) A, and := stands for equal by definition, to distinguish it from
the usual equality sign. By R := R U {—o00} U {+00} we denote the set of extended real
numbers. The domain of an extended real valued function f : R” — R is defined as

domf :={x e R": f(x) < +o0}.

It is said that f is proper if f(x) > —oo for all x € R" and its domain, dom f, is
nonempty. The function f is said to be lower semicontinuous at a point xo € R”" if
f(xo) < liminf,_ ., f(x). It is said that f is lower semicontinuous if it is lower semi-
continuous at every point of R”. The largest lower semicontinuous function which is less
than or equal to f is denoted Isc f. It is not difficult to show that f is lower semicontinuous
iff its epigraph

epif = {(x,a) e R""": f(x) <}

is a closed subset of R"*!. We often have to deal with polyhedral functions.
Definition 7.1. An extended real valued function f : R" — R is called polyhedral if it is

proper convex and lower semicontinuous, its domain is a convex closed polyhedron, and
f () is piecewise linear on its domain.

333
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By 1,4(-) we denote the characteristic> function

14(x) :={(1) if i;ﬁ’ 7.1)

and by [ 4(-) the indicator function

0 if xeA,

too if x¢A 7.2)

Talx) := {

of set A.
By cl(A) we denote the topological closure of set A C R". For sets A, B C R" we
denote by
dist(x, A) :=infcq [[x — X' (7.3)

the distance from x € R” to A, and by
(A, B) := sup, ., dist(x, B) and H(A, B) := max {D(A, B), D(B, A)} (7.4)

the deviation of the set A from the set B and the Hausdorff distance between the sets A and
B, respectively. By the definition, dist(x, A) = +oo if A is empty, and H(A, B) = +oo if
A or B is empty.

7.1 Optimization and Convex Analysis
7.1.1 Directional Differentiability

Consider a mapping g : R* — R™. It is said that g is directionally differentiable at a point
xo € R" in a direction h € R" if the limit
g(xo +th) — g(xo)

! 13
g (x0, h) = ltlﬁ)l ; (7.5)

exists, in which case g’(xo, h) is called the directional derivative of g(x) at x¢ in the direc-
tion h. If g is directionally differentiable at x( in every direction & € R”, then it is said
that g is directionally differentiable at x,. Note that whenever exists, g’(xo, /) is positively
homogeneous in 4, i.e., g’ (xo, th) = tg'(xg, h) for any t > 0. If g(x) is directionally differ-
entiable at xo and g’(xq, k) is linear in h, then it is said that g(x) is Gateaux differentiable
at xo. Equation (7.5) can be also written in the form

g(xo +h) = g(xo) + &' (x0, h) +r(h), (7.6)

where the remainder term (k) is such that r(th)/t — 0, as ¢ | 0, for any fixed h € R".
If, moreover, g’(xg, #) is linear in & and the remainder term r (%) is “uniformly small” in
the sense that r(h)/||h|| — 0 as h — 0, i.e., r(h) = o(h), then it is said that g(x) is
differentiable at x, in the sense of Fréchet, or simply differentiable at x;.

Clearly, Fréchet differentiability implies Gateaux differentiability. The converse of
that is not necessarily true. However, the following theorem shows that for locally Lipschitz

SSFunction 14(-) is often also called the indicator function of the set A. We call it here characteristic
function in order to distinguish it from the indicator function I4(-).
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continuous mappings both concepts do coincide. Recall that a mapping (function) g : R* —
R™ is said to be Lipschitz continuous on a set X C R” if there is a constant ¢ > 0 such that

lg(x1) =gl < cllxi = X2l Vxp, x2 € X.

If g is Lipschitz continuous on a neighborhood of every point of X (probably with different
Lipschitz constants), then it is said that g is locally Lipschitz continuous on X.

Theorem 7.2. Suppose that mapping g : R" — R™ is Lipschitz continuous in a neighbor-
hood of a point xy € R" and directionally differentiable at xy. Then g'(xo, -) is Lipschitz
continuous on R" and

i g(xo + h) — g(xo) — g'(xo, h)
1im =
0 ]

Proof. For hy, h, € R" we have

0. (1.1

lg(xo + thi) — g(xo + thy)||

8" (xo, 1) — &'(xo, h2) |l = l,lff)l p

Also, since g is Lipschitz continuous near xy, say, with Lipschitz constant ¢, we have that
for ¢ > 0, small enough
lg(xo +thi) — g(xo + tho)ll < ctllhy — hyll.

It follows that ||g’(xg, 1) — &' (x0, h2)|| < c||hy — hy|| for any hy, h, € R", i.e., g'(xo, -) is
Lipschitz continuous on R”.

Consider now a sequence #; | 0 and a sequence {h;} converging to a point & € R”".
We have that

g(xo + tehi) — g(x0) = (8(xo + 1ch) — g(x0)) + (8(xo + thi) — g(xo + 1h))
and
g (xo + tkhi) — g(xo + txh)|l < cticllhy — h||
for all k large enough. It follows that

tihy) —
g (xo, h) = klim 8(xo + tihi) g(xo)'
— 00

o (7.8)

The proof of (7.7) can be completed now by arguing by a contradiction and using the fact
that every bounded sequence in R” has a convergent subsequence. [

We have that g is differentiable at a point x € R" iff
g(x +h) —g(x) =[Vg(x)]h +o(h), (7.9)

where Vg(x) is the so-called m x n Jacobian matrix of partial derivatives [dg; (x)/0x;],
i=1,....m,j=1,...,n. Ifm = 1,i.e., g(x) is real valued, we call Vg(x) the gradient
of g at x. In that case, (7.9) takes the form

g(x +h) —g(x) =h"Vg(x) +o(h). (7.10)
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Note that when g(-) is real valued, we write its gradient Vg (x) as a column vector. This is
why there is a slight discrepancy between the notation of (7.10) and notation of (7.9), where
the Jacobian matrix is of order m x n. If g(x, y) is a function (mapping) of two vector
variables x and y and we consider derivatives of g(-, y) while keeping y constant, we write
the corresponding gradient (Jacobian matrix) as V,g(x, y).

Clarke Generalized Gradient

Consider now a locally Lipschitz continuous function f : U — R defined on an open
set U C R". By Rademacher’s theorem we have that f(x) is differentiable on U almost
everywhere. That is, the subset of U where f is not differentiable has Lebesgue measure
zero. At a point x € U consider the set of all limits of the form limy_, », V f (x) such that
x; — X and f is differentiable at x;. This set is nonempty and compact, and its convex
hull is called Clarke generalized gradient of f at x and denoted 9° f (x). The generalized
directional derivative of f at x is defined as

(. d) o= limsup LT D = S

P t
tl0

(7.11)

It is possible to show that f°(x, -) is the support function of the set 9° f (x). That is,

fo(x,d)= sup z'd, VdeR" (7.12)
2€8° £ (%)

Function f is called regular in the sense of Clarke, or Clarke-regular, at x € R" if
f () is directionally differentiable at x and f’(x,-) = f°(x,-). Any convex function f
is Clarke-regular and its Clarke generalized gradient 9° f (x) coincides with the respective
subdifferential in the sense of convex analysis. For a concave function f, the function — f
is Clarke-regular, and we shall call it Clarke-regular with the understanding that we modify
the regularity requirement above to apply to — f. In this case we have also 9°(— f)(x) =
—0° f(X).

We say that f is continuously differentiable at a point x € U if 9° f (x) is a singleton.
In other words, f is continuously differentiable at x if f is differentiable at x and V f(x) is
continuous at X on the set where f is differentiable. Note that continuous differentiability
of f at a point x does not imply differentiability of f at every point of any neighborhood
of the point x.

Consider a composite real valued function f(x) := g(h(x)) with & : R" — R”" and
g : R" — R, and assume that g and / are locally Lipschitz continuous. Then

3°f(x) Ccl {conv(X::'=1 oiv; ta € 0°g(y), v, €0°h;(x), i=1,..., n)}, (7.13)

where ¢ = (g, ...,a,), y = h(x) and hy, ..., h, are components of 4. The equality in
(7.13) holds true if any one of the following conditions is satisfied: (i) gand ;,i =1, ...n,
are Clarke-regular and every element in d°g(y) has nonnegative components, (ii) g is
differentiable and n = 1, and (iii) g is Clarke-regular and 4 is differentiable.

7.1.2 Elements of Convex Analysis

Let C be a subset of R”. It is said that x € R”" is an interior point of C if there is a
neighborhood N of x such that N C C. The set of interior points of C is denoted int(C).
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The convex hull of C, denoted conv(C), is the smallest convex set including C. It is said
that C is a cone if for any x € C and ¢t > 0 it follows that tx € C. The polar cone of a cone
C c R" is defined as

Cc* = {ZGR”:ZTXSO, VXEC}. (7.14)

We have that the polar of the polar cone C** = (C*)* is equal to the topological closure of
the convex hull of C and that C** = C iff the cone C is convex and closed.

Let C be a nonempty convex subset of R”. The affine space generated by C is the
space of points in R” of the form tx 4+ (1 — )y, where x, y € C and ¢ € R. It is said that
a point x € R” belongs to the relative interior of the set C if x is an interior point of C
relative to the affine space generated by C, i.e., there exists a neighborhood of x such that
its intersection with the affine space generated by C is included in C. The relative interior
set of C is denoted ri(C). Note that if the interior of C is nonempty, then the affine space
generated by C coincides with R”, and hence in that case ri(C) = int(C). Note also that the
relative interior of any convex set C C R” is nonempty. The recession cone of the set C is
formed by vectors 4 € R” such that for any x € C and any ¢ > 0 it follows thatx +th € C.
The recession cone of the convex set C is convex and is closed if the set C is closed. Also
the convex set C is bounded iff its recession cone is {0}.

Theorem 7.3 (Helly). Let A;, i € 4, be a family of convex subsets of R". Suppose that the
intersection of any n + 1 sets of this family is nonempty and either the index set J. is finite
orthe sets A;, i € {, are closed and there exists no common nonzero recession direction to
the sets A;, i € J. Then the intersection of all sets A;, i € 4, is nonempty.

The support function s(-) = sc(-) of a (nonempty) set C C R” is defined as
S(h) :=sup,.c Z'h. (7.15)

The support function s(-) is convex, positively homogeneous, and lower semicontinuous.
The support function of a set C coincides with the support function of the set cl(convC).
If s;(-) and s,(-) are support functions of convex closed sets C; and C,, respectively, then
S1(-) <sp()Iff C; C Cypand s1(+) = s,(+) iff Cy = Cs.

Let C C R” be a convex closed set. The normal cone to C at a point xy € C is
defined as

Ne(xo) == 1{z:2"(x —x0) <0, VxeC}. (7.16)

By definition N¢ (xp) := B if xg ¢ C. The topological closure of the radial cone R ¢ (xo) :=
Us=o {t(C — x¢)} is called the tangent cone to C at xo € C, and denoted T¢ (xo). Both cones
Tc(x9) and N (xg) are closed and convex, and each one is the polar cone of the other.

Consider an extended real valued function f : R” — R. It is not difficult to show
that f is convex iff its epigraph epif is a convex subset of R"*!. Suppose that f is a
convex function and x¢ € R” is a point such that f(x¢) is finite. Then f(x) is directionally
differentiable at x, and its directional derivative f’(xo, -) is an extended real valued convex
positively homogeneous function and can be written in the form

f(xo +th) — f(xo)
; .

f'(xo0, h) = inf (7.17)
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Moreover, if x is in the interior of the domain of f(-), then f(x) is Lipschitz continuous
in a neighborhood of x, the directional derivative f”(xg, &) is finite valued for any & € R”,
and f(x) is differentiable at xq iff f'(x¢, &) is linear in 4.

It is said that a vector z € R" is a subgradient of f(x) at x¢ if

f(x) = f(xo) > z"(x —xp), VxeR" (7.18)

The set of all subgradients of f(x), at xo, is called the subdifferential and denoted 9 f (xo).
The subdifferential df (x() is a closed convex subset of R”. It is said that f is subdiffer-
entiable at x( if 9f (xo) is nonempty. If f is subdifferentiable at xg, then the normal cone
Ndom £ (X0), to the domain of f at xo, forms the recession cone of the set df (xp). It is also
clear that if f is subdifferentiable at x(, then f(x) > —oo for any x and hence f is proper.

By the duality theory of convex analysis we have that if the directional derivative
f'(xo, ) is lower semicontinuous, then

f'(xo,h) = sup z'h, VheR", (7.19)
z€9f (x0)
i.e., f'(xo, -) is the support function of the set df (x¢). In particular, if x is an interior point
of the domain of f(x), then f’(xg, -) is continuous, 3f (x¢) is nonempty and compact, and
(7.19) holds. Conversely, if af (x) is nonempty and compact, then x is an interior point of
the domain of f(x). Also, f(x) is differentiable at x( iff df (xo) is a singleton, i.e., contains
only one element, which then coincides with the gradient V f (xg).

Theorem 7.4 (Moreau—Rockafellar). Let f; : R" — Ri=1,...,m be proper convex
functions, f(-) = fi(-) +---+ fi(-) and xo be a point such that f;(xo) are finite, i.e.,
xo € N, dom f;. Then

afi(xo) + -+ + 8fm(x0) C 9f (x0). (7.20)
Moreover,

af1(x0) + -+ + fm(x0) = 9f (x0) (7.21)
if any one of the following conditions holds: (i) the set N/_ ri(dom f;) is nonempty, (ii) the
functions fi, ..., fv, kK < m, are polyhedral and the intersection of the sets ﬁf»‘zldom fi

and ML, ri(dom f;) is nonempty, or (iii) there exists a point x € dom f,, such that
x €int(dom f;),i =1,...,m — 1.

In particular, if all functions f, .. ., f,, inthe above theorem are polyhedral, then (7.21)
holds without an additional regularity condition.
Let f : R" — R be an extended real valued function. The conjugate function of f is
[@) = sup{z'x — f(x)}. (7.22)
xeR"
The conjugate function f* : R” — R is always convex and lower semicontinuous. The
conjugate of f*isdenoted f**. Note thatif f(x) = —ocoatsomex € R", then f*(-) = 400
and f**(:) = —o0.

Theorem 7.5 (Fenchel-Moreau). Let f : R — R be a proper extended real valued
convex function. Then
[ =lscf. (7.23)
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It follows from (7.23) that if f is proper and convex, then f** = f iff f is lower
semicontinuous. Also, it immediately follows from the definitions that

zedf(x) iff f*@)+ f(x)=2z"x.

By applying that to the function f**, instead of f, we obtain that z € 9™ (x) iff f**(z) +
f*™(x) = z"x. Now by the Fenchel-Moreau theorem we have that f*** = f*, and hence
z € af*™*(x)iff f*(2) + f*(x) = 7'x. Consequently, we obtain

df ™ (x) = arg max ['x - @}, (7.24)
Z€E n
and if f**(x) = f(x) and is finite, then 9™ (x) = 9f (x).
Strong Convexity. Let X C R" be anonempty closed convex set. Itis said that a function
f : X — Ris strongly convex, with parameter ¢ > 0, if>®
&)+ A =0 f(x) > f@x' + (1 —0x) + et (1 —1)|lx" — x|? (7.25)
for all x,x" € X and r € [0, 1]. It is not difficult to verify that f is strongly convex iff the

function ¥ (x) := f(x) — c|lx||? is convex on X.
Indeed, convexity of ¢ means that the inequality

tf () = Jet|x' 2+ (1 =0 f(x) = e = )llx|?
> f(tx' + (1 —0)x) — Leflex’ + (1 = x|

holds for all ¢ € [0, 1] and x, x" € X. By the identity
X'+ (=0l = llex’ + A = xl = 11 — 0)]lx" — x]%,

this is equivalent to (7.25).
If the set X has a nonempty interior and f : X — R is continuous and differentiable
at every point x € int(X), then f is strongly convex iff

)= f)+ & =)V + Lellx’ = x|, Vx,x € int(X) (7.26)
or, equivalently, iff

' =) (V) = VX)) > cllx’ —x|?>, Vx,x' €int(X). (7.27)

7.1.3 Optimization and Duality

Consider a real valued function L : X x Y — R, where X and Y are arbitrary sets. We can
associate with the function L(x, y) the following two optimization problems:

Min,ex {f(x) :=sup,cy L(x, y)}, (7.28)
Max ey {g(y) = inf ex L(x, y)}, (7.29)

36Unless stated otherwise, we denote by || - || the Euclidean norm on R”.
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viewed as dual to each other. We have that forany x € X and y € ¥,

g(y) =inf L(x",y) < L(x,y) < sup L(x,y) = f(x),
x'eX }'/GY
and hence the optimal value of problem (7.28) is greater than or equal to the optimal value
of problem (7.29). It is said that a point (x, y) € X x Y is a saddle point of L(x, y) if

L(x,y) <L(x,y) <L(x,y), V(x,y)eXxY. (7.30)

Theorem 7.6. The following holds: (i) The optimal value of problem (7.28) is greater than
or equal to the optimal value of problem (7.29). (ii) Problems (7.28) and (7.29) have the
same optimal value and each has an optimal solution iff there exists a saddle point (x, y).
In that case x and y are optimal solutions of problems (7.28) and (7.29), respectively.
(iii) If problems (7.28) and (7.29) have the same optimal value, then the set of saddle points
coincides with the Cartesian product of the sets of optimal solutions of (7.28) and (7.29).

Suppose that there is no duality gap between problems (7.28) and (7.29), i.e., their
optimal values are equal to each other, and let y be an optimal solution of problem (7.29).
By the above we have that the set of optimal solutions of problem (7.28) is contained in the
set of optimal solutions of the problem

Min L(x, ¥), (7.31)
xeX

and the common optimal value of problems (7.28) and (7.29) is equal to the optimal value
of (7.31). In applications of the above results to optimization problems with constraints, the
function L (x, y) usually is the Lagrangian and y is a vector of Lagrange multipliers. The
inclusion of the set of optimal solutions of (7.28) into the set of optimal solutions of (7.31)
can be strict (see the following example).

Example 7.7. Consider the linear problem

Minx s.t.x > 0. (7.32)

xeR
This problem has unique optimal solution X = 0 and can be written in the minimax form
(7.28) with L(x, y) := x — yx, Y := R, and X := R. The objective function g(y) of its
dual (of the form (7.29)) is equal to —oo for all y except y = 1 for which g(y) = 0. There is
no duality gap here between the primal and dual problems and the dual problem has unique
feasible point y = 1, which is also its optimal solution. The corresponding problem (7.31)
takes here the form of minimizing L(x, 1) = 0 over x € R, with the set of optimal solutions
equal to R. That is, in this example the set of optimal solutions of (7.28) is a strict subset
of the set of optimal solutions of (7.31). N

Conjugate Duality

An alternative approach to duality, referred to as conjugate duality, is the following. Con-
sider an extended real valued function ¥ : R" x R” — R. Let ¢ (y) be the optimal value
of the parameterized problem

Min y(x. y). (7.33)
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ie., ¥(y) := inf ;cre ¥ (x, y). Note that implicitly the optimization in the above problem is
performed over the domain of the function ¥ (-, y), i.e., dom ¥ (-, y) can be viewed as the
feasible set of problem (7.33).

The conjugate of the function ¥ (y) can be expressed in terms of the conjugate of
¥ (x, y). That is, the conjugate of i is

YRy = osup {@H T+ 0Ny — v ») .
(x,y)eR" xR™

and hence the conjugate of ¥ can be written as

() = supyepn {7y — 9} = sup,cpn {7y — infrern ¥ (x, )}
= Sup(x,y)e]R”xR"’ {(y*)Ty - W(Xv Y)} = I//*(Ov y*)

Consequently, the conjugate of 9* is

#**(y) = sup {0y — ¥*(0,y9}. (7.34)

}‘*ER"‘
This leads to the following dual of (7.33):

Max {(y*)Ty — ¥*(0, y"}. (7.35)

y*eRm

In the above formulation of problem (7.33) and its (conjugate) dual (7.35) we have
that 9 (y) and 9**(y) are optimal values of (7.33) and (7.35), respectively. Suppose that
¥ (+) is convex. Then we have by the Fenchel-Moreau theorem that either 9 **(-) is identi-
cally —oo, or

9 () = (Ise)(y), Yy e R™ (7.36)

It follows that ¥ **(y) < ¥ (y) for any y € R™. Itis said that there is no duality gap between
(7.33) and its dual (7.35) if 9**(y) = ¥ (y).

Suppose now that the function v (x, y) is convex (as a function of (x, y) € R" x R™).
Then it is straightforward to verify that the optimal value function ¥ (y) is also convex. It
is said that the problem (7.33) is subconsistent for a given value of y if Isc ¥ (y) < +o0.
If problem (7.33) is feasible, i.e., dom ¥ (-, y) is nonempty, then ¥ (y) < +o0o, and hence
(7.33) is subconsistent.

Theorem 7.8. Suppose that the function (-, -) is convex. Then the following holds:
(1) The optimal value function 9 (-) is convex. (ii) If problem (77.33) is subconsistent, then
VP (y) = 0(y) iff the optimal value function v (-) is lower semicontinuous at y. (iii) If
V**(y) is finite, then the set of optimal solutions of the dual problem (7.35) coincides with
00 ™ (y). (iv) The set of optimal solutions of the dual problem (7.35) is nonempty and
bounded iff ¥ (y) is finite and ¥ (-) is continuous at y.

A few words about the above statements are now in order. Assertion (ii) follows by the
Fenchel-Moreau theorem. Assertion (iii) follows from formula (7.24). If ¢ (-) is continuous
at y, then it is lower semicontinuous at y, and hence 9**(y) = ¥ (y). Moreover, in that case
0™ (y) = 99 (y) and is nonempty and bounded provided that ¥ (y) is finite. It follows
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then that the set of optimal solutions of the dual problem (7.35) is nonempty and bounded.
Conversely, if the set of optimal solutions of (7.35) is nonempty and bounded, then, by (iii),
d9**(y) is nonempty and bounded, and hence by convex analysis ©(-) is continuous at y.
Note also that if 99 (y) is nonempty, then 9**(y) = ¢ (y) and 39 (y) = 99 (y).

The above analysis can be also used to describe differentiability properties of the
optimal value function ¥ () in terms of its subdifferentials.

Theorem 7.9. Suppose that the function (-, -) is convex and let y € R™ be a given
point. Then the following holds: (i) The optimal value function ¥ (-) is subdifferentiable at
v iff 9 () is lower semicontinuous at y and the dual problem (7.35) possesses an optimal
solution. (i) The subdifferential 0V (y) is nonempty and bounded iff ¥ (y) is finite and the
set of optimal solutions of the dual problem (7.35) is nonempty and bounded. (iii) In both
above cases 3V (y) coincides with the set of optimal solutions of the dual problem (7.35).

Since ¥ (-) is convex, we also have that 9} (y) is nonempty and bounded iff 9 (y) is
finite and y € int(dom ). The condition y € int(dom ¥) means the following: there exists
a neighborhood N of y such that for any y’ € N the domain of ¥ (-, ¥') is nonempty.

As an example, let us consider the problem

Min,ex f(x)
s.t. gi(xX)+y <0, i=1,...,m, (7.37)
where X is a subset of R"”, f(x) and g; (x) are real valued functions, and y = (y1, ..., yu)

is a vector of parameters. We can formulate this problem in the form (7.33) by defining

Vix,y) = f(x)+ F(GX) +y),

where f(x) := f(x)+1Ix(x) (recall that Iy denotes the indicator function of the set X) and
F (-) is the indicator function of the negative orthant, i.e., F'(z) :=0ifz; <0,i =1,...,m,
and F (z) := +o00 otherwise, and G (x) := (g1 (x), ..., gn(x)).

Suppose that the problem (7.37) is convex, that is, the set X and the functions f(x)
and g;(x),i =1, ..., m, are convex. Then it is straightforward to verify that the function
¥ (x, y) is also convex. Let us calculate the conjugate of the function ¥ (x, y),

vty = sup {(@)Tx+ )Ty — f(x) - F(GX) + y)}
(x,y)eR" xR™
= sup )'x = f(x) = HTGx) + sup [6)T(G@) +y) — F(Gx) +y)] ¢ .

By change of variables z = G(x) + y we obtain that

sup ()G +3) = FGW) +)] = sup [0z = F@] = Ten ().
yeR™ zeR™

Therefore we obtain

Yr(e*, y*) = sup {(x*) x — L(x, y9)} + Irn (),

xeX
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where L(x, y*) := f(x) + Y i, i g (x) is the Lagrangian of the problem. Consequently,
the dual of the problem (7.37) can be written in the form

Max {ﬂy + inf L(x, x)} . (7.38)
A>0 xeX

Note that we changed the notation from y* to A in order to emphasize that the above
problem (7.38) is the standard Lagrangian dual of (7.37) with A being vector of Lagrange
multipliers. The results of Propositions 7.8 and 7.9 can be applied to problem (7.37) and its
dual (7.38) in a straightforward way.

As another example, consider a function L : R" x Y — R where Y is a vector space
(not necessarily finite dimensional), and the corresponding pair of dual problems (7.28) and
(7.29). Define

9(y,2) = sup {z'x —L(x,»)}, (r,2) €Y xR" (7.39)
xeRn?
Note that the problem
Max{—¢(y, 0)} (7.40)
yey

coincides with the problem (7.29). Note also that for every y € Y the function ¢(y, -) is
the conjugate of L(-, y). Suppose that for every y € Y the function L(-, y) is convex and
lower semicontinuous. Then by the Fenchel-Moreau theorem we have that the conjugate
of the conjugate of L(-, y) coincides with L(-, y). Consequently, the dual of (7.40), of the
form (7.35), coincides with the problem (7.28). This leads to the following result.

Theorem 7.10. Let Y be an abstract vector space and L : R" x Y — R. Suppose that:
(1) for every x € R" the function L(x, -) is concave, (ii) for every y € Y the function L(-, y)
is convex and lower semicontinuous, and (iii) problem (7.28) has a nonempty and bounded
set of optimal solutions. Then the optimal values of problems (7.28) and (7.29) are equal
to each other.

Proof. Consider function ¢(y, z), defined in (7.39), and the corresponding optimal value
function

B (z) := inf @(y, 2). (7.41)
yey

Since ¢(y, z) is given by maximum of convex in (y, z) functions, it is convex, and hence
¥ (z) is also convex. We have that — (0) is equal to the optimal value of the problem (7.29)
and —9**(0) is equal to the optimal value of (7.28). We also have that

U (z") =sup L(z*, y)

yey
and (see (7.24))
U™ (0) = — arg min e 9*(z*) = — arg min,«cpn {supyey L(z*, y)} .

That is, —9**(0) coincides with the set of optimal solutions of the problem (7.28). It
follows by assumption (iii) that d9**(0) is nonempty and bounded. Since v** : R" — R
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is a convex function, this in turn implies that ¢#**(-) is continuous in a neighborhood of
0 € R". It follows that ¥ (-) is also continuous in a neighborhood of 0 € R”, and hence
?**(0) = ©¥(0). This completes the proof. [

Remark 27. Note that it follows from the lower semicontinuity of L(-, y) that the max-
function f(x) = sup,.y L(x, y) is also lower semicontinuous. Indeed, the epigraph of
S () is given by the intersection of the epigraphs of L(-, y), y € Y, and hence is closed.
Therefore, if in addition, the set X C R” is compact and problem (7.28) has a finite optimal
value, then the set of optimal solutions of (7.28) is nonempty and compact, and hence
bounded.

Hoffman’s Lemma

The following result about Lipschitz continuity of linear systems is known as Hoffman’s
lemma. For a vectora = (ay, ..., a,)" € R™, we use notation (a)4 componentwise, i.e.,
@)y := ([a1l4, - .., [am]+)T, where [a;]4 := max{0, a;}.

Theorem 7.11 (Hoffman). Consider the multifunction M(b) := {x € R" : Ax < b}, where
A is a given m x n matrix. Then there exists a positive constant k, depending on A, such
that for any x € R" and any b € dom M,

dist(x, M(D)) < k|[(Ax — b),|. (7.42)

Proof. Suppose that b € dom M, i.e., the system Ax < b has a feasible solution. Note that
for any a € R" we have that |la|| = sup, . z'a, where || - ||* is the dual of the norm || - ||.
Then we have
dist(x, M (D)) = irj{f(b) |x —x'|| = inf sup z'(x —x') = sup inf z'(x —x’),
x'e

AX'<b 7)1+ <1 llzl*<1 Ax'<b

where the interchange of the min and max operators can be justified, for example, by applying
Theorem 7.10 (see Remark 27 on page 344). By making change of variables y = x — x’
and using linear programming duality we obtain

inf z7(x—x)= inf z'y= sup A'(Ax —b).
Ax’sbz =) AyzAxbe Y xzo,AIT)/\=z (Ax )
It follows that
dist(x, M(b)) =  sup  A'(Ax —b). (7.43)
2=0, [ATA|*<1

Since any two norms on R” are equivalent, we can assume without loss of generality that
[ - || is the £; norm, and hence its dual is the £, norm. For such choice of a polyhedral
norm, we have that the set S := {A : A > 0, ||ATA|* < 1} is polyhedral. We obtain that the
right-hand side of (7.43) is given by a maximization of a linear function over the polyhedral
set § and has a finite optimal value (since the left-hand side of (7.43) is finite), and hence
has an optimal solution A. It follows that

dist(x, M (b)) = 1" (Ax — b) < AT(Ax — b); < [AI*[I(Ax — b)4]I.



7.1. Optimization and Convex Analysis 345

It remains to note that the polyhedral set S depends only on A, and can be represented
as the direct sum S = Sy + C of a bounded polyhedral set Sy and a polyhedral cone C,
and that optimal solution A can be taken to be an extreme point of the polyhedral set Sp.
Consequently, (7.42) follows with « := maxegs, [|A[*. O

The term [|(Ax — b)+||, in the right-hand side of (7.42), measures the infeasibility of
the point x.
Consider now the following linear programming problem:

Minc'x s.t. Ax < b. (7.44)

xeR”

A slight variation of the proof of Hoffman’s lemma leads to the following result.

Theorem 7.12. Let S(b) be the set of optimal solutions of problem (7.44). Then there
exists a positive constant y, depending only on A, such that for any b, b’ € dom S and any
x € S(b),

dist(x, S(B)) < y|lb—¥|. (7.45)
Proof. Problem (7.44) can be written in the following equivalent form:

M]ién st.Ax <b, ¢'x —t <0. (7.46)
te

Denote by M (b) the set of feasible points of problem (7.46), i.e.,
M) == {(x,1): Ax <b, c'x —1t <0}.

Let b,b’ € dom S and consider a point (x,) € M(b). Proceeding as in the proof of
Theorem 7.11 we can write

dist ((x, 1), M(b)) = sup inf  Z'(x—x)+a(t—1).

’ /ol <t
l(z.a)|*<1 AX'<b', clx'<t

By changing variables y = x — x’ and s = ¢ — ¢’ and using linear programming duality, we
have

inf x—x)+at—1t)= sup AT (Ax = b)) 4+ a(c'x —1)
Ax'<b’, cTx'<t’ 2>0, ATA+ac=z
for a > 0, and for a < 0 the above minimum is —oo. By using £; norm || - ||, and hence £,
norm || - ||*, we obtain that

dist ((x, 1), M) = X" (Ax —b) +a(c'x — 1),
where (A, @) is an optimal solution of the problem

MaxOXT(Ax —bY+acx—1) st [ATA+ac|* <1, a<]l. (7.47)

2>0,a>

By normalizing ¢ we can assume without loss of generality that ||c||* < 1. Then by replacing
the constraint ||ATA +ac|* < 1 with the constraint || ATA||* < 2 we increase the feasible set
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of problem (7.47) and hence increase its optimal value. Let ():, @) be an optimal solution of
the obtained problem. Note that A can be taken to be an extreme point of the polyhedral set
S := {A : |ATA|I* < 2}. The polyhedral set S depends only on A and has a finite number
of extreme points. Therefore IA]1* can be bounded by a constant y which depends only on
A. Since (x,t) € M(b), and hence Ax — b < 0 and c'x —t <0, we have

A(Ax =) =" (Ax = b) + 2T (b — b)) <AV (b —b) < IAI*I1b - V)|
and a(c'x — 1) < 0, and hence
dist ((x, 1), MB)) < A6 = V|l < ylIb—b|I. (7.48)

The above inequality implies (7.45). [

7.1.4 Optimality Conditions

Consider the optimization problem

Min f(x), (7.49)
xeX
where X ¢ R” and f : R” — R is an extended real valued function.

First Order Optimality Conditions

Convex Case. Suppose that the function f : R” — R is convex. It follows immediately
from the definition of the subdifferential that if f(x) is finite for some point x € R", then
f(x) = f(x) for all x € R" iff

0 € df (). (7.50)

That is, condition (7.50) is necessary and sufficient for the point x to be a (global) minimizer
of f(x) over x € R".

Suppose, further, that the set X C R” is convex and closed and the function f : R* —
R is proper and convex, and consider a point ¥ € X N dom f. It follows that the function
f (x) := f(x) + Ix(x) is convex, and of course the point x is an optimal solution of the
problem (7.49) iff x is a (global) minimizer of f(x). Suppose that

ri(X) Nri(dom f) # 9. (7.51)

Then by the Moreau—Rockafellar theorem we have that o f (x) = df (x)+0Ix(x). Recalling
that 0y (x) = Nx(Xx), we obtain that x is an optimal solution of problem (7.49) iff

0 € df(x) + Nx(x), (7.52)

provided that the regularity condition (7.51) holds. Note that (7.51) holds, in particular, if
X € int(dom f).

Nonconvex Case. Assume that the function f : R* — R is real valued continuously
differentiable and the set X is closed (not necessarily convex).
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Definition 7.13. The contingent (Bouligand) cone to X at x € X, denoted Tx (x), is formed
by vectors h € R" such that there exist sequences hy — h andty, |, 0 suchthatx +t hy, € X.

Note that Tx (x) is nonempty only if x € X. If the set X is convex, then the contingent
cone Ty (x) coincides with the corresponding tangent cone. We have the following simple
necessary condition for a point x € X to be a locally optimal solution of problem (7.49).

Proposition 7.14. Let x € X be a locally optimal solution of problem (7.49). Then
W'V (%) >0, VheTxQX). (7.53)

Proof. Consider h € Tx(x) and let iy — h and #; | O be sequences such that x; :=
X + tthy € X. Since x € X is a local minimizer of f(x) over x € X, we have that
f(xx) — f(x) = 0. We also have that

fO0) = fB) = ah"V £ (%) + o(to),
and hence (7.53) follows. [0
Condition (7.53) means that V f(x) € —[Tx(x)]*. If the set X is convex, then the
polar [Tx (x)]* of the tangent cone Ty (x) coincides with the normal cone Ny (x). Therefore,
if f(-) is convex and differentiable and X is convex, then optimality conditions (7.52) and

(7.53) are equivalent.
Suppose now that the set X is given in the form

X:={xeR":Gx) e K}, (7.54)

where G(-) = (g1(:), ..., gn(*)) : R" — R™ is a continuously differentiable mapping and
K C R™ is a closed convex cone. In particular, if K := {0,} x R”™?, where 0, € R? is
the null vector and R” ¥ = {y € R"7 : y < 0}, then formulation (7.54) becomes

X={xeR':gx)=0i=1,....q, §(x) <0, i=q+1,....m}. (7.55)

Under some regularity conditions (called constraint qualifications), we have the fol-
lowing formula for the contingent cone 7x (x) at a feasible point x € X:

Tx(x) ={h e R" : [VGX)]h € Tx (G (X))}, (7.56)
where VG (x) = [Vg1(X), ..., Vgu )17 is the corresponding m x n Jacobian matrix. The
following condition is called the Robinson constraint qualification:

[VGX)IR" + T (G(x)) = R™. (7.57)

If the cone K has a nonempty interior, Robinson constraint qualification is equivalent to the
following condition:
dh: G(X)+[VGX)]h € int(K). (7.58)

In case X is given in the form (7.55), Robinson constraint qualification is equivalent to the
Mangasarian—Fromovitz constraint qualification:

Vgi(x), i=1,...,q, arelinearly independent,
3h: h'Vgi(x)=0,i=1,...,q, (7.59)
hVgi (%) <0, i € 4(%),
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where {(x) := {i e{g+1,....m}:g(x) = O} denotes the set of active at x inequality
constraints.
Consider the Lagrangian

L(x,3) = f(x)+ Y higi(x)
i=1

associated with problem (7.49) and the constraint mapping G (x). Under a constraint qual-
ification ensuring validity of formula (7.56), the first order necessary optimality condition
(7.53) can be written in the following dual form: there exists a vector A € R™ of Lagrange
multipliers such that

V.L(x,2) =0, GXx) eK, reK*, ATG@EF) =0. (7.60)
Denote by A (x) the set of Lagrange multipliers vectors A satisfying (7.60).

Theorem 7.15. Let x be a locally optimal solution of problem (7.49). Then the set A(X)
Lagrange multipliers is nonempty and bounded iff Robinson constraint qualification holds.

In particular, if A(x) is a singleton (i.e., there exists unique Lagrange multiplier
vector), then Robinson constraint qualification holds. If the set X is defined by a finite
number of constraints in the form (7.55), then optimality conditions (7.60) are often referred
to as the Karush—Kuhn-Tucker (KKT) necessary optimality conditions.

Second Order Optimality Conditions

We assume in this section that the function f(x) is real valued twice continuously differen-
tiable and we denote by V2 f(x) the Hessian matrix of second order partial derivatives of
f at x. Let x be a locally optimal solution of problem (7.49). Consider the set (cone)

CE) :={heTx(X :h'Vf(E) =0}. (7.61)

The cone C (x) represents those feasible directions along which the first order approximation
of f(x) at x is zero and is called the critical cone. The set

Ty (x,h) == {z € R" : dist (x + th + 1’z, X) = o(t?), t > 0} (7.62)

is called the (inner) second order tangent set to X at the point x € X in the direction A.
That is, the set ‘J"Xz(x, h) is formed by vectors z such that x +th + %tzz +r(t) € X for some
r(t) = o(t?),t > 0. Note that this implies that x + th + o(¢) € X, and hence 'sz(x, h) can
be nonempty only if & € Tx(x).

Proposition 7.16. Let X be a locally optimal solution of problem (1.49). Then’’

RV f(@)h —s(=Vf(E),T¢(E ) =0, VheCE). (7.63)

STRecall that s(v, A) = sup,., z' v denotes the support function of set A.
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a2

Proof. For some h € C(x) and z € Ty (X, h) consider the (parabolic) curve x(t) :=
X +th+ %tzz. By the definition of the second order tangent set, we have that there exists
r(t) = o(t?) such that x(t) + () € X, t > 0. It follows by local optimality of X that
f (x(t)+r(t)) — f(x) > 0forall t > 0 small enough. Since r(¢) = o(¢*), by the second
order Taylor expansion we have

@O +r@) — fGE) =th' V&) + 12 [Z'VFE) + V@] + o(t?).

Since i € C(x), the first term in the right-hand side of the above equation vanishes. It
follows that

VFER) +RVEF(X)h >0, YheCQX), Vze TE(x,h). (7.64)

Condition (7.64) can be written in the form

inf {'VfGE) +h'VIf@h} =0, VheCH). (7.65)
€T3 (x,h)
Since
inf Z'Vf@E) =— sup z' (-Vf(X)=-s(-VfQ),T¢E h),
Z€TZ(E.h) 2€T2(%.h)

the second order necessary conditions (7.64) can be written in the form (7.63). [0

If the set X is polyhedral, then for x € X and 2 € Ty (x) the second order tangent set
sz (x, h) is equal to the sum of T (x) and the linear space generated by vector k. Since for
h € C(x) we have that ATV f(x) = 0 and because of the first order optimality conditions
(7.53), it follows that if the set X is polyhedral, then the term s (—V f(¥), TZ(X, 1)) in
(7.63) vanishes. In general, this term is nonpositive and corresponds to a curvature of the
set X at x.

If the set X is given in the form (7.54) with the mapping G (x) being twice continuously
differentiable, then the second order optimality conditions (7.63) can be written in the
following dual form.

Theorem 7.17. Let x be a locally optimal solution of problem (7.49). Suppose that the
Robinson constraint qualification (7.57) is fulfilled. Then the following second order nec-
essary conditions hold:

sup {ATVZ.L(X, Mh—s (A, T(h)} =0, VheC), (7.66)

AEA(X)
where T(h) := TZ(G (%), [VG(®)]h).

Note that if the cone K is polyhedral, then the curvature term s (A, T(h)) in (7.66)
vanishes. In general, s (A, T(k)) < 0 and the second order necessary conditions (7.66) are
stronger than the “standard” second order conditions:

sup h'VZ L(X,Mh >0, VheC(x). (7.67)
AEA(X)
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Second Order Sufficient Conditions. Consider condition
RV f(©)h — s (=V (%), T (&, b)) >0, YheCE), h#0. (7.68)

This condition is obtained from the second order necessary condition (7.63) by replacing
the “>" 0 sign with the strict inequality sign “>" 0. Necessity of second order conditions
(7.63) was derived by verifying optimality of x along parabolic curves. There is no reason
a priori that verification of (local) optimality along parabolic curves is sufficient to ensure
local optimality of x. Therefore, in order to verify sufficiency of condition (7.68) we need
an additional condition.

Definition 7.18. It is said that the set X is second order regular at x € X if for any sequence
X € X of the form x;, = x + t;h + %t,frk, where t;, | 0 and t,r;, — 0, it follows that

lim dist (r¢, 757 (%, h)) = 0. (7.69)
k—o00

Note that in the above definition the term %t,frk = o(1;), and hence such a sequence
X € X canexistonly if 4 € Tx(x). It turns out that second order regularity can be verified
in many interesting cases. In particular, any polyhedral set is second order regular, the cone
of positive semidefinite symmetric matrices is second order regular, etc. We refer to [22,
section 3.3] for a discussion of this concept.

Recall that it is said that the quadratic growth condition holds at x € X if there exist
constant ¢ > 0 and a neighborhood N of x such that

fx) > f&E +cllx —x|% V¥xeXNN. (7.70)

Of course, the quadratic growth condition implies that x is a locally optimal solution of
problem (7.49).

Proposition 7.19. Let x € X be a feasible point of problem (7.49) satisfying first order
necessary conditions (7.53). Suppose that X is second order regular at x. Then the second
order conditions (7.68) are necessary and sufficient for the quadratic growth at X to hold.

Proof. Suppose that conditions (7.68) hold. In order to verify the quadratic growth condition
we argue by a contradiction, so suppose that it does not hold. Then there exists a sequence
x; € X \ {x} converging to x and a sequence c; | O such that

FOw) = f@) < allwe — %1% (7.71)
Denote t; := ||x; — x| and hy, := tk_l (xx — x). By passing to a subsequence if necessary we

can assume that /; converges to a vector 4. Clearly & # 0 and by the definition of Ty (x) it
follows that & € Tx(x). Moreover, by (7.71) we have

at? > fu) — f&) = t5h"VF(E) +on),

and hence 4TV f(X) < 0. Because of the first order necessary conditions it follows that
h'V f(x¥) = 0, and hence h € C(x).
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Denote ry 1= 2t,:1(hk — h). We have that x;, = x + ,h + %t,frk € X and fxry — 0.
Consequently it follows by the second order regularity that there exists a sequence z; €
TXZ (%, h) such that ry —z; — 0. Since A"V f(x) = 0, by the second order Taylor expansion
we have

fo) = fFGE+teh + 3tir) = fF@E) + 12 [l V@) + ATV D] + o).

72

Moreover, since z; € Ty (x, h) we have that
V@ +hVf(©Oh = c,
where c is equal to the left-hand side of (7.68), which by the assumption is positive. It
follows that
f) = f@) + Sella = 517 + ollue — 21,

a contradiction with (7.71).

Conversely, suppose that the quadratic growth condition holds at x. It follows that
the function ¢ (x) := f(x) — %c||x — X||? also attains its local minimum over X at x. Note
that Vo (X) = V £ (¥) and h"V2¢(X)h = h"V? f(X)h — c||h||>. Therefore, by the second
order necessary conditions (7.63), applied to the function ¢, it follows that the left-hand
side of (7.68) is greater than or equal to ¢||/||?>. This completes the proof. [

If the set X is given in the form (7.54), then similar to Theorem 7.17 it is possible to
formulate second order sufficient conditions (7.68) in the following dual form.

Theorem 7.20. Let x € X be a feasible point of problem (7.49) satisfying first order
necessary conditions (7.60). Suppose that the Robinson constraint qualification (7.57) is
fulfilled and the set (cone) K is second order regular at G (x). Then the following conditions
are necessary and sufficient for the quadratic growth at X to hold:

sup {R'VLL(E Mh—s(, T(h)} >0, VheCQX), h#0, (7.72)

rEA(X)
where T(h) := T2(G(X), [VG(X)]h).

Note again that if the cone K is polyhedral, then K is second order regular and the
curvature term s (A, T (h)) in (7.72) vanishes.

7.1.5 Perturbation Analysis
Differentiability Properties of Max-Functions

We often have to deal with optimal value functions, say, max-functions of the form

¢ (x) :=supg(x,0), (7.73)

fe®

where g : R" x ® — R. In applications the set ® usually is a subset of a finite dimensional
vector space. At this point, however, this is not important and we can assume that ® is an
abstract topological space. Denote

O(x) := arg rgleag g(x,0).
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The following result about directional differentiability of the max-function is often
called the Danskin theorem.

Theorem 7.21 (Danskin). Let ® be a nonempty, compact topological space and g
R" x ® — R be such that g(-,0) is differentiable for every 0 € ® and V,g(x,0) is
continuous on R" x ®. Then the corresponding max-function ¢ (x) is locally Lipschitz
continuous, directionally differentiable, and

@' (x,h) = sup h'V,g(x,0). (7.74)
HeO(x)

In particular;, if for some x € R" the set ©(x) = {0} is a singleton, then the max-function
is differentiable at x and

Vo (x) = V,g(x,0). (7.75)

In the convex case we have the following result giving a description of subdifferentials
of max-functions.

Theorem 7.22 (Levin—Valadier). Ler ® be a nonempty compact topological space and
g :R" x ® — R be a real valued function. Suppose that (i) for every 6 € © the function
go(-) = g(-,0) is convex on R" and (ii) for every x € R" the function g(x, -) is upper
semicontinuous on ©. Then the max-function ¢ (x) is convex real valued and

3¢ (x) = cl {conv (Upepr) 080 (X))} . (7.76)

Let us make the following observations regarding the above theorem. Since O is
compact and by the assumption (ii), we have that the set @ (x) is nonempty and compact.
Since the function ¢ (-) is convex real valued, it is subdifferentiable at every x € R" and its
subdifferential d¢ (x) is a convex, closed bounded subset of R”. It follows then from (7.76)
that the set A := Uy g(,)98¢(x) is bounded. Suppose further that

(iii) For every x € R” the function g(x, -) is continuous on ®.

Then the set A is closed and hence is compact. Indeed, consider a sequence z; € A. Then,
by the definition of the set A, z; € dgg, (x) for some sequence 6; € O(x). Since O(x) is
compact and A is bounded, by passing to a subsequence if necessary, we can assume that
6 converges to a point @ € @(x) and z; converges to a point 7 € R”. By the definition of
subgradients z; we have that for any x” € R” the following inequality holds

86, (x") — 8o, (x) > Z,I(x’ —X).

By passing to the limit in the above inequality as k — oo, we obtain that 7 € dgg(x). It
follows that 7 € A, and hence A is closed. Now since, the convex hull of a compact subset
of R” is also compact, and hence is closed, we obtain that if assumption (ii) in the above
theorem is strengthened to assumption (iii), then the set inside the parentheses in (7.76) is
closed, and hence formula (7.76) takes the form

3¢ (x) = conv (Upea ) 080 (x)) - (7.77)
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Second Order Perturbation Analysis

Consider the following parameterization of problem (7.49):
Min f(x) + tn,(x), (7.78)
xeX

depending on parameter t € R,. We assume that the set X C R”" is nonempty and compact
and consider a convex compact set U C R” such that X C int(U). It follows, of course, that
the set U has a nonempty interior. Consider the space W' *°(U) of Lipschitz continuous
functions ¢ : U — R equipped with the norm

¥ v = sup [¥(x)| 4 sup [V (x)]| (7.79)

xeU xel’

with U’ C int(U) being the set of points where 1 (-) is differentiable. Recall that by the
Rademacher theorem, a function ¥ (-) € W (U) is differentiable at almost every point
of U. We assume that the functions f(-) and 5,(-), t € R, are Lipschitz continuous on
U,ie., f,n, € Wh®(U). We also assume that 1, converges (in the norm topology) to a
function § € W (U), that s, ||n, — 8|l;.u — Oast | 0.

Denote by v(¢) the optimal value and by x(¢) an optimal solution of (7.78), i.e.,

v(t) == )1(15( {f(x) + tn,(x)} and x(t) € argﬂréi)r(l {f(x) + tr],(x)}.

We will be interested in second order differentiability properties of v(¢) and first order
differentiability properties of X (¢) at t = 0. We assume that f(x) has unique minimizer
x over x € X, i.e., the set of optimal solutions of the unperturbed problem (7.49) is the
singleton {x}. Moreover, we assume that §(-) is differentiable at x and f(x) is twice
continuously differentiable at x. Since X is compact and the objective function of problem
(7.78) is continuous, it has an optimal solution for any 7.

The following result is taken from [22, section 4.10.3].

Theorem 7.23. Let x be unique optimal solution of problem (7.49). Suppose that: (i) the
set X is compact and second order regular at x, (i) n; converges (in the norm topology)
tod € Whe(U) as t | 0, (iil) 8(x) is differentiable at X and f(x) is twice continuously
differentiable at x, and (iv) the quadratic growth condition (7.70) holds. Then

V(1) = v(0) + 11, (%) + 51T (8) +0(t?), 120, (7.80)
where 0 ¢(8) is the optimal value of the auxiliary problem

hlvg(g) [2h"V8 (%) + ATV f(E)h —s(— Vf(X), T (E, h)}. (7.81)

Moreover, if (7.81) has unique optimal solution h, then
i) =x+th+o@), t=>0. (7.82)

Proof. Since the minimizer x is unique and the set X is compact, it is not difficult to show
that, under the specified assumptions, x(¢) tends to x as ¢t | 0. Moreover, we have that
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|X(#) — x|| = O(t), t > 0. Indeed, by the quadratic growth condition, for > 0 small
enough and some ¢ > 0 it follows that

v(t) = fFED) + 0, (X(1) = f(X) + cllZ@) — E|* + 10, (F(2)).
Since x € X we also have that v(f) < f(x) + tn,(x). Consequently,
10 (X(0) — 0 (X)| = || %) — ||
Moreover, |n,(x(t)) — n,(x)| = O(||x(¢) — x||), and hence || x(t) — x|| = O(¢).
Leth € C(x) and w € TXZ (x, h). By the definition of the second order tangent set
it follows that there is a path x(¢) € X of the form x(¢t) = x + th + %tzw + o(t?). Since

x(t) € X we have that v(¢) < f(x()) + tn,(x(z)). Moreover, by using the second order
Taylor expansion of f(x) at x = x we have

Fx@®) = f&) +th'VE) + 12w VEE) + 1TV (@R + o),

and since & € C(xX) we have that ATV f(X) = 0. Also since ||, — 8||1.00 — 0, we have by
the mean value theorem that

N (x (1)) = 8(x(1)) = 1 (X) = 8(x) +0(1)
and since §(x) is differentiable at x that
8(x(1)) = 8(X) + th'V8(X) + o(1).
Putting this all together and noting that f(x) = v(0), we obtain that

F@)+1n,(x(1)) = v(0)+11,(X) +1*h"VEE) +L2hTV f (B h+ 12wV £ (X)) +o(?).

Consequently,
t) —v(0) —tn,(x
Jim sup 2 ”(1 :2 M) BTV + hTV f(E)h 4wV (). (7.83)
0 3

72

Since the above inequality (7.83) holds for any w € Ty (X, &), by taking minimum (with
respect to w) in the right-hand side of (7.83) we obtain for any h € C(x),

. v(r) —v(0) — 1, (X)
im sup

¥ <2h'V8(E) +h'VAF(©)h —s(— Vf(X), Ty (&, h)).
110 3

In order to show the converse estimate, we argue as follows. Consider a sequence
t 4 0and x; := X (#). Since ||X(t) — x|| = O(¢), we have that (x; — x)/# is bounded, and
hence by passing to a subsequence if necessary we can assume that (x; — x)/# converges
to a vector h. Since x; € X, it follows that & € Tx(x). Moreover,

v(t) = f) + iy () = F(X) + 15h'V F(X) + 68(F) + o(ty),



7.1. Optimization and Convex Analysis 355

and by the Danskin theorem v'(0) = §(x). It follows that 2TV f(¥) = 0, and hence
h € C(x). Consider ry :=2(x;y — X — tkh)/tkz, i.e., ry are such that x; = x + ;h + %tkzrk.
Note that f;r; — 0 and x; € X and hence, by the second order regularity of X, there exists
wy € T2(%, h) such that ||y — wy|| — 0. Finally,

v(t) = )+ ang ()
= fX) 4+t (X) + ZhTVE(X) + 3iZhTV2 f (DR + Lifw(V f(X) + o(t})
> 0(0) + (0, (X) + 17h V(%) + LZhTV? f()h
35 inf gz WV (X)) + o).

It follows that
t) —v(0) —1t X
limﬁ)nf v(®) v(] :2 () > 21"V8(X) +h' V2 f(©)h —s(— VF(X), T (E, h)).
t =
2

This completes the proof of (7.80).

Also by the above analysis we have that any accumulation point of (x(¢) — x)/t, as
t } 0, is an optimal solution of problem (7.81). Since (x(¢) — x)/t is bounded, the assertion
(7.82) follows by compactness arguments. [

As in the case of second order optimality conditions, we have here that if the set X is
polyhedral, then the curvature term s( — Vf(x), sz (x, h)) in (7.81) vanishes.

Suppose now that the set X is given in the form (7.54) with the mapping G (x) being
twice continuously differentiable. Suppose further that the Robinson constraint qualification
(7.57), for the unperturbed problem, holds. Then the optimal value of problem (7.81) can
be written in the following dual form:

W) = inf sup {2h'VS(X) + VL LE MR —s(r, T(h)}, (7.84)
: heC(®) seA®) -

where T(h) = TKZ(G(JE), [VG()?)]h). Note again that if the set K is polyhedral, then the
curvature term s(A, ‘Z(h)) in (7.84) vanishes.

Minimax Problems

In this section we consider the minimax problem

Min { ¢ (x) := sup f(x, y)} (7.85)
xeX yeY

and its dual
hy/[eayx (y) = ;relg f(x, y)} . (7.86)

We assume that the sets X C R" and ¥ C R™ are convex and compact, and the function
f : X x Y — Ris continuous,’® i.e., f € C(X,Y). Moreover, assume that f(x, y) is

38Recall that C(X,Y) denotes the space of continuous functions i : X x ¥ — R equipped with the
sup-norm [|{| = sup, y)exxy ¥ (x, ).
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convex in x € X and concave in y € Y. Under these conditions there is no duality gap
between problems (7.85) and (7.86), i.e., the optimal values of these problems are equal to
each other. Moreover, the max-function ¢ (x) is continuous on X and problem (7.85) has a
nonempty set of optimal solutions, denoted X*, the min-function ¢(y) is continuous on Y,
and problem (7.86) has a nonempty set of optimal solutions, denoted Y*, and X* x Y* forms
the set of saddle points of the minimax problems (7.85) and (7.86).

Consider the following perturbation of the minimax problem (7.85):

Min sup { £ (x. y) + i (x. )}, (7.87)

}G

where n, € C(X, Y),t > 0. Denote by v(¢) the optimal value of the parameterized problem
(7.87). Clearly v(0) is the optimal value of the unperturbed problem (7.85). We assume
that n, converges uniformly (i.e., in the sup-norm) as ¢ | O to a function y € C(X,Y),
that is

lim sup |n,(x,y) —y(x,y)|=0.
10 xex, yey

Theorem 7.24. Suppose that (i) the sets X C R" and Y C R™ are convex and compact,
(ii) for all t > O the function ¢, := f + tn, is continuous on X x Y, convex in x € X and
concave in'y € Y, and (iii) n, converges uniformly as t | 0 to a function y € C(X,Y).

Then 0
[ p—
lim 2O =YO o sup y e ). (7.88)
t}0 t YeX* yeyx
Proof. Consider a sequence f; | 0. Denote n; := n, and & = &, = f + tine. By
the assumption (ii) we have that functions ¢ (x, y) are continuous and convex-concave on
X x Y. Also by the definition

v(t) = lnf sup &r(x, y).

VEY
For a point x* € X* we can write

v(0) = sup f(x*,y) and v(f) < sup & (x*, y).

yeY yeY

Since the set Y is compact and function ;(x*, -) is continuous, we have that the set
arg maxyey (x(x*, ) is nonempty. Let y; € arg maxyey {x(x*, ¥). We have that

argmax f(x*,y) =Y*
yeY

and, since ¢, tends (uniformly) to f, we have that y; tends in distance to Y* (i.e., the distance
from y; to Y* tends to zero as k — 00). By passing to a subsequence if necessary we can
assume that y; converges to a point y* € Y as k — oo. It follows that y* € Y*, and of
course we have that

sup f(x*, y) = f(x*, yi).

yey
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Also since 7, tends uniformly to y, it follows that n; (x*, y¢) — y (x*, ¥*). Consequently
v(t) — v(0) < &e(x™, v — T, yi) = e (67, yi) = tey (37, ¥ + o).
‘We obtain that for any x* € X* there exists y* € Y* such that

5 v(tx) — v(0)
im sup —

k—o00 k

<y (', o).

It follows that

. v(7) — v(0)
im sup ————

k—o00 k

< inf sup y(x, ). (7.89)
xeX* yey*

In order to prove the converse inequality we proceed as follows. Consider a sequence
X € argmingcx 6x(x), where 6 (x) = SUpyey r(x,y). We have that 6, : X — R
are continuous functions converging uniformly in x € X to the max-function ¢ (x) =
sup,.y f(x,y). Consequently x; converges in distance to the set arg min,cx ¢ (x), which
is equal to X*. By passing to a subsequence if necessary we can assume that x; converges
to a point x* € X*. Forany y € Y* we have v(0) < f(x, ¥). Since {(x, y) is convex—
concave, it has a nonempty set of saddle points X; x Y. We have that x; € X}, and hence
v(ty) > &k (xx, y) forany y € Y. It follows that for any y € Y*,

v(t) —v(0) = &k, ¥) — [, ¥) = (3™, y) + o(t)
holds, and hence

lim inf 2 = 2@

k— 00 k

>y (", y).

Since y was an arbitrary element of Y*, we obtain that

- v(tx) —v(0)

limin > sup y(x7, y),
k— o0 I yer*
and hence
) — v(0
iminf 20 =VO e sup v (x y). (7.90)
k—00 7% xeX* yey*

The assertion of the theorem follows from (7.89) and (7.90). O

7.1.6 Epiconvergence

Consider a sequence f; : R* — R, k = 1,..., of extended real valued functions. It is
said that the functions f; epiconverge to a function f : R" — R, written f; 5 f, if the
epigraphs of the functions f; converge, in a certain set-valued sense, to the epigraph of f.
It is also possible to define the epiconvergence in the following equivalent way.
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Definition 7.25. It is said that f; epiconverge to f if for any point x € R" the following
two conditions hold: (i) for any sequence x; converging to x one has

liminf fi(xi) = f (x); (7.91)

(ii) there exists a sequence x; converging to x such that>®

lim sup fi (xx) < f(x). (7.92)
k—o00

Epiconvergence f; Sf implies that the function f is lower semicontinuous.

For & > 0 we say that a point X € R” is an e-minimizer® of f if f(X) < inf f(x)+e.
(We write here inf f(x) for inf,cg» f(x).) Clearly, for ¢ = O the set of e-minimizers of f
coincides with the set arg min f (of minimizers of f).

Proposition 7.26. Suppose that f; 5 f. Then
lim sup [inf f;(x)] < inf f(x). (7.93)

k—00

Suppose, further, that (i) for some g |, O there exists an e,-minimizer xi of fi(-) such that
the sequence xy converges to a point X. Then X € argmin f and

lim [inf fi(x)] = inf (). (7.94)

Proof. Consider a point x € R" and let x; be a sequence converging to x such that the
inequality (7.92) holds. Clearly fi(xx) > inf fi(x) for all k. Together with (7.92) this
implies that

f(x) = limsup fi(xx) = limsup [inf fi(x)].

k— 00 k— 00

Since the above holds for any x, the inequality (7.93) follows.
Now let x; be a sequence of ;-minimizers of f; converging to a point x. We have
then that f; (x;) < inf f;(x) + &, and hence by (7.93) we obtain

li;fn inf [inf fi(x)] = lilgn inf [inf fi(x) + &¢] > li;fn inf fi(x;) > f(x) > inf f(x).

Together with (7.93) this implies (7.94) and f(x) = inf f(x). This completes the
proof. O

Assumption (i) in the above proposition can be ensured by various boundedness con-
ditions. Proof of the following theorem can be found in [181, Theorem 7.17].

Theorem 7.27. Let fi : R" — R be a sequence of convex functions and f : R* — R be a
convex lower semicontinuous function such that dom f has a nonempty interior. Then the

following are equivalent: (1) fi 5 f, (i) there exists a dense subset D of R" such that

Note that here some (all) points x; can be equal to x.
%0For the sake of convenience, we allow in this section for a minimizer, or e-minimizer, X to be such that
f(x) is not finite, i.e., can be equal to +00 or —oo.
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fi(x) = f(x) forall x € D, and (iii) fi(-) converges uniformly to f(-) on every compact
set C that does not contain a boundary point of dom f.

7.2 Probability
7.2.1 Probability Spaces and Random Variables

Let €2 be an abstract set. Itis said that a set ¥ of subsets of Q2 is a sigma algebra (also called
sigma field) if (i) it is closed under standard set theoretic operations (i.e., if A, B € ¥, then
ANBe F,AUB c Fand A\ B € F), (ii) the set  belongs to F, and (iii) if®! A; € F,
i € N, then U;cyA; € F. The set Q2 equipped with a sigma algebra ¥ is called a sample or
measurable space and denoted (2, ). Aset A C Q2 is said to be F -measurable if A € F .
It is said that the sigma algebra ¥ is generated by its subset § if any F -measurable set can
be obtained from sets belonging to § by set theoretic operations and by taking the union
of a countable family of sets from §. That is, ¥ is generated by § if ¥ is the smallest
sigma algebra containing 4. If we have two sigma algebras ¥, and #; defined on the same
set €2, then it is said that #] is a subalgebra of ¥, if | C #;. The smallest possible sigma
algebra on 2 consists of two elements €2 and the empty set ). Such sigma algebra is called
trivial. An ¥ -measurable set A is said to be elementary if any F -measurable subset of A
is either the empty set or the set A. If the sigma algebra ¥ is finite, then it is generated by
afamily A; C @,i =1, ..., n, of disjoint elementary sets and has 2" elements. The sigma
algebra generated by the set of open (or closed) subsets of a finite dimensional space R™ is
called its Borel sigma algebra. An element of this sigma algebra is called a Borel set. For
a considered set £ C R we denote by B the sigma algebra of all Borel subsets of E.

Afunction P : ¥ — R, is called a (sigma-additive) measure on (2, ¥) if for every
collection A; € ¥,i € N, suchthat A; N A; = ¢ forall i # j, we have

P(Uien Ai) = Yoy P(AD). (7.95)

In this definition it is assumed that for every A € ¥, and in particular for A = Q, P(A)
is finite. Sometimes such measures are called finite. An important example of a measure
which is not finite is the Lebesgue measure on R™. Unless stated otherwise, we assume that
a considered measure is finite. A measure P is said to be a probability measure if P(2) = 1.
A sample space (€2, ¥) equipped with a probability measure P is called a probability space
and denoted (2, ¥, P). Recall that ¥ is said to be P-complete if A C B, B € ¥, and
P(B) =0, implies that A € ¥, and hence P(A) = 0. Since it is always possible to enlarge
the sigma algebra and extend the measure in such a way as to get complete space, we can
assume without loss of generality that considered probability measures are complete. It is
said that an event A € F happens P-almost surely (a.s.) or almost everywhere (a.e.) if
P(A) = 1, or equivalently P(2\ A) = 0. We also sometimes say that such an event
happens with probability one (w.p. 1).

Let P an Q be two measures on a measurable space (2, ). It is said that Q is
absolutely continuous with respect to P if A € ¥ and P(A) = 0 implies that Q(A) = 0.
If the measure Q is finite, this is equivalent to condition: for every ¢ > 0 there exists § > 0
such that if P(A) < §, then Q(A) < e.

6By N we denote the set of positive integers.
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Theorem 7.28 (Radon-Nikodym). If P and Q are measures on (2, ), then Q is ab-
solutely continuous with respect to P iff there exists a function f : Q — R, such that

Q(A) = [, fdP forevery A € F.

The function f in the representation Q(A) = f 4 fdP is called density of measure Q
with respect to measure P. If the measure Q is a probability measure, then f is called the
probability density function (pdf). The Radon—Nikodym theorem says that measure Q has
a density with respect to P iff Q is absolutely continuous with respect to P. We write this
as f =dQ/dPordQ = fdP.

A mapping V : Q — R is said to be measurable if for any Borel set A € B, its
inverse image V(A == {we Q: V(w) € A}is F-measurable.®> A measurable mapping
V (w) from probability space (2, ¥, P) into R™ is called a random vector. Note that the
mapping V generates the probability measure® (also called the probability distribution)
P(A) := P(V~1(A)) on (R™, B). The smallest closed set £ C R™ such that P(E) = 1 is
called the support of measure P. We can view the space (2, 8) equipped with probability
measure P as a probability space (E, 8B, P). This probability space provides all relevant
probabilistic information about the considered random vector. In that case, we write Pr(A)
for the probability of the event A € 8. We often denote by & data vector of a considered
problem. Sometimes we view & as a random vector § : 2 — R”™ supported on a set
E C R™ and sometimes as an element £ € E, i.e., as a particular realization of the random
data vector. Usually, the meaning of such notation will be clear from the context and will
not cause any confusion. If in doubt, in order to emphasize that we view & as a random
vector, we sometimes write £ = £(w).

A measurable mapping (function) Z : Q — R is called a random variable. 1ts
probability distribution is completely defined by the cumulative distribution function (cdf)
Hz(z) := Pr{Z < z}. Note that since the Borel sigma algebra of R is generated by the
family of half line intervals (—o0, a], in order to verify measurability of Z (w) it suffices to
verify measurability of sets {w € Q : Z(w) < z} for all z € R. We denote random vectors
(variables) by capital letters, like V, Z, etc., or £(w), and often suppress their explicit
dependence on w € 2. The coordinate functions V| (w), ..., V, (®) of the m-dimensional
random vector V(w) are called its components. While considering a random vector V,
we often talk about its probability distribution as the joint distribution of its components
(random variables) Vi, ..., V,,.

Since we often deal with random variables which are given as optimal values of
optimization problems, we need to consider random variables Z(w) which can also take
values +00 or —o0, i.e., functions Z : 2 — R, where R denotes the set of extended real
numbers. Such functions Z : @ — R are referred to as extended real valued functions.
Operations between real numbers and symbols oo are clear except for such operations
as adding +oo and —oo, which should be avoided. Measurability of an extended real
valued function Z(w) is defined in the standard way, i.e., Z(w) is measurable if the set
{w e Q: Z(w) < z}is F-measurable for any z € R. A measurable extended real valued
function is called an (extended) random variable. Note that here lim,_, ;~ Fz(z) is equal
to the probability of the event {w € Q : Z(w) < 400} and can be less than 1 if the event
{w € Q: Z(w) = 400} has a positive probability.

62In fact it suffices to verify F -measurability of V~'(A) for any family of sets generating the Borel sigma
algebra of R™.

©3With some abuse of notation we also denote here by P the probability distribution induced by the
probability measure P on (2, ¥).
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The expected value or expectation of an (extended) random variable Z : @ — R is
defined by the integral

Ep[Z] :=f Z(w)dP(w). (7.96)
Q

When there is no ambiguity as to what probability measure is considered, we omit the
subscript P and simply write [E[Z]. For a nonnegative valued measurable function Z(w)
such that the event Y := {w € Q : Z(w) = +00} has zero probability, the above integral is
defined in the usual way and can take value +oo. If probability of the event Y is positive,
then, by definition, E[Z] = +o0o. For a general (not necessarily nonnegative valued)
random variable we would like to define® E[Z] := E[Z, ] — E[(—Z).]. In order to do that
we have to ensure that we do not add 400 and —oo. We say that the expected value E[Z]
of an (extended real valued) random variable Z (w) is well defined if it does not happen that
both E[Z,] and E[(—Z)] are 400, in which case E[Z] = E[Z,] — E[(—Z).]. That is,
in order to verify that the expected value of Z(w) is well defined, one has to check that
Z(w) is measurable and either E[Z,] < 400 or E[(—Z)] < 400. Note that if Z(w) and
Z'(w) are two (extended) random variables such that their expectations are well defined and
Z(w) = Z'(w) for all w € 2 except possibly on a set of measure zero, then E[Z] = E[Z'].
It is said that Z(w) is P-integrable if the expected value E[Z] is well defined and finite.
The expected value of a random vector is defined componentwise.

If the random variable Z(w) can take only a countable (finite) number of different
values, say z1, 22, . .., then it is said that Z (w) has a discrete distribution (discrete distribu-
tion with a finite support). In such cases all relevant probabilistic information is contained
in the probabilities p; := Pr{Z = z;}. In that case E[Z] = Zi DiZi-

Let f,(w) be a sequence of real valued measurable functions on a probability space
(2, F, P). By f, 1 f a.e. we mean that for almost every w € 2 the sequence f,(w) is
monotonically nondecreasing and hence converges to a limit denoted f(w), where f(w)
can be equal to +00. We have the following classical results about convergence of integrals.

Theorem 7.29 (Monotone Convergence Theorem). Suppose that f, 1 f a.e. and there
exists a P-integrable function g(w) such that f,(-) > g(-). Then fQ fdP is well defined
and [o, fudP 1 [o, fdP.

Theorem 7.30 (Fatou’s Lemma). Suppose that there exists a P-integrable function g(w)
such that f,(-) > g(-). Then

lim inf f fndP > / liminf f, dP. (7.97)
n—o0 Q Q n—o00

Theorem 7.31 (Lebesgue Dominated Convergence Theorem). Suppose that there exists

a P-integrable function g(w) such that | f,| < g a.e., and that f,(w) converges to f(w) for

almost every w € 2. Then fQ fdP iswell defined and fQ fndP — fQ fdP.

We also have the following useful result. Unless stated otherwise we always assume
that considered measures are finite and nonnegative, i.e., (1t (A) is a finite nonnegative number
forevery A € F.

%4Recall that Z, := max{0, Z}.
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Theorem 7.32 (Richter—Rogosinski). Let (2, F) be a measurable space, fi, ..., fn
be measurable on (2, F) real valued functions, and u be a measure on (2, F) such
that fi, ..., fm are p-integrable. Suppose that every finite subset of Q is ¥ -measurable.
Then there exists a measure 1 on (2, ) with a finite support of at most m points such

that [, fiduw = [, fidn foralli =1, ... ,m.

Proof. The proof proceeds by induction on m. It can be easily shown that the asser-
tion holds for m = 1. Consider the set § C R™ generated by vectors of the form
([ fidw', ..., [ fwdw') with 11/ being a measure on Q with a finite support. It is not
difficult to show that it suffices to take measures p' with support of at most m points in
the definition of the set S (we leave this as an exercise). We have to show that vector
a:= (f fidu, ..., [ fmdu) belongs to S. Note that the set S is a convex cone. Suppose
thata ¢ S. Then, by the separation theorem, there exists ¢ € R” \ {0} such that cla < 'x,
forall x € S. Since S is a cone, it follows that ¢'a < 0. This implies that for f := 2?21 ¢ fi
we have that [ fdu < 0and [ fdu < [ fdu' for any measure p’ with a finite support.
In particular, by taking measures of the form® 1’ = aA(w), with e > 0 and w € 2, we
obtain from the second inequality that [ fdu < af (w). This implies that f (w) > 0 for all
w € 2, since otherwise if f(w) < 0 we can make af (w) arbitrary small by taking a large
enough. Together with the first inequality this implies that [ fdu = 0.

Consider the set Q' := {w € Q : f(w) = 0}. Note that the function f is measurable
and hence Q' € . Since f fdp = 0and f(-) is nonnegative valued, it follows that €’ is a
support of w, i.e., w() = n(RQ). If n () = 0, then the assertion clearly holds. Therefore,
suppose that u(€2) > 0. Then w(R') > 0, and hence Q' is nonempty. Moreover, the

functions f;,i = 1, ..., m, are linearly dependent on €’. Consequently, by the induction
assumption there exists a measure x' with a finite support on Q' such that [ fidu* =
f fidu forall i = 1,..., m, where u* is the restriction of the measure u to the set €.

Moreover, since 4 is supported on €’ we have that [ fidu* = [ f;du, and hence the proof
is complete. O

Let us remark that if the measure u is a probability measure, i.e., u(2) = 1, then
by adding the constraint fQ dn = 1, we obtain in the above theorem that there exists a
probability measure n on (2, ) with a finite support of at most m + 1 points such that

Jo fidiw= [, fidnforalli =1,...,m.
Also let us recall two famous inequalities. The Chebyshev inequality®® says that if
Z : Q — Ry is a nonnegative valued random variable, then
Pr(Z>a) <o 'E[Z], Va>0. (7.98)
Proof of (7.98) is rather simple. We have
Pr(Z > @) = E[ly400)(2)] <E[a"'Z] = a7 'E[Z].

The Jensen inequality says that if V : Q — R™ is a random vector, v := E[V] and
f :R™ — R is a convex function, then
E[f(M]= f), (7.99)

%We denote by A (w) measure of mass one at the point w and refer to such measures as Dirac measures.
%6Sometimes (7.98) is called the Markov inequality, while the Chebyshev inequality is referred to as the
inequality (7.98) applied to the function (Z — E[Z])2.
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provided the above expectations are finite. Indeed, for a subgradient g € df (v) we have that
fV) = f0) +g"(V =), (7.100)
By taking expectation of the both sides of (7.100) we obtain (7.99).

Finally, let us mention the following simple inequality. Let Y}, ¥, : 2 — Rberandom
variables and a;, a, be numbers. Then the intersection of the events {w : Y;(w) < a;} and
{w: Y2(w) < ay}isincluded in the event {w : Y (w)+Y>(w) < a;+a»}, or equivalently the
event {w : Y| (w)+ Y, (w) > a; +a,} is included in the union of the events {w : Y| (w) > a;}
and {w : Y2(w) > a,}. It follows that

Pr{Y1 + Y2 > a1 + ax} < Pr{Y1 > a1} + Pr{Y2 > as}. (7.101)

7.2.2 Conditional Probability and Conditional Expectation

For two events A and B the conditional probability of A given B is

P(ANB)
P(A|B) = ———, (7.102)
P(B)

provided that P(B) # 0. Now let X and Y be discrete random variables with joint mass
function p(x,y) := P(X = x,Y = y). Of course, since X and Y are discrete, p(x, y)
is nonzero only for a finite or countable number of values of x and y. The marginal mass
functions of X and Y are p, (x) := P(X =x) = Zy p(x,y)and p,(y) := P(Y =y) =
>, p(x, ), respectively. It is natural to define conditional mass function of X given that
Y=yas

P(X=x,Y=y) _ p(x,y)
PY =y) Py ()

for all values of y such that p,(y) > 0. We have that X is independent of Y iff p(x,y) =
Py (x)p, () holds for all x and y, which is equivalent to that p, , (x|y) = p,(x) forall y
such that p, (y) > 0.

If X and Y have continuous distribution with a joint pdf f (x, y), then the conditional
pdf of X, given that Y = y, is defined in a way similar to (7.103) for all values of y such
that f, (y) > 0 as

Pay (X|y) = P(X =x|Y =y) = (7.103)

f&x,y)
Lo

Here f,(y) 1= fj:oo f(x, y)dx is the marginal pdf of Y. In the continuous case the condi-
tional expectation of X, giventhat Y = y, is defined for all values of y such that f, (y) > Oas

Sy (1Y) = (7.104)

+00

E[X|Y =y]:= / Xfyy (x1y)dx. (7.105)
—0o0
In the discrete case it is defined in a similar way.
Note that E[X|Y = y] is a function of y, say h(y) := E[X|Y = y]. Let us denote
by E[X|Y] that function of random variable Y, i.e., E[X|Y] := h(Y). We have then the

following important formula:
E[X] = E[E[X|Y]]. (7.106)
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In the continuous case, for example, we have

+oo oo too p+o0
E[X] = f / xf (e, y)dxdy = / / xfoy KIS, ().

and hence oo
E[X] = / E[X|Y = y1f, (y)dy. (7.107)

oo

The above definitions can be extended to the case where X and Y are two random vectors
in a straightforward way.

It is also useful to define conditional expectation in the following abstract form. Let
X be a nonnegative valued integrable random variable on a probability space (2, ¥, P),
and let § be a subalgebra of ¥. Define a measure on § by v(G) = fG XdP for any
G € §. This measure is finite because X is integrable and is absolutely continuous with
respect to P. Hence by the Radon—Nikodym theorem there is a §-measurable function
h(w) such that v(G) = fG hd P. This function h(w), viewed as a random variable, has
the following properties: (i) #(w) is $-measurable and integrable, and (ii) it satisfies the
equation |, chdP = /. ¢ XdP forany G € §. By definition we say that a random variable,
denoted E[ X |§], is said to be the conditional expected value of X given §, if it satisfies the
following two properties:

(1) E[X]|%] is $-measurable and integrable, and

(i) E[X|4] satisfies the functional equation
f E[X|4]dP = / XdP, VG e€§g. (7.108)
G G

The above construction shows existence of such random variable for nonnegative X. If X
is not necessarily nonnegative, apply the same construction to the positive and negative part
of X.

Many random variables will satisfy properties (i) and (ii). Any one of them is called a
version of the conditional expected value. We sometimes write it as E[ X |$](w) or E[X |G ],
to emphasize that this a random variable. Any two versions of E[X|4] are equal to each
other with probability one. Note that, in particular, for G = 2 it follows from (ii) that

E[X] = / E[X|§]dP = E[E[X|4]]. (7.109)
Q

Note also that if the sigma algebra § is trivial, i.e., § = {#J, 2}, then E[X|4] is constant
equal to E[X].

Conditional probability P(A|4) of event A € F can be defined as P(A|$%) =
E[14]|4]. In that case the corresponding properties (i) and (ii) take the form

(i") P(A|4) is §-measurable and integrable, and

(ii") P(A|$) satisfies the functional equation

f P(A|§)dP = P(ANG), VG € §. (7.110)
G
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7.2.3 Measurable Multifunctions and Random Functions

Let § be a mapping from €2 into the set of subsets of R”, i.e., § assigns to each w € Q a
subset (possibly empty) G (w) of R". We refer to § as a multifunction and write § : Q = R”.
It is said that § is closed valued if §(w) is a closed subset of R” for every o € 2. A closed
valued multifunction § is said to be measurable if for every closed set A C R" one has
that the inverse image 9_'(14) ={w e Q: G(w) N A # (J} is F-measurable. Note that
measurability of § implies that the domain

dom§ :={we Q:4(w) # 0} =4 (R

of G is an ¥ -measurable subset of €2.

Proposition 7.33. A closed valued multifunction § : Q = R”" is measurable iff the (extended
real valued) function d(w) = dist(x, $(w)) is measurable for any x € R".

Proof. Recall that by the definition dist(x, §(w)) = 400 if 4(w) = . Note also that
dist(x, 4(w)) = ||x — y|| for some y € §(w), because of closedness of set §(w). Therefore,
for any t > 0 and x € R" we have that

{we Q:dist(x, §(@) <t} =4 ' (x +1B),

where B := {x € R" : ||x|| < 1}. Itremains to note that it suffices to verify the measurability
of §=1(A) for closed sets of the form A = x +1B, (t,x) e R, x R". 0O

Remark 28. Suppose now that 2 is a Borel subset of R” equipped with its Borel sigma
algebra. Suppose, further, that the multifunction § : 2 = R" is closed. That s, if oy — o,
Xr € G(wy) and x; — x, then x € G(w). Of course, any closed multifunction is closed
valued. It follows that for any (7, x) € Ry x R”" the level set {w € Q : dist(x, §(w)) < t}
is closed, and hence the function d(w) := dist(x, $(®)) is measurable. Consequently we
obtain that any closed multifunction § : 2 == R” is measurable.

It is said that a mapping G : dom § — R” is a selection of § if G(w) € §(w) for all
o € dom §. If, in addition, the mapping G is measurable, it is said that G is a measurable
selection of §.

Theorem 7.34 (Measurable Selection Theorem). A closed valued multifunction § :
Q = R" is measurable iff its domain is an ¥ -measurable subset of Q2 and there exists a
countable family {G;};cn, of measurable selections of §, such that for every w € Q, the set
{Gi(w) : i € N} is dense in G(w).

In particular, we have by the above theorem that if § : 2 == R”" is a closed valued
measurable multifunction, then there exists at least one measurable selection of §. In [181,
Theorem 14.5] the result of the above theorem is called Castaing representation.

Consider a function F : R" x @ — R. We say that F is a random function if for
every fixed x € R”, the function F(x, -) is £ -measurable. For a random function F (x, ®)
we can define the corresponding expected value function

fx) =E[F(x,w)] =/ F(x, w)dP(w).
Q
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We say that f(x) is well defined if the expectation E[F (x, w)] is well defined for every
x € R". Also for every w € 2 we can view F (-, ) as an extended real valued function.

Definition 7.35. [t is said that the function F(x, ) is random lower semicontinuous if the
associated epigraphical multifunction w +— epi F (-, w) is closed valued and measurable.

In some publications, random lower semicontinuous functions are called normal in-
tegrands. It follows from the above definitions that if F(x, ») is random lower semicon-
tinuous, then the multifunction w +— domF (-, w) is measurable, and F'(x, -) is measurable
for every fixed x € R". Close valuedness of the epigraphical multifunction means that
for every w € 2, the epigraph epi F' (-, w) is a closed subset of R™*! ie., F(-, w) is lower
semicontinuous. Note, however, that the lower semicontinuity in x and measurability in @
does not imply measurability of the corresponding epigraphical multifunction and random
lower semicontinuity of F(x, w). A large class of random lower semicontinuous is given
by the so-called Carathéodory functions, i.e., real valued functions F : R" x Q2 — R such
that F(x, -) is ¥ -measurable for every x € R" and F (-, w) continuous for a.e. € .

Theorem 7.36. Suppose that the sigma algebra ¥ is P-complete. Then an extended real
valued function F : R* x Q — R is random lower semicontinuous iff the following two
properties hold: (i) for every w € R, the function F (-, w) is lower semicontinuous, and
(ii) the function F (-, -) is measurable with respect to the sigma algebra of R" x Q2 given by
the product of the sigma algebras B and F .

With a random function F(x, w) we associate its optimal value function ¥ (w) :=
inf . cpr F(x, ®) and the optimal solution multifunction X* () := arg min,cg» F (X, ®).

Theorem 7.37. Let F : R" x Q — R be a random lower semicontinuous function. Then
the optimal value function ¥ (w) and the optimal solution multifunction X*(w) are both
measurable.

Since we assume that the considered sigma algebras are complete, it follows from
condition (ii) of Theorem 7.36 that the optimal value function is measurable. We assume
in the remainder of this chapter, sometimes without explicitly saying this, that the function
F (x, w) is measurable in the sense of the above condition (ii), and hence considered max-
and min-functions are measurable. In case the set €2 is a subset of a finite dimensional vector
space equipped with its Borel sigma algebra, the optimal value functions are Lebesgue, rather
than Borel, measurable (see, e.g., [181, p. 649] for a discussion of a delicate difference
between Borel and Lebesgue measurability).

Note that it follows from lower semicontinuity of F(-, w) that the optimal solution
multifunction X*(w) is closed valued. Note also that if F(x, w) is random lower semicon-
tinuous and § : 2 = R” is a closed valued measurable multifunction, then the function

= ) F&xryo) if x € §(w),
Flx o) = { too  if x ¢ G(w)
is also random lower semicontinuous. Consequently, the corresponding optimal value @ +—
inf yeg(w) F'(x, @) and the optimal solution multifunction @ > arg minyegw) F(x, w) are
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both measurable, and hence by the measurable selection theorem, there exists a measurable
selection X (w) € arg min,eg () F (X, ).

Theorem 7.38. Let F : R" x Q — R be a random lower semicontinuous function and

U(x,w) = inf F(x,y,w) (7.111)
yeR”

be the associated optimal value function. Suppose that there exists a bounded set S C R™
such that domF(x, -, w) C S for all (x,w) € R" x Q. Then the optimal value function
¥ (x, w) is random lower semicontinuous.

Let us observe that the above framework of random lower semicontinuous functions
is aimed at minimization problems. Of course, the problem of maximization of E[ F' (x, w)]
is equivalent to minimization of E[— F (x, )]. Therefore, for maximization problems one
would need the comparable concept of random upper semicontinuous functions.

Consider a multifunction § : € = R". Denote

1§ (@) = sup{|G(@)] : G(w) € §(w)},

and by conv §(w) the convex hull of set §(w). If the set 2 = {wy, ..., wk} is finite and
equipped with respective probabilities py, k = 1, ..., K, then it is natural to define the
integral
K
/ G(w)dP(w) = Z Pe§ (@), (7.112)
@ k=1

where the sum of two sets A, B C R" and multiplication by a scalar y € R are defined in
the natural way, A+ B :={a+b:a € A, b€ B}and yA :={ya : a € A}. For a general
measure P on a sample space (2, ¥), the corresponding integral is defined as follows.

Definition 7.39. The integral fQ 9(w)d P(w) is defined as the set of all points of the form
fQ G(w)d P (w), where G(w) is a P-integrable selection of §(w), i.e., G(w) € 4(w) for a.e.
w € , G(w) is measurable and fQ |G (w)||d P (w) is finite.

If the multifunction 4 (w) is convex valued, i.e., the set §(w) is convex fora.e. w € €,
then fQ Gd P is a convex set. It turns out that fQ Gd P is always convex (even if §(w) is not
convex valued) if the measure P does not have atoms, i.e., is nonatomic.%” The following
theorem often is due to Aumann (1965).

Theorem 7.40 (Aumann). Suppose thatthe measure P is nonatomic andlet$ : Q@ = R" be
a multifunction. Then the set |. o $d P is convex. Suppose, further, that §(w) is closed valued
and measurable and there exists a P-integrable function g(w) such that ||$(®)| < g(w)
fora.e. w € Q. Then

/9(w)dp(w)=/ (conv §(w))d P (w). (7.113)
Q Q

The above theorem is a consequence of a theorem due to Lyapunov (1940).

"1t is said that measure P, and the space (Q, F, P), is nonatomic if any set A € F, such that P(A) > 0,
contains a subset B € ¥ such that P(A) > P(B) > 0.
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Theorem 7.41 (Lyapunov). Let i1, ..., [, be a finite collection of nonatomic measures
on a measurable space (2, F). Then the set {(u1(S), ..., u,(8)) : S € F}isaclosed and
convex subset of R".

7.2.4 Expectation Functions

Consider a random function F : R” x Q — R and the corresponding expected value (or
simply expectation) function f(x) = E[F(x, w)]. Recall that by assuming that F'(x, ») is
arandom function we assume that F (x, -) is measurable for every x € R”. We have that the
function f(x) is well defined onaset X C R" if forevery x € X either E[F (x, w)+] < +0o0
or E[(—F(x,w))+] < 400. The expectation function inherits various properties of the
functions F (-, w), w € 2. As shown in the next theorem, the lower semicontinuity of the
expected value function follows from the lower semicontinuity of F (-, ®).

Theorem 7.42. Suppose that for P-almost every w € Q the function F (-, w) is lower semi-
continuous at a point xy and there exists P-integrable function Z(w) such that F(x, w) >
Z(w) for P-almost all w € Q and all x in a neighborhood of xy. Then for all x in a neigh-
borhood of xg the expected value function f(x) := E[F (x, w)] is well defined and lower
semicontinuous at x.

Proof. Itfollows from the assumption that F'(x, w) is bounded from below by a P-integrable
function that f(-) is well defined in a neighborhood of xy. Moreover, by Fatou’s lemma
we have

liminf/ F(x,w)dP(w) > / liminf F(x, w)dP(w). (7.114)
X—>X( Q Q X—Xo
Together with lower semicontinuity of F (-, w) this implies lower semicontinuity of f
at xg. O

With stronger assumptions, we can show that the expectation function is continuous.

Theorem 7.43. Suppose that for P-almost every @ € 2 the function F (-, ®) is continuous
at xo and there exists P-integrable function Z (w) such that | F (x, w)| < Z(w) for P-almost
every w € Q and all x in a neighborhood of xo. Then for all x in a neighborhood of x, the
expected value function f(x) is well defined and continuous at x.

Proof. Itfollows from the assumption that | F'(x, w)| is dominated by a P-integrable function
that f(x) is well defined and finite valued for all x in a neighborhood of xy. Moreover,
by the Lebesgue dominated convergence theorem we can take the limit inside the integral,
which together with the continuity assumption implies

lim F(x,w)dP(w):/ lim F(x,w)dP(w):f F(xo, 0)dP(w).  (7.115)
Q X—Xo Q

x—=x Jo

This shows the continuity of f(x) at xo. [0

Consider, for example, the characteristic function F(x, w) 1= 1(_ +1(§(w)), with
x € R and £ = &(w) being a real valued random variable. We have then that f(x) =



7.2. Probability 369

Pr(¢ < x),i.e., that f(-) is the cumulative distribution function of &. It follows that in this
example the expected value function is continuous at a point x, iff the probability of the
event {§ = xp} is zero. Note that x = £(w) is the only point at which the function F (-, w)
is discontinuous.

We say that random function F(x, w) is convex if the function F (-, w) is convex for
a.e. w € Q. Convexity of F(-, w) implies convexity of the expectation function f(x).
Indeed, if F(x, w) is convex and the measure P is discrete, then f(x) is a weighted sum,
with positive coefficients, of convex functions and hence is convex. For general measures,
convexity of the expectation function follows by passing to the limit. Recall that if f(x)
is convex, then it is continuous on the interior of its domain. In particular, if f(x) is real
valued for all x € R”, then it is continuous on R”.

We discuss now differentiability properties of the expected value function f(x). We
sometimes write F,(-) for the function F(-, w) and denote by F, (xo, 1) the directional
derivative of F,(-) at the point x; in the direction /4. Definitions and basic properties of
directional derivatives are given in section 7.1.1. Consider the following conditions:

(A1) The expectation f(x() is well defined and finite valued at a given point xy, € R”.

(A2) There exists a positive valued random variable C(w) such that E[C(w)] < 400,
and for all x1, x, in a neighborhood of xy and almost every w € 2 the following
inequality holds:

|F(x1, @) = F(x2, 0)] < C(@)|lx1 — x2]. (7.116)

(A3) For almost every w the function F,(-) is directionally differentiable at x.

(A4) For almost every w the function F,(-) is differentiable at x.

Theorem 7.44. We have the following: (a) If conditions (A1) and (A2) hold, then the ex-
pected value function f(x) is Lipschitz continuous in a neighborhood of x¢. (b) If conditions
(A1)—(A3) hold, then the expected value function f(x) is directionally differentiable at x,
and

f'(x0, h) = E[F,(x0,h)], Vh. (7.117)
(c) If conditions (A1), (A2), and (A4) hold, then f(x) is differentiable at xy and

V f(x0) = E[ViF(x0, w)]. (7.118)

Proof. 1t follows from (7.116) that for any x|, x; in a neighborhood of x,
[f(x1) — f(x)] < / [F(x1, w) — F(x2, w)| dP (@) < c[lx1 — x2l,
Q

where ¢ := E[C(w)]. Together with assumption (A1) this implies that f (x) is well defined,
finite valued, and Lipschitz continuous in a neighborhood of xy.
Suppose now that assumptions (A1)—(A3) hold. For ¢ # 0 consider the ratio

R/(w) :==1t"'[F(xo + th, w) — F(xo, »)].
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By assumption (A2) we have that |R;(®w)| < C(w)||2| and by assumption (A3) that

liﬁ)l R/(w) = F)(x0,h) w.p. 1.

t

Therefore, it follows by the Lebesgue dominated convergence theorem that
lim/ R/(w)dP(w) = / lim R, (w) d P(w).
t0 Q Q t10

Together with assumption (A3) this implies formula (7.117). This proves assertion (b).

Finally, if F (xo, h) is linear in & for almost every w, i.e., the function F,(-) is
differentiable at xo w.p. 1, then (7.117) implies that f’(xq, k) is linear in 4, and hence
(7.118) follows. Note that since f(x) is locally Lipschitz continuous, we only need to
verify linearity of f’(xo, -) in order to establish (Fréchet) differentiability of f(x) at xq (see
theorem 7.2). This completes proof of (c). U

The above analysis shows that two basic conditions for interchangeability of the ex-
pectation and differentiation operators, i.e., for the validity of formula (7.118), are the above
conditions (A2) and (A4). The following lemma shows that if, in addition to assumptions
(A1)-(A3), the directional derivative F, (xo, k) is convex in h w.p. 1, then f(x) is differen-
tiable at xq iff F (-, w) is differentiable at xo w.p. 1.

Lemma 7.45. Let ¢ : R" x Q — R be a random function such that for almost every € 2
the function ¥ (-, ®) is convex and positively homogeneous, and the expected value function
¢ (h) := E[y(h, w)] is well defined and finite valued. Then the expected value function
¢ () is linear iff the function V¥ (-, w) is linear w.p. 1.

Proof. We have here that the expected value function ¢ (-) is convex and positively homo-
geneous. Moreover, it immediately follows from the linearity properties of the expectation
operator that if the function ¥ (-, w) is linear w.p. 1, then ¢ (-) is also linear.

Conversely, let ey, ..., e, be a basis of the space R". Since ¢(-) is convex and
positively homogeneous, it follows that ¢(e;) + ¢(—e;)) > ¢(0) = 0,i = 1,...,n.
Furthermore, since ¢ (-) is finite valued, it is the support function of a convex compact set.
This convex set is a singleton iff

oe;) +d(—e;) =0, i=1,...,n. (7.119)
Therefore, ¢ (-) is linear iff condition (7.119) holds. Consider the sets
A; = {a) eQ:vY(e,w +v(—e, w) > O}.

Thus the set of w € € such that ¥ (-, w) is not linear coincides with the set U?_; A;. If
P (Ul’.‘=1 A,-) > (, then at least one of the sets A; has a positive measure. Let, for example,
P(A)) be positive. Then ¢(e;) + ¢ (—e;) > 0, and hence ¢ (-) is not linear. This completes

the proof. [0

Regularity conditions which are required for formula (7.117) to hold are simplified
further if the random function F(x, w) is convex. In that case, by using the monotone
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convergence theorem instead of the Lebesgue dominated convergence theorem, it is possible
to prove the following result.

Theorem 7.46. Suppose that the random function F (x, w) is convex and the expected value
function f(x) is well defined and finite valued in a neighborhood of a point xo. Then f(x)
is convex and directionally differentiable at xy and formula (7.117) holds. Moreover, f(x)
is differentiable at xy iff F, (x) is differentiable at xo w.p. 1, in which case formula (7.118)
holds.

Proof. The convexity of f(x) follows from convexity of F,(-). Since f(x) is convex
and finite valued near x it follows that f(x) is directionally differentiable at x, with finite
directional derivative f'(xg, h) for every h € R". Consider a direction & € R". Since f(x)
is finite valued near xy, we have that f(x() and, for some #y > 0, f(xo + foh) are finite. It
follows from the convexity of F,(-) that the ratio

Ri(@) := 17" [F(xo + th, ®) — F (x0, )]
is monotonically decreasing to F, (xo, i) as ¢t | 0. Also we have that
E |R, ()| <t (E|F (xo + toh, ©)| + E|F (x0, )| ) < +00.

Then it follows by the monotone convergence theorem that
1{1%1 E[R (w)] =E [1}&1 R,(a))] =E[F,(xo. )]. (7.120)

Since E[R,(w)] = t~'[f(xo + th) — f(xo)], we have that the left-hand side of (7.120) is
equal to f’(xg, k), and hence formula (7.117) follows.
The last assertion follows then from Lemma 7.45. O

Remark 29. It is possible to give a version of the above result for a particular direction
h € R". That is, suppose that: (i) the expected value function f(x) is well defined in a
neighborhood of a point x, (ii) f(xp) is finite, (iii) for almost every w € 2 the function
F,(-) := F(-,w) is convex, (iv) E[F(xo + toh, w)] < +oo for some o > 0. Then
f'(x0, h) < +o0 and formula (7.117) holds. Note also that if assumptions (i)—(iii) are
satisfied and E[F' (xg + th, w)] = +oo for any ¢t > 0, then clearly f’(xo, h) = +o0.

Often the expectation operator smoothes the integrand F (x, ). Consider, for exam-
ple, F(x,w) = |x — &(w)| with x € R and £(w) being a real valued random variable.
Suppose that f(x) = E[F(x, w)] is finite valued. We have here that F(-, ) is convex
and F (-, w) is differentiable everywhere except x = &(w). The corresponding derivative is
given by 0F (x, w)/dx = 1l if x > &(w) and 0F (x, w)/dx = —1 if x < &(w). Therefore,
f(x) is differentiable at x iff the event {£ (w) = x¢} has zero probability, in which case

df (x0)/dx =E[0F (xo, w)/dx] = Pr(¢ < x¢) — Pr(§ > xp). (7.121)

If the event {&(w) = xo} has positive probability, then the directional derivatives f”(xg, /)
exist but are not linear in %, that is,

f(xo, =) + f'(x0, 1) = 2Pr(€ = x¢) > 0. (7.122)
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We can also investigate differentiability properties of the expectation function by
studying the subdifferentiability of the integrand. Suppose for the moment that the set 2
is finite, say, Q2 = {wi,...,wg} with P{w = w;} = pr > 0, and that the functions
F(-,w), w € Q, are proper. Then f(x) = Z,le piF (x, wp) and dom f = ﬂ,’le dom Fp,
where Fj(-) := F(-, w;). The Moreau—Rockafellar theorem (Theorem 7.4) allows us to
express the subdifferenial of f(x) as the sum of subdifferentials of py F'(x, wy). That is,
suppose that: (i) the set 2 = {wy, ..., wg} is finite, (ii) for every w; € 2 the function
Fi. () := F(-, wy) is proper and convex, and (iii) the sets ri(dom F;),k = 1,..., K, havea
common point. Then for any xy € dom f,

K
df (x0) = Y pkdF (xo, ). (7.123)
k=1

Note that the above regularity assumption (iii) holds, in particular, if the interior of dom f
is nonempty.

The subdifferentials at the right-hand side of (7.123) are taken with respect to x. Note
that 0 F'(xo, wy), and hence 9 f (xg), in (7.123) can be unbounded or empty. Suppose that all
probabilities p; are positive. It follows then from (7.123) that 9f (xp) is a singleton iff all
subdifferentials d F'(xg, wi), k = 1, ..., K, are singletons. That is, f(-) is differentiable at
a point xo € dom f iff all F(-, wy) are differentiable at x.

Remark 30. In the case of a finite set 2 we didn’t have to worry about the measurability
of the multifunction w +— 90 F (x, ). Consider now a general case where the measurable
space does not need to be finite. Suppose that the function F'(x, w) is random lower semi-
continuous and for a.e. w € 2 the function F (-, w) is convex and proper. Then for any
x € R, the multifunction w + 9 F (x, w) is measurable. Indeed, consider the conjugate

F*(z, w) := sup {sz — F(x,a))}

xeR?

of the function F (-, ). It is possible to show that the function F*(z, w) is also random
lower semicontinuous. Moreover, by the Fenchel-Moreau theorem, F** = F and by
convex analysis (see (7.24))

dF (x, w) = arg max {sz — F*(z, a))}.
zeR"
Then it follows by Theorem 7.37 that the multifunction w — 9 F (x, w) is measurable.
In general we have the following extension of formula (7.123).
Theorem 7.47. Suppose that (i) the function F (x, w) is random lower semicontinuous, (ii)

fora.e. w € Q the function F (-, w) is convex, (iii) the expectation function f is proper, and
(iv) the domain of f has a nonempty interior. Then for any xy € dom f,

af (x0) = / dF (x0, w) d P (@) + Naom r(x0). (7.124)
Q

Proof. Consider a point z € fQ dF (xg, ) dP(w). By the definition of that integral we
have then that there exists a P-integrable selection G(w) € 9F(xg, w) such that z =
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fQ G(w) d P(w). Consequently, for a.e. w € 2 the following holds:
F(x,w) — F(xp, w) > G(w)"(x — x9) Vx € R".

By taking the integral of the both sides of the above inequality we obtain that z is a subgra-
dient of f at xo. This shows that

/ dF (xo, w) dP(w) C df (x0). (7.125)
Q

In particular, it follows from (7.125) that if 0f (x¢) is empty, then the set at the right-hand
side of (7.124) is also empty. If 9f (x¢) is nonempty, i.e., f is subdifferentiable at x(, then
MNdom 7 (xg) forms the recession cone of df (xp). In any case, it follows from (7.125) that

/ 9 F (x9, w) d P (w) + Ngom s (x0) C 3f (x0). (7.126)
Q

Note that inclusion (7.126) holds irrespective of assumption (iv).

Proving the converse of inclusion (7.126) is a more delicate problem. Let us outline
main steps of such a proof based on the interchangeability property of the directional deriva-
tive and integral operators. We can assume that both sets at the left- and right-hand sides of
(7.125) are nonempty. Since the subdifferentials d F (xo, @) are convex, it is quite easy to
show that the set fg dF (xo, w)d P(w) is convex. With some additional effort it is possible
to show that this set is closed. Let us denote by s;(-) and s,(-) the support functions of the
sets at the left- and right-hand sides of (7.126), respectively. By virtue of inclusion (7.125),
MNdom f(¥o) forms the recession cone of the set at the left-hand side of (7.126) as well. Since
the tangent cone Zgom £ (xo) is the polar of Nyom f(xo), it follows that s; (h) = s, (h) = 400
for any i & Tgom r(x0). Suppose now that (7.124) does not hold, i.e., inclusion (7.126) is
strict. Then sy (h) < s, (k) for some i € Tgom 7 (x0). Moreover, by assumption (iv), the tan-
gent cone Zgom £ (o) has a nonempty interior and there exists h in the interior of Tgom £ (x0)
such that s, (i_z) < s5(h). For such A the directional derivative f'(xo, h) is finite for all & in
a neighborhood of h, f'(xo, h) = s>(h) and (see Remark 29 on page 371)

Fxo By = / F! (xo. 1) dP(w).
Q

Also, F, " (xo, h) is finite fora.e. w and for all & in a neighborhood of h,and hence F " (xo, h) =
h'G (w) for some G(w) € F (xg, w). Moreover, since the multifunction w — 3 F (xq, @)
is measurable, we can choose a measurable G (w) here. Consequently,

/Fu/)(xo,ﬁ)dP(w)zi_zT/ G(w) dP(w).
Q Q

Since fQ G(w) dP(w) is a point of the set at the left-hand side of (7.125), we obtain that
si(h) > f'(xo, h) = s1(h), a contradiction. O

In particular, if xg is an interior point of the domain of f, then under the assumptions
of the above theorem we have that

af (xo) = / IF (xo, w) d P(w). (7.127)
Q
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Also, it follows from formula (7.124) that f(-) is differentiable at x iff x is an interior point
of the domain of f and d F'(x¢, w) is a singleton fora.e. w € Q,i.e., F (-, ) is differentiable
at xo w.p. L.

7.2.5 Uniform Laws of Large Numbers

Consider a sequence & I = gl(w), i € N, of d-dimensional random vectors defined on
a probability space (2, ¥, P). As it was discussed in section 7.2.1, we can view &' as
random vectors supported on a (closed) set & C R? equipped with its Borel sigma algebra
B. We say that £, i € N, are identically distributed if each &' has the same probability
distribution on (&, 8). If, moreover, &, i € N, are independent, we say that they are
independent identically distributed (iid). Consider a measurable function F' : E — R and
the sequence F (£§%),i € N, of random variables. If £ are identically distributed, then F (£%),
i € N, are also identically distributed and hence their expectations E[F (& )] are constant,
ie,E[F(&)] =E[F(E")]foralli € N. The Law of Large Numbers (LLN) says that if &
are identically distributed and the expectation E[F (£!)] is well defined, then, under some
regularity conditions,

N
N1 ZF(g") — E[FE"] wp.1 as N — oo. (7.128)

i=1

In particular, the classical LLN states that the convergence (7.128) holds if the sequence &'
is iid.

Consider now arandom function F : X x & — R, where X is anonempty subset of R"
and & = £(w) is a random vector supported on the set E. Suppose that the corresponding
expected value function f(x) := E[F(x, §)] is well defined and finite valued for every
x € X. Let& = £'(w), i € N, be an iid sequence of random vectors having the same
distribution as the random vector &, and let

N
In@) =N"Y F(x, &) (7.129)

i=1

be the so-called sample average functions. Note that the sample average function fN (x)
depends on the random sequence 51, ..., €Y and hence is a random function. Since we
assumed that all €' = £/ (w) are defined on the same probability space, we can view fy (x) =

fN (x, w) as a sequence of functions of x € X and w € 2.
We have that for every fixed x € X the LLN holds, i.e.,

fy@) = f(x) wp.1 as N — oo. (7.130)

This means that for a.e. w € 2, the sequence fN (x, ) converges to f(x). That is, for any
e > 0and ae. » € Q there exists N* = N*(¢, w, x) such that | fy(x) — f(x)| < & for
any N > N*. It should be emphasized that N* depends on ¢ and w, and also on x € X.

%8Sometimes (7.128) is referred to as the strong LLN to distinguish it from the weak LLN where the
convergence is ensured in probability instead of w.p. 1. Unless stated otherwise, we deal with the strong
LLN.
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We may refer to (7.130) as a pointwise LLN. In some applications we will need a stronger
form of LLN where the number N* can be chosen independent of x € X. That is, we say
that fy(x) converges to f(x) w.p. 1 uniformly on X if

sup fN(x) —f(x)]—> 0 wp.1 as N - o0 (7.131)

xeX

and refer to this as the uniform LLN. Note that maximum of a countable number of measur-
able functions is measurable. Since the maximum (supremum) in (7.131) can be taken over
a countable and dense subset of X, this supremum is a measurable function on (€2, ¥).
We have the following basic result. It is said that F(x, &), x € X, is dominated by an
integrable function if there exists a nonnegative valued measurable function g(&) such that
E[g(§)] < 400 and for every x € X the inequality |F (x, £)| < g(£) holds w.p. 1.

Theorem 7.48. Let X be a nonempty compact subset of R" and suppose that: (i) for any
x € X the function F (-, &) is continuous at x for almost every £ € g, (ii) F(x,£), x € X,
is dominated by an integrable function, and (iii) the sample is iid. Then the expected value
Sfunction f(x) is finite valued and continuous on X, and fN(x) converges to f(x) wp. 1
uniformly on X.

Proof. 1t follows from assumption (ii) that | f (x)| < E[g(£)], and consequently | f (x)| <
+oo for all x € X. Consider a point x € X and let x; be a sequence of points in X
converging to x. By the Lebesgue dominated convergence theorem, assumption (ii) implies
that

klim E[F(x, 8] =E |:k1im F(x, é):| .

Since, by (1), F(xx, &) — F(x, &) w.p. 1, it follows that f(xz) — f(x), and hence f(x) is
continuous.

Choose now a point X € X and a sequence y; of positive numbers converging to zero,
and define V;, :={x € X : ||x — X|| < ¥} and

8c(€) == sup |F(x, &) — F(%, §)|. (7.132)

XEVk

Because of the standing assumption of measurability of F(x, &), we have that 6;(§) is
Lebesgue measurable (see the discussion after Theorem 7.37). By assumption (i) we have
that for a.e. £ € &, 6;(£) tends to zero as k — co. Moreover, by assumption (ii) we have
that §¢(§£), k € N, are dominated by an integrable function, and hence by the Lebesgue
dominated convergence theorem we have that

lim E[8,(6)] =E [klim 3k(g)] —=0. (7.133)

We also have that

. . 1 & ‘ :
v = n®] =+ D O|F(x, &) — F(x, &),
i=1
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and hence

XEVk

. . 1 .
sup | fv(x) = fu ()] < ;8k(§‘). (7.134)

Since the sequence &' is iid, it follows by the LLN that the right-hand side of (7.134)
converges w.p. 1 to E[§;(§)] as N — oo. Together with (7.133) this implies that for any
given ¢ > 0 there exists a neighborhood W of x such that w.p. 1 for sufficiently large N,

sup | fv() — fn@)| < e

xewn
Since X is compact, there exists a finite number of points xy,...,x,, € X and corre-
sponding neighborhoods Wi, ..., W, covering X such that w.p. 1 for N large enough, the
following holds:
sup | v () — fu(x)| <& j=1,...,m. (7.135)
xeW;NXx

Furthermore, since f(x) is continuous on X, these neighborhoods can be chosen in such a
way that
sup |fx)— fxp|<e, j=1,....m. (7.136)

xeW;nXx

Again by the LLN we have that fN (x) converges pointwise to f(x) w.p. 1. Therefore,

v —fapl<e, j=1,....m, (7.137)

w.p. 1 for N large enough. It follows from (7.135)—(7.137) that w.p. 1 for N large enough

sup | fv(x) — f(x)] < 3e. (7.138)

xeX

Since & > 0 was arbitrary, we obtain that (7.131) follows and the proof is complete. [

Remark 31. It could be noted that assumption (i) in the above theorem means that F(-, &)
is continuous at any given point x € X w.p. 1. This does not mean, however, that F(-, §)
is continuous on X w.p. 1. Take, for example, F(x,§) := 1Ig, (x — &), x,& € R, ie,
F(x,&) = 1ifx > & and F(x, &) = 0 otherwise. We have here that F (-, £) is always
discontinuous at x = &, and that the expectation E[F (x, £)] is equal to the probability
Pr(¢ < x),ie., f(x) = E[F(x,&)] is the cumulative distribution function (cdf) of &.
Assumption (i) means here that for any given x, probability of the event “x = £” is zero,
i.e., that the cdf of £ is continuous at x. In this example, the sample average function fN )
is just the empirical cdf of the considered random sample. The fact that the empirical cdf
converges to its true counterpart uniformly on R w.p. 1 is known as the Glivenko—Cantelli
theorem. In fact, the Glivenko—Cantelli theorem states that the uniform convergence holds
even if the corresponding cdf is discontinuous.

The analysis simplifies further if for a.e. § € E the function F(-, &) is convex, i.e.,
the random function F(x, &) is convex. We can view fy(x) = fn(x, w) as a sequence of
random functions defined on a common probability space (2, ¥, P). Recall definition 7.25



7.2. Probability 377

of epiconvergence of extended real valued functions. We say that functions fN epiconverge
to f w.p. 1, written fN 5 f w.p. 1, if for a.e. w € Q2 the functions fN(-, w) epiconverge
to f(-). In the following theorem we assume that function F(x,£) : R" x E — R is an
extended real valued function, i.e., can take values +o00.

Theorem 7.49. Suppose that for almost every & € & the function F(-, &) is an extended
real valued convex function, the expected value function f(-) is lower semicontinuous and
its domain, dom f, has a nonempty interior, and the pointwise LLN holds. Then fN 5 f
w.p. 1.

Proof. It follows from the assumed convexity of F(-, £) that the function f(-) is convex
and that w.p. 1 the functions fN(-) are convex. Let us choose a countable and dense
subset D of R". By the pointwise LLN we have that for any x € D, fN (x) converges
to f(x) wp. 1 as N — oo. This means that there exists a set Y, C 2 of P-measure
zero such that for any w € Q\ Yy, fN (x, w) tends to f(x) as N — oo. Consider the set
T := UepYy. Since the set D is countable and P(Y,) = O for every x € D, we have that
P(Y) = 0. We also have that forany w € Q\ Y, fN (x, ) convergesto f(x),as N — oo,
pointwise on D. It follows then by Theorem 7.27 that fN(', w) > f() foranyw € Q\ T.
Thatis, fy(-) > f()wp. 1. 0O

We also have the following result. It can be proved in a way similar to the proof of
the above theorem by using Theorem 7.27.

Theorem 7.50. Suppose that the random function F (x, &) is convex and let X be a compact
subset of R". Suppose that the expectation function f (x) is finite valued on a neighborhood
of X and that the pointwise LLN holds for every x in a neighborhood of X. Then fN (x)
converges to f(x) w.p. 1 uniformly on X.

It is worthwhile to note that in some cases the pointwise LLN can be verified by ad
hoc methods, and hence the above epi-convergence and uniform LLN for convex random
functions can be applied, without the assumption of independence.

For iid random samples we have the following version of epi-convergence LLN. The
following theorem is due to Artstein and Wets [7, Theorem 2.3]. Recall that we always
assume measurability of F(x, &) (see the discussion after Theorem 7.37).

Theorem 7.51. Suppose that: (a) the function F (x, &) is random lower semicontinuous, (b)
for every x € R" there exists a neighborhood V of X and P-integrable function h : 2 — R
such that F(x,&) > h(&) forall x € V and a.e. £ € &, and (c) the sample is iid. Then

fN 5 fwp. 1.
Uniform LLN for Derivatives

Let us discuss now uniform LLN for derivatives of the sample average function. By The-
orem 7.44 we have that, under the corresponding assumptions (A1), (A2), and (A4), the
expectation function is differentiable at the point xy and the derivatives can be taken in-
side the expectation, i.e., formula (7.118) holds. Now if we assume that the expectation
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function is well defined and finite valued, V, F (-, &) is continuous on X fora.e. £ € E, and
IVLF(x,&)], x € X, is dominated by an integrable function, then the assumptions (A1),
(A2), and (A4) hold and by Theorem 7.48 we obtain that f(x) is continuously differentiable
on X and V fN (x) convergesto V f (x) w.p. | uniformly on X. However, in many interesting
applications the function F'(-, &) is not everywhere differentiable for any £ € E, and yet the
expectation function is smooth. Such simple example of F(x, §) := |x — &| was discussed
after Remark 29 on page 371.

Theorem 7.52. Let U C R" be an open set, X a nonempty compact subset of U, and
F : U x 2 — R a random function. Suppose that: (i) {F (x, §)}.cx is dominated by an
integrable function, (ii) there exists an integrable function C (&) such that

|F(x', &) = F(x,6)| < CE|x' —x|| ae. & €8, Vx,x' €U, (7.139)

and (iii) for every x € X the function F(-, §) is continuously differentiable at x w.p. 1.
Then the following hold: (a) the expectation function f (x) is finite valued and continuously
differentiable on X, (b) for all x € X the corresponding derivatives can be taken inside the
integral, i.e.,

Vix)=E[V.iF(x, )], (7.140)

and (c) Clarke generalized gradient 9° fN (x) converges to V f(x) w.p. 1 uniformly on X,
Le.,

lim supD (a°ﬁv(x), {Vf(x)}) =0 wp. 1. (7.141)

N—00 xex

Proof. Assumptions (i) and (ii) imply that the expectation function f(x) is finite valued
for all x € U. Note that assumption (ii) is basically the same as assumption (A2) and, of
course, assumption (iii) implies assumption (A4) of Theorem 7.44. Consequently, it follows
by Theorem 7.44 that f(-) is differentiable at every point x € X and the interchangeability
formula (7.140) holds. Moreover, it follows from (7.139) that |V, F (x, &)|| < C (&) for a.e.
& and all x € U where V, F(x, &) is defined. Hence by assumption (iii) and the Lebesgue
dominated convergence theorem, we have that for any sequence x; in U converging to a
point x € X it follows that

lim V£ (x) =E [klim V. F(x, s>} —E[V,F(x,6)] = Vf(x).

‘We obtain that f(-) is continuously differentiable on X.
The assertion (c¢) can be proved by following the same steps as in the proof of Theorem
7.48. That is, consider a point x € X, a sequence Vj of shrinking neighborhoods of x and

8k(8) == sup [I[ViF(x,§) — Vi F(x,§)|.
xeVi€)

Here V;*(§) denotes the set of points of V; where F (-, §) is differentiable. By assumption
(iii) we have that §;(§) — O for a.e. £. Also,

8k(&) < IVkF(x, &)l + SSR@ Vi F(x, &) = 2C(&),
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and hence 6;(£), k € N, are dominated by the integrable function 2C (). Consequently,
lim E[§(§)] =E [lim 8k(§):| =0,
k—00 k— 00

and the remainder of the proof can be completed in the same way as the proof of Theorem 7.48
using compactness arguments. [

7.2.6 Law of Large Numbers for Random Sets and Subdifferentials

Consider a measurable multifunction 4 : € = R". Assume that + is compact valued,
i.e., A(w) is a nonempty compact subset of R” for every w € Q. Let us denote by €, the
space of nonempty compact subsets of R”. Equipped with the Hausdorff distance between
two sets A, B € ¢,, the space €, becomes a metric space. We equip &, with the sigma
algebra B of its Borel subsets (generated by the family of closed subsets of €,,). This makes
(¢,, B) a sample (measurable) space. Of course, we can view the multifunction 4 as a
mapping from 2 into &,. We have that the multifunction + : 2 = R”" is measurable iff the
corresponding mapping 4 : Q — ¢, is measurable.

Wesay A; : Q@ — €,,i € N,isaniid sequence of realizations of A ifeach A; = A; (w)
has the same probability distribution on (&,, B) as A(w), and A;, i € N, are independent.
We have the following (strong) LLN for an iid sequence of random sets.

Theorem 7.53 (Artstein—Vitale). Ler A;, i € N, be an iid sequence of realizations of a
measurable mapping A : Q — &, such thatE[HA(w)H] < 00. Then

NY A+ -+ Ay) — E[conv(A)] wp. 1as N — oo, (7.142)

where the convergence is understood in the sense of the Hausdorff metric.

In order to understand the above result, let us make the following observations. There
is a one-to-one correspondence between convex sets A € €, and finite valued convex
positively homogeneous functions on R”", defined by A + s,, where s, (h) := sup,.4 z'h
is the support function of A. Note that for any two convex sets A, B € €, we have that
Suz() =5,()+s,(),and A C B iff s,(-) < s,(-). Consequently, for convex sets
Ay, Ay e €, and B, :={x : ||x|| <r},r =0, we have

D(Ay, Ay) =inf {r = 0: Ay C A, + B} (7.143)
and
inf {r>0:A; CAy+ B }=inf{r=0:s, () <s, ()+s, ()} (7.144)
Moreover, s, (h) = sup<, z'h = r||h||*, where || - ||* is the dual of the norm | - ||. We
obtain that
H(A1, Ay) = sup s, (h) —s, (h)]. (7.145)
llAl*<1

It follows that if the multifunction 4 () is compact and convex valued, then the convergence
assertion (7.142) is equivalent to

N
sup N~ ZsAi (h) — E[sﬁ(h)] — 0 wp.las N — oo. (7.146)
If*<1 p
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Therefore, for compact and convex valued multifunction 4 (w), Theorem 7.53 is a direct
consequence of Theorem 7.50. For general compact valued multifunctions, the averaging
operation (in the left-hand side of (7.142)) makes a “convexifation” of the limiting set.

Consider now a random lower semicontinuous convex function F : R" x & - R
and the corresponding sample average function fy (x) based on an iid sequence £’ = &' (w),
i € N (see (7.129)). Recall that for any x € R”, the multifunction & +— JdF(x, &) is
measurable (see Remark 30 on page 372). In a sense the following result can be viewed as
a particular case of Theorem 7.53 for compact convex valued multifunctions.

Theorem 7.54. Let F : R" x E — R be a random lower semicontinuous convex function

and fN (x) be the corresponding sample average functions based on an iid sequence &'. Sup-
pose that the expectation function f(x) is well defined and finite valued in a neighborhood
of a point x € R". Then

H(d fy (%), 3f () — 0 wp. L as N — oo. (7.147)

Proof. By Theorem 7.46 we have that f(x) is directionally differentiable at x and
[/, h) = E[FL(x, h)]. (7.148)

Note that since f(-) is finite valued near X, the directional derivative f'(x, -) is finite valued
as well. We also have that

N
fuG )y =N""Y " FLE, b (7.149)
i=1

Therefore, by the LLN it follows that fj(, (x, -) converges to f’(x, -) pointwise w.p. 1 as
N — oo. Consequently, by Theorem 7.50 we obtain that f,’v(i, -) converges to f'(x, -)
w.p. 1 uniformly on the set {h : ||k|* < 1}. Since f,(, (x, ) is the support function of the

set 0 fN (x), it follows by (7.145) that 9 fN (x) converges (in the Hausdorff metric) w.p. 1 to
]E[B F(x, 5)]. It remains to note that by Theorem 7.47 we have ]E[BF()E, S)] =9f(x). O

The problem in trying to extend the pointwise convergence (7.147) to a uniform type
of convergence is that the multifunction x — 9/ (x) is not continuous even if f (x) is convex
real valued.®

Let us consider now the e¢-subdifferential, ¢ > 0, of a convex real valued function
f :R*" —> R, defined as

Bf@® ={zeR": f(x)— fF®) =2z (x—%) —e, VxeR'} (7.150)
Clearly for ¢ = 0, the e-subdifferential coincides with the usual subdifferential (at the

respective point). It is possible to show that for ¢ > 0 the multifunction x +— 9, f(x) is
continuous (in the Hausdorff metric) on R”.

%This multifunction is upper semicontinuous in the sense that if the function f(-) is convex and continuous
at x, then lim,_, 5 ID)(Bf(x), Bf()?)) =0.
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Theorem 7.55. Let g; : R" — R, k € N, be a sequence of convex real valued (deterministic)
Sfunctions. Suppose that for every x € R" the sequence g;(x), k € N, converges to a finite
limit g(x), i.e., functions g (-) converge pointwise to the function g(-). Then the function
g(x) is convex, and for any ¢ > 0 the e-subdifferentials 9, gx(-) converge uniformly to 9. g(-)
on any nonempty compact set X C R", i.e.,

lim sup H(asgk(x), BSg(x)) =0. (7.151)

k=00 yex
Proof. Convexity of g(-) means that
gltxi + (1 —0xx) <1g(x1) + (1 —1)g(x2), Vxi,x2 € R", Vr €0, 1].

This follows from convexity of functions g (-) by passing to the limit.

By continuity and compactness arguments we have that in order to prove (7.151) it
suffices to show that if x; is a sequence of points converging to a point x, then the Hausdorff
distance H(E)g 8r(xx), 0: 8 ()E)) tends to zero as k — oo. Consider the e-directional derivative
of g at x:

gx+th)y—gx)+e
n(f) ; .

g (x, h) =i (7.152)
t

It is known that g/ (x, -) is the support function of the set d,g(x). Therefore, since conver-
gence of a sequence of nonempty convex compact sets in the Hausdorff metric is equivalent
to the pointwise convergence of the corresponding support functions, it suffices to show
that for any given & € R”,

lim g;, (x¢, h) = gL (X, h).
k—o00

Let us fix ¢t > 0. Then

th) — X +1th) —g(x
]imsupg]/{e(xk,h) Sllmsup gk(xk+ ) gk(-xk)+8 _ g(x+ ) g(x)+8

k— 00 k—o00 14 t

Since ¢t > 0 was arbitrary, this implies that

lim sup g, (xx, h) < g.(X, h).

k— 00

Now let us suppose for a moment that the minimum of t~! [g(X + th) — g(X) + ],
over t > 0, is attained on a bounded set 7, C R,. It follows then by convexity that for
k large enough, t7 1 [gk (xx + th) — gi(xx) + €] attains its minimum over ¢ > 0, say, at a
point #, and dist(#;, 7,) — 0. Note that inf 7, > 0. Consequently,

gx(xx + th) — gr(xx) + ¢
173

liminf g}, (x¢, h) = lim inf > gl(X, h).
k—o00 . k—o00

In the general case, the proof can be completed by adding the term «||x — x>, & > 0, to
the functions g, (x) and g(x) and passing to the limita | 0. [0

The above result is deterministic. It can be easily translated into the stochastic frame-
work as follows.
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Theorem 7.56. Suppose that the random function F (x, £) is convex and for every x € R"
the expectation f(x) is well defined and finite and the sample average fN (x) converges
to f(x) w.p. 1. Then for any ¢ > 0 the e-subdifferentials 0, fN (x) converge uniformly to
0 f (x) w.p. 1 on any nonempty compact set X C R”, i.e.,

sup H(; f (x), 3: £ (x)) = 0 wp. 1 as N — oo. (7.153)
xeX

Proof. In a way similar to the proof of Theorem 7.50 it can be shown that for a.e. w € €,
f v (x) converges pointwise to f (x) on a countable and dense subset of R". By the convexity
arguments it follows that w.p. 1, fN (x) converges pointwise to f(x) on R" (see Theorem
7.27), and hence the proof can be completed by applying Theorem 7.55. [

Note that the assumption that the expectation function f(-) is finite valued on R” im-
plies that F'(-, £) is finite valued for a.e. £, and since F (-, &) is convex it follows that F (-, §)
is continuous. Consequently, it follows that F'(x, &) is a Carathéodory function and hence is
random lower semicontinuous. Note also that the equality o, fN x)=N"! Z,N=1 9. F(x, &)
holds for e = 0 (by the Moreau—Rockafellar theorem) butdoes nothold fore > Oand N > 1.

7.2.7 Delta Method

In this section we discuss the so-called Delta method approach to asymptotic analysis of
stochastic problems. Let Z;, k € N, be a sequence of random variables converging in

C e . D
distribution to a random variable Z, denoted Z;, — Z.

Remark 32. It can be noted that convergence in distribution does not imply convergence of
the expected values E[Z;] to E[Z], as k — 00, even if all these expected values are finite.
This implication holds under the additional condition that Z; are uniformly integrable,
that is,

lim supE[Z;(c)] =0, (7.154)
€00 keN
where Z;(c) := |Zy| if | Zi| = ¢, and Z;(c) := 0 otherwise. A simple sufficient condition

ensuring uniform integrability, and hence the implication that Z g Z implies E[Z;] —
E[Z], is the following: there exists & > 0 such that sup; . E [|Z;|'**] < oo. Indeed, for
¢ > 0 we have

E[Zi(0)] = ¢ °E[Zi(©)'**] < ¢ °E[I1Zi] "],

from which the assertion follows.

Remark 33 (Stochastic Order Notation). The notation O,(-) and o0,(-) stands for a
probabilistic analogue of the usual order notation O(-) and o(-), respectively. That is,
let X; and Z; be sequences of random variables. It is written that Z; = O, (X}) if for any
& > 0 there exists ¢ > 0 such that Pr (|Z;/Xi| > ¢) < e for all k € N. It is written that
Zr = 0,(Xy) if for any & > 0 it holds that limy_, o Pr (|Z;/ Xi| > &) = 0. Usually this
is used with the sequence X being deterministic. In particular, the notation Z; = O,(1)
asserts that the sequence Z; is bounded in probability, and Z; = o0,(1) means that the
sequence Z; converges in probability to zero.
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First Order Delta Method

In order to investigate asymptotic properties of sample estimators, it will be convenient to
use the Delta method, which we discuss now. Let Yy € R¢bea sequence of random vectors,
converging in probability to a vector u € R?. Suppose that there exists a sequence 7y of
positive numbers, tending to infinity, such that 7y (Yy — @) converges in distribution to a

random vector Y, i.e., ty(Yy — 1) g Y. Let G : R? — R™ be a vector valued function,
differentiable at u. That is,

GOy -G =J@y—w +rQy), (7.155)

where J := VG (u) is the m x d Jacobian matrix of G at u, and the remainder r(y) is of
order o(||ly — ulD), i.e., r(y)/lly — ull = O0as y — u. It follows from (7.155) that

w[G(¥y) — G(w] = J [tn(Yy — )]+ tvr (Yy). (7.156)

Since Ty (Y —1t) converges in distribution, it is bounded in probability, and hence || Yy — ||
is of stochastic order O, (ty 1. It follows that

r(Yy) = o(lYy — nlD) = 0, (zy"),

and hence tyr(Yy) converges in probability to zero. Consequently we obtain by (7.156)
that

Gy — G 2 JY. (7.157)

This formula is routinely employed in multivariate analysis and is known as the (finite
dimensional) Delta theorem. In particular, suppose that N'/2(Yy — u) converges in distri-
bution to a (multivariate) normal distribution with zero mean vector and covariance matrix

=, written NV2(Yy — ) 2 N (0, ). Often, this can be ensured by an application of the
central limit theorem. Then it follows by (7.157) that

N2 G(Yy) — G 2 N, JZJIT). (7.158)

We need to extend this method in several directions. The random functions fN )
can be viewed as random elements in an appropriate functional space. This motivates us
to extend formula (7.157) to a Banach space setting. Let B and B, be two Banach spaces,
and let G : B; — B, be a mapping. Suppose that G is directionally differentiable at a
considered point u € By, i.e., the limit

G td) — G
G, (d) = lim (et t) 0 (7.159)
t

exists for all d € B;. If, in addition, the directional derivative G;L : By — B, is linear and
continuous, then it is said that G is Gateaux differentiable at n. Note that, in any case, the
directional derivative G;L (+) is positively homogeneous, that is, G;(ad) = ozG;L(d ) for any
o >0andd € B;.

It follows from (7.159) that

Gu+d)—Gp) =G,d) +rd)
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with the remainder 7 (d) being “small” along any fixed directiond, i.e.,r(td)/t — Oast | O.
This property is not sufficient, however, to neglect the remainder term in the corresponding
asymptotic expansion and we need a stronger notion of directional differentiability. It is
said that G is directionally differentiable at u in the sense of Hadamard if the directional
derivative G;L(d) exists for all d € B; and, moreover,

G(u+1td)—G(u)

Lo
G,,(d) = lim -

d'—d

(7.160)

Proposition 7.57. Let B| and B, be Banach spaces, G : By — B,, and i € B;. Then the
following hold: (i) If G(-) is Hadamard directionally differentiable at i, then the directional
derivative G;L(~) is continuous. (ii) If G(-) is Lipschitz continuous in a neighborhood of 11
and directionally differentiable at ., then G (-) is Hadamard directionally differentiable at 1.

The above properties can a be proved in a way similar to the proof of Theorem 7.2.
We also have the following chain rule.

Proposition 7.58 (Chain Rule). Let By, By, and B3 be Banach spaces and G : B — B,
and F : By — B3 be mappings. Suppose that G is directionally differentiable at a point
i € By and F is Hadamard directionally differentiable at n := G (). Then the composite
mapping F o G : By — Bs is directionally differentiable at u and

(FoG)(u,d)=F'(n,G(n.d)), Vde B. (7.161)

Proof. Since G is directionally differentiable at u, we have for ¢t > 0 and d € B, that
G(u+td) =G(u) +tG'(u,d) + o(t).
Since F is Hadamard directionally differentiable at  := G (), it follows that
F(G(u+1td)) = F(G(p) +tG' (1, d) +o(t)) = F(n) +tF'(n, G'(1, d)) + o(1).

This implies that F o G is directionally differentiable at y and formula (7.161) holds. [

Now let B; and B, be equipped with their Borel o -algebras 8B; and 8B,, respectively.
An ¥ -measurable mapping from a probability space (2, ¥, P) into Bj is called a random
element of B;. Consider a sequence Xy of random elements of B;. It is said that Xy

converges in distribution (weakly) to a random element Y of B;, and denoted Xy g Y,
if the expected values E[ f(Xy)] converge to E[ f(Y)], as N — oo, for any bounded and
continuous function f : B; — R. Let us formulate now the first version of the Delta
theorem. Recall that a Banach space is said to be separable if it has a countable dense
subset.

Theorem 7.59 (Delta Theorem). Let By and B, be Banach spaces, equipped with their
Borel o-algebras, Yy be a sequence of random elements of B, G : By — B, be a mapping,
and Ty be a sequence of positive numbers tending to infinity as N — oo. Suppose that
the space B is separable, the mapping G is Hadamard directionally differentiable at a
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point u € By, and the sequence Xy := ty(Yn — W) converges in distribution to a random
element Y of By. Then
D
wG(Yy) — G(w)] = G (Y) (7.162)
and
w [G(Yn) — G(w)] = G, (Xn) +0,(1). (7.163)

Note that because of the Hadamard directional differentiability of G, the mapping
G;L : By — B, is continuous, and hence is measurable with respect to the Borel o -algebras
of By and B,. The above infinite dimensional version of the Delta theorem can be proved
easily by using the following Skorohod—Dudley almost sure representation theorem.

Theorem 7.60 (Representation Theorem). Suppose that a sequence of random elements
Xy, of a separable Banach space B, converges in distribution to a random element Y. Then

D
there exists a sequence X', Y', defined on a single probability space, such that Xy ~ Xy

forall N, Y’ 2 Y, and X}y — Y wp. 1.

D o . .
Here Y’ ~ Y means that the probability measures induced by Y and Y coincide.

Proof of Theorem 7.59. Consider the sequence Xy := 7y (¥Yy — 1) of random elements
of B;. By the representation theorem, there exists a sequence X'y, Y’, defined on a single

probability space, such that X’ 2 x N, Y’ 2y ,and X}, — Y’ w.p. 1. Consequently

for Y}, := p + 7' Xy, we have Yy 2 Yy. It follows then from Hadamard directional
differentiability of G that

w [G(Y) — Gw] — G, (Y)  wp. 1. (7.164)

Since convergence w.p. 1 implies convergence in distribution and the terms in (7.164) have
the same distributions as the corresponding terms in (7.162), the asymptotic result (7.162)
follows.

Now since G;l(~) is continuous and X, — Y’ w.p. 1, we have that

G;L(X}v) — G;L(Y’) w.p. 1. (7.165)
Together with (7.164) this implies that the difference between G;L (X’y) and the left-hand
side of (7.164) tends w.p. 1, and hence in probability, to zero. We obtain that
o [G(Y}) = Guw)] = G, [tn (Y — )] + 0, (1),
which implies (7.163). [0

Let us now formulate the second version of the Delta theorem, where the mapping
G is restricted to a subset K of the space B;. We say that G is Hadamard directionally
differentiable at a point u tangentially to the set K if for any sequence dy of the form dy :=
(yy — w)/tn, where yy € K and ty | 0, and such that dy — d, the following limit exists:

G(n +tydy) — G(u)
N '

G;L(d) = lim (7.166)
N—o00
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Equivalently, condition (7.166) can be written in the form

G(u+1td) — G(u)
t‘ 9

G, (d) = lim

d'— g d

(7.167)

where the notation d’ —, d means thatd’ — d and u +td' € K.

Since yy € K, and hence u + tydy € K, the mapping G needs only to be defined
on the set K. Recall that the contingent (Bouligand) cone to K at p, denoted Tx (i), is
formed by vectors d € B such that there exist sequences dy — d and ¢ty | O such that
u~+tydy € K. Note that Tx () is nonempty only if u belongs to the topological closure
of the set K. If the set K is convex, then the contingent cone Tk () coincides with the
corresponding tangent cone. By the above definitions we have that G/, (-) is defined on the
set Tx (u). The following “tangential” version of the Delta theorem can be easily proved in
a way similar to the proof of Theorem 7.59.

Theorem 7.61 (Delta Theorem). Let B, and B, be Banach spaces, K be a subset of By,
G : K — B be a mapping, and Yy be a sequence of random elements of By. Suppose that
(i) the space By is separable, (ii) the mapping G is Hadamard directionally differentiable at
a point ( tangentially to the set K, (iii) for some sequence Ty of positive numbers tending
to infinity, the sequence Xy := tn (Yy — ) converges in distribution to a random element
Y, and (iv) Yy € K w.p. 1 for all N large enough. Then

D
w[G(Yy) = G(w)] — G, (Y). (7.168)
Moreover, if the set K is convex, then (7.163) holds.

Note that it follows from assumptions (iii) and (iv) that the distribution of ¥ is concen-

trated on the contingent cone Tk (1), and hence the distribution of G;L(Y) is well defined.

Second Order Delta Theorem
Our third variant of the Delta theorem deals with a second order expansion of the mapping G.
That is, suppose that G is directionally differentiable at ; and define
Gu+1td) —Gu) —1G,(d)

T (7.169)
2

G (d) = 1[15)[1

d'—d

If the mapping G is twice continuously differentiable, then this second order directional

derivative GZ (d) coincides with the second order term in the Taylor expansion of G (i + d).

The above definition of G;i (d) makes sense for directionally differentiable mappings. How-

ever, in interesting applications, where it is possible to calculate G;i(d), the mapping G is

actually (Gateaux) differentiable. We say that G is second order Hadamard directionally

differentiable at u if the second order directional derivative G;i (d), defined in (7.169), exists

for all d € B,. We say that G is second order Hadamard directionally differentiable at
tangentially to a set K C By if for all d € Tx (1) the limit

G(u+1d) = G(w) — 1G),(d)

1.2
5t

G,(d) = lim

d'— g d

(7.170)

exists.
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Note that if G is first and second order Hadamard directionally differentiable at p
tangentially to K, then G/,(-) and G, (-) are continuous on Tk (1), and that G} (ad) =

@’G)(d) forany & > O and d € Tk ().

Theorem 7.62 (Second Order Delta Theorem). Let By and B, be Banach spaces, K be
a convex subset of By, Yy be a sequence of random elements of By, G : K — B, be a
mapping, and Ty be a sequence of positive numbers tending to infinity as N — 00. Suppose
that (i) the space By is separable, (ii) G is first and second order Hadamard directionally
differentiable at | tangentially to the set K, (iii) the sequence X y := ty(Yy — (1) converges
in distribution to a random element Y of By, and (iv) Yy € K w.p. 1 for N large enough.
Then

2 / D 1 "
i [GOw) = Gw) = G (Y = w] = SGL(Y) (7.171)
and
1
G(Yy) =G(u) + G, (Yy —p) + EG;;(YN — W) +0,(ty?). (7.172)

Proof. Let X, Y', and Y, be elements as in the proof of Theorem 7.59. Recall that their
existence is guaranteed by the representation theorem. Then by the definition of G;i we
have

’ - / ’ 1 " A
@ [G(Yy) — G(w) — 13 Gl (X))] — G0 wp. 1.

Note that G;L(-) is defined on Tk (1) and, since K is convex, Xy = ty (Y — ) € Tx ().
Therefore, the expression in the left-hand side of the above limit is well defined. Since
convergence w.p. 1 implies convergence in distribution, formula (7.171) follows. Since
GZ(-) is continuous on T (1), and, by convexity of K, Y}, — n € Tx () w.p. 1, we have
that 77 G, (Yy —u) — G, (Y') wp. 1. Since convergence w.p. | implies convergence in
probability, formula (7.172) then follows. [

7.2.8 Exponential Bounds of the Large Deviations Theory

Consider an iid sequence Y7, ..., Yy of replications of a real valued random variable Y, and
let Zy := N~! ZfV: , Yi be the corresponding sample average. Then for any real numbers
a and t > 0 we have that Pr(Zy > a) = Pr(e’*Y > ¢'%), and hence, by Chebyshev’s
inequality,

Pr(Zy = a) < e "“E[e'”"] = e “[M(t/N)]",
where M (t) := E[e’ Y ] is the moment-generating function of Y. Suppose that Y has finite

mean p = E[Y] and let a > . By taking the logarithm of both sides of the above
inequality, changing variables " = ¢/N and minimizing over ¢’ > 0, we obtain

%m [Pr(Zy > a)] < —1(a), (7.173)
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where
I1(z) :==sup{tz — A1)} (7.174)
teR
is the conjugate of the logarithmic moment-generating function A(¢) := In M (¢). In the

LD theory, I(z) is called the (large deviations) rate function, and the inequality (7.173)
corresponds to the upper bound of Cramér’s LD theorem.

Note that the moment-generating function M (-) is convex and positive valued,
M(0) = 1, and its domain domM is a subinterval of R containing zero. It follows by
Theorem 7.44 that M (-) is infinitely differentiable at every interior point of its domain.
Moreover, if a := inf (domM) is finite, then M (-) is right-side continuous at a, and sim-
ilarly for the b := sup(domM). It follows that M(-), and hence A(-), are proper lower
semicontinuous functions. The logarithmic moment-generating function A(-) is also con-
vex. Indeed, domA = domM and at an interior point ¢ of domA,

E[r2e?|E[e"] - E[ve! ]
M()? ’

A1) = (7.175)

. 2,tY 1Y . o, . . . . .
Moreover, the matrix [l; :,y Ye ¢ ] 1S positive semidefinite, and hence its expectation 18 also
a positive semidefinite matrix. Consequently, the determinant of the later matrix is nonneg-
ative, i.e.,

E[r2"|E[¢"]-E[re”] = 0.

We obtain that A”(-) is nonnegative at every point of the interior of domA, and hence A(-)
is convex.

Note that the constraint ¢ > 0 is removed in the above definition of the rate function
I1(-). This is because of the following. Consider the function ¥ (¢) := ta — A(t). The
function A(¢) is convex, and hence v () is concave. Suppose that the moment-generating
function M (-) is finite valued at some f > 0. Then M (¢) is finite for all ¢ € [O, t_] and
right-side differentiable at t = 0. Moreover, the right-side derivative of M(¢) atr = Qs u,
and hence the right-side derivative of v (¢) at t = 0 is positive if a > p. Consequently, in
that case ¥ (¢) > ¥ (0) for all # > 0O small enough, and hence 7 (a) > 0 and the supremum
in (7.174) is not changed if the constraint ¢ > 0 is removed. If a = u, then the supremum in
(7.174) is attained at + = 0 and hence I (a) = 0. In that case the inequality (7.173) trivially
holds. Now if M(¢) = +oo for all r > 0O, then /(a) = 0 for any @ > u and the inequality
(7.173) trivially holds.

For a < p the upper bound (7.173) takes the form

1
Nln [Pr(ZN < a)] < —I(a), (7.176)
which of course can be written as

Pr(Zy <a) < e 1@V, (7.177)

The rate function I (z) is convex and has the following properties. Suppose that the
random variable Y has finite mean pu := E[Y]. Then A’(0) = 1 and hence the maximum
in the right-hand side of (7.174) is attained at t* = 0. It follows that 7 (1) = 0 and

I'(w) =t"p— A" =-A0) =0,
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and hence [ (z) attains its minimum at z = . Suppose, further, that the moment-generating
function M (¢) is finite valued for all ¢ in a neighborhood of ¢+ = 0. Then A () is infinitely
differentiable at t = 0, and A’(0) = p and A”(0) = o2, where o2 := Var[Y]. It follows
by the above discussion that in that case I (a) > O for any a # . We also have then that
I'(u) = 0and I”(11) = o2, and hence by Taylor’s expansion,

(a — p)?
202

I(a) = +o(la — pul?). (7.178)

If Y has normal distribution N (i, 02), then its logarithmic moment-generating function is
A(t) = ut + 02t2/2. In that case

(7.179)

The constant I (a) in (7.173) gives, in a sense, the best possible exponential rate at
which the probability Pr(Zy > a) converges to zero. This follows from the lower bound

N—o0

lim inf % In[Pr(Zy = a@)] = —1(a) (7.180)

of Cramér’s LD theorem, which holds for a > .
Other closely related, exponential-type inequalities can be derived for bounded ran-
dom variables.

Proposition 7.63. Let Y be a random variable such thata <Y < b for some a, b € R and
E[Y] = 0. Then

E[e'T] < & ®=0"/8 vt > 0. (7.181)

Proof. If Y is identically zero, then (7.181) obviously holds. Therefore we can assume that
Y is not identically zero. Since E[Y] = 0, it follows thata < 0 and b > 0.

Any Y € [a, b] can be represented as convex combination ¥ = ta + (1 — t)b, where
T =(b—-Y)/(b—a). Since ¢’ is a convex function, it follows that

e’ < e’ + e’. (7.182)

Taking expectation from both sides of (7.182) and using E[Y] = 0, we obtain

b
E[ey]gb_ae"—biaeb. (7.183)

The right-hand side of (7.182) can be written as e$™, where u := b — a, g(x) = —ax +
In(1 —o¢ +woe*)and e := —a/(b —a). Note thatoe > Oand 1 — o > 0.
Let us observe that g(0) = g’(0) = 0 and

a(l —a)
(1 —)e™ 4+ a2e* +2a(l —a)’

g'(x) = (7.184)
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Moreover, (1 — a)?e™ + a?e* > 2a(1 — a), and hence g”(x) < 1/4 for any x. By Taylor
expansion of g(-) at zero, we have g(u) = u>g"(it)/2 for some it € (0, u). It follows that
gu) < u2/8 =(b- a)2/8, and hence

Ele"] < @3, (7.185)
Finally, (7.181) follows from (7.185) by rescaling Y to ¢Y fort > 0. [

In particular, if |[Y| < band E[Y] =0, then | — Y| < b and E[-Y] = 0 as well, and
hence by (7.181) we have
Ele''] < &2, Wt eR. (7.186)

Let Y be a (real valued) random variable supported on a bounded interval [a, b] C R,
and p := E[Y]. Then it follows from (7.181) that the rate function of ¥ — p satisfies

1(z) > sup {tz — t*(b — a)*/8} = 22%/(b — a)”.
teR

Together with (7.177) this implies the following. Let Yy, ..., Yy be an iid sequence of
realizations of ¥ and Zy be the corresponding average. Then for T > 0 it holds that

Pr(Zy > u+1) < e 2N/ (7.187)

The bound (7.187) is often referred to as the Hoeffding inequality.

In particular, let W ~ B(p, n) be a random variable having Binomial distribution,
ie., Pr(W =k%k) = (Z) pX(1 = p)"*, k =0,...,n. Recall that W can be represented as
W=Y,+---+Y,,where Yy, ..., Y, is aniid sequence of Bernoulli random variables with
Pr(Y; = 1) = p and Pr(Y; = 0) = 1 — p. It follows from Hoeffding’s inequality that for a
nonnegative integer k < np,

N2
Pr(W <k) fexp{—w},

n

(7.188)

For small p it is possible to improve the above estimate as follows. For Y ~ Bernoulli(p)
we have

Ele"1=pe' +1—p=1—p(l—¢).
By using the inequality e ™ > 1 — x with x := p(1 — ¢'), we obtain
E[e'] < explp(e’ — D],

and hence for z > 0,

z
I(z) :==sup{tz —InE[e"]} = sup {tz — p(¢' — D} =zIn = —z + p.
teR teR P

Moreover, since In(1 + x) > x — x? /2 for x > 0, we obtain

2
10> tzsp
2p
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By (7.173) it follows that
Pr(n™'W > z) <exp{-n(z — p)*/@2p)} forz=> p. (7.189)

Alternatively, this can be written as

(7.190)

2
Pr(W <k) < exp{—u}

2pn

for a nonnegative integer k < np. The above inequality (7.190) is often called the Chernoff
inequality. For small p it can be significantly better than the Hoeffding inequality (7.188).

The above, one-dimensional LD results can be extended to multivariate and even
infinite dimensional settings, and also to non iid random sequences. In particular, suppose
that Y is a d-dimensional random vector and let u := E[Y] be its mean vector. We can
associate with Y its moment-generating function M (¢), of t € R?, and the rate function I (z)
defined in the same way as in (7.174) with the supremum taken over t € R and ¢z denoting
the standard scalar product of vectors ¢, z € R9. Consider a (Borel) measurable set A ¢ R¢.
Then, under certain regularity conditions, the following large deviations principle holds:

— infzeint(A) I1(z) <liminfy_ o N~'In [Pr(Zy € A)]
< limsupy_,, N"' In[Pr(Zy € A)] (7.191)
< —inf e 1 (2),

where int(A) and cl(A) denote the interior and topological closure, respectively, of the
set A. In the above one-dimensional setting, the LD principle (7.191) was derived for sets
A = [a, +00).

We have that if © € int(A) and the moment-generating function M (¢) is finite valued
for all ¢ in a neighborhood of 0 € R4, then inf 2R\ (inta) 1 (2) is positive. Moreover, if the
sequence is iid, then

limsup N ' In[Pr(Zy & A)] <O, (7.192)

N—o00

i.e., the probability Pr(Zy € A) = 1 — Pr(Zy ¢ A) approaches one exponentially fast as
N tends to infinity.

Finally, let us derive the following useful result.

Proposition 7.64. Let £', &2, ... be a sequence of iid random variables (vectors), o; > 0,

t =1,..., be a sequence of deterministic numbers, and ¢; = ¢;(&)) be (measurable)
functions of &1 = (£1, ..., ") such that
E[¢l&:—11] =0 and E[exp{¢;}/o}Ey—11] < exp{l} wp. L. (7.193)

Then for any ® > 0,

Pr {va_] ¢ = ®\/va:1 0,2} < exp{—©?/3}. (7.194)
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Proof. Let us set ¢, := ¢ /o;. By condition (7.193) we have that E[g|&,_1] = 0

and E[ exp {¢?}|&:-11] < exp{1} w.p. . By the Jensen inequality it follows that for any
a €10, 1],

E [explad?)lég 1 | = E [@xpté?h 16 = (E[expl@? e |) " < expla).

We also have that exp{x} < x + exp{9x?/16)} for all x (this inequality can be verified by
direct calculations), and hence for any A € [0, 4/3],

E [exp(id 61| = E [expl032/16)87) 1] < exp(932/16).  (7.195)

Moreover, we have that Ax < 3 Az + x for any A and x, and hence

E [explidi ) £0-1) | = exp(32/81E [exp(28/3}16-11] < exp(2/3 +34%/8).
Combining the latter inequality with (7.195), we get
E [exp(id 601 ] = exp(37/4), Vi 2 0.

Going back to ¢,, the above inequality reads

E [exp{y ¢ }&r—11] < exp{3y?07/4}, Vy =0. (7.196)

Now, since ¢, is a deterministic function of &j;; and using (7.196), we obtain for any y > 0,

Efexp{y Yoy o)) = Efexp{y Xz o JE (exply i) |

exp(3y 207 /41E [exply Y1) 1)

IA

and hence
E[exp{y Z?/:l ¢t}] < exp{3y2 Zivzlatz/4} . (7.197)
By Chebyshev’s inequality, we have for y > 0 and ©,

Pr{zfv_l@z@,/zjv_]oﬁ} - Pr{exp[yzt lqbt]z [yO,/ZZ 10,]}

eXp[ > 101] exp VZ, 1]

IA

e

Together with (7.197) this implies for ® > 0,
Pr {vazlqbz > ®\/va=103} inf exp {%WZLO? —y0,/3 L 0

exp { -02/ 3} .
This completes the proof. [

IA
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7.2.9 Uniform Exponential Bounds

Consider the setting of section 7.2.5 with a sequence €', i € N, of random realizations of an
d-dimensional random vector & = £(w), afunction F : X x E — R, and the corresponding
sample average function fN (x). We assume here that the sequence &/, i € N, is iid, the
set X C R” is nonempty and compact, and the expectation function f(x) = E[F (x, §)] is
well defined and finite valued for all x € X. We now discuss uniform exponential rates of
convergence of fN (x) to f(x). Denote by

M, (1) := E[e’(mvﬁ—f(x))]

the moment-generating function of the random variable F (x, &) — f(x). Let us make the
following assumptions:

(C1) For every x € X, the moment-generating function M, (¢) is finite valued for all ¢ in a
neighborhood of zero.

(C2) There exists a (measurable) function ¥ : £ — R, such that
|F(x', &) — F(x, £)] < k(@)|x" — x|l (7.198)
forall¢ € Eand all X', x € X.

(C3) The moment-generating function M, (t) := E [¢"*®)] of k (£) is finite valued for all 1
in a neighborhood of zero.

Theorem 7.65. Suppose that conditions (C1)—(C3) hold and the set X is compact. Then
Jfor any ¢ > 0 there exist positive constants C and B = B(¢), independent of N, such that

Pr {Supxex | fv() — f0)] = s} < Ce NP, (7.199)

Proof. By the upper bound (7.173) of Cramér’s LD theorem, we have that for any x € X
and € > 0 it holds that

Pr{fx(x) — f(x) = e} < exp{=NL(e)}, (7.200)
where
1(z) := sup {zt — In M, (1)} (7.201)
teR

is the LD rate function of random variable F(x, &) — f(x). Similarly,

Pr{fv(x) — f(x) < —¢} <exp{=NIL.(=¢)},

and hence
Pr{| /v = £(@)] = e} < exp(=NL.(©)} +exp (- N L (—e)}. (7.202)

By assumption (C1) we have that both I, (¢) and I, (—¢) are positive for every x € X.
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Forav > 0, let xj,...,Xx € X be such that for every x € X there exists x;,
i €{l,...,K},suchthat |x — x;|| <v,i.e., {X,...,Xg}is a v-netin X. We can choose
this net in such a way that

K <[oD/v]", (7.203)
where
D :=sup, .y X" — x|

is the diameter of X and p is a constant depending on the chosen norm || - ||. By (7.198) we
have that

If() = fl < Lix" — x|l (7.204)

where L := K[« (£)] is finite by assumption (C3). Moreover,
| Fv () = fv@)] < @nllx’ — xlI, (7.205)

where Ky := N~! Zjv: 1 k(£7). Again, because of condition (C3), by Cramér’s LD theorem
we have that for any L’ > L there is a constant £ > 0 such that

Pr{fy > L'} <exp{—N¢}. (7.206)

Consider
Z,‘ = fN()El) — f()E,), i = 1, ..., K.

‘We have that the event {maxlg,-sK |Z;| > 8} is equal to the union of the events {|Z;| > ¢},
i=1,..., K, and hence

Primaxi<i<x |Z;] = e} < 200, Pr(|Zi] = ¢) .
Together with (7.202) this implies that
K
Pr {lrgeg;( | v — fG)| = s} <2 exp{— Nls@ AL (-e)l}.  (1.207)
- i=1

Foran x € X leti(x) € argmin;<;<x ||x — X;||. By construction of the v-net we have that
lx — Xiyll < v forevery x € X. Then

v = f@] = [fv@) = IvGa)| + | v Gic) = F G| + | f Ge) = F@)]
<knv+|fvEio) — fEiw)| + L.

Let us take now a v-net with such v that Lv = ¢/4, i.e., v := ¢/(4L). Then
Pr {sup [yt = f] = e} <Pr {m + max | fy(@) = f (@) 2 38/4} :
xeX <i<

Moreover, we have that

Pr {/?Nv > 8/2} < exp{—N¢},
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where £ is a positive constant specified in (7.206) for L’ := 2L. Consequently

Pr{sup,ex | iv (@) = ()] = ¢
< exp(—N 0} + Pr fmaxiicx [ v ) — £()] = /4] (7.208)
< exp(—Ne} +23 % exp {—N [I (/4 A I;; (—e/9)]} .
Since the above choice of the v-net does not depend on the sample (although it depends

on ¢), and both I;, (¢/4) and I;,(—e/4) are positive, i = 1, ..., K, we obtain that (7.208)
implies (7.199), and hence completes the proof. [

In the convex case the (Lipschitz continuity) condition (C2) holds, in a sense, auto-
matically. That is, we have the following result.

Theorem 7.66. Let U C R" be a convex open set. Suppose that (i) for a.e. € € E the
Sfunction F(-,&) : U — R is convex, and (ii) for every x € U the moment-generating
Sfunction M, (t) is finite valued for all t in a neighborhood of zero. Then for every compact
set X C U and ¢ > 0 there exist positive constants C and B = B(¢), independent of N,
such that

Pr {supxex | fv () — f0)] = s} < Ce NP, (7.209)

Proof. We have here that the expectation function f(x) is convex and finite valued for all
x € U. Let X be a (nonempty) compact subset of U. For y > 0 consider the set

X, = {x e R" : dist(x, X) < y}.

Since the set U is open, we can choose y > O such that X, C U. The set X, is compact and
by convexity of f(-) we have that f(-) is continuous and hence is bounded on X, . That s,
there is constant ¢ > 0 such that | f(x)| < c for all x € X,,. Also by convexity of f(-) we
have for any v € [0, 1] and x, y € R" such that x + y,x — y/7 € U:

fO=f(EE+N+EE—y/0) < = fO+9)+ =& —y/1).

It follows thatif x, x +y,x — y/7 € X,, then

fax+)>A+1)f(x)—tf(x —y/T) > f(x) —2TC. (7.210)

Now we proceed similar to the proof of Theorem 7.65. Let ¢ > 0 and v > 0, and let

X1, ..., Xg € X, » be av-net for X, 5. As in the proof of Theorem 7.65, this v-net will be
dependent on ¢ but not on the random sample gl ..., EN. Consider the event

Avi= {m [ = 1G] < }

By (7.200) and (7.202) we have similar to (7.207) that Pr(Ay) > 1 — oy, where

K
ay =2 _exp{— NIz (&) A It (=8)]}.
i=1
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Consider a point x € X and let £ C {1, ..., K} be such an index set that x is a convex
combination of points X;,i € {,i.e., x = Zle 4 tiX;, for some positive numbers #; summing
up to one. Moreover, let { be such that ||x —x;|| < avforalli € {, wherea > 0is a constant

independent of x and the net. By convexity of fN( ) we have that fN X)) <D iyt fN (x).
It follows that the event Ay is included in the event {fN(x) < Ziel tf(x)+ 8}. By
(7.210) we also have that

fx) = f(x;)) —2tc, Vield,

provided that av < ty /2. Setting T := ¢/(2c), we obtain that the event Ay is included
in the event B, := {fN x) < fx)+ 28}, provided that’® v < O(1)e. It follows that the
event Ay is included in the event N,cx By, and hence

Pr {sup (vt = f) = 2s} =PriNex B Z Pridy} = 1—ay,  (721D)
xeX

provided that v < O(1)e.
In order to derive the converse to (7.211) estimate let us observe that by convexity of
fn(-) we have with probability at least 1 — o,y that SUP, cx, fn(x) < c+e. Also, by using

(7.210) we have with probability at least 1 — ay that inf,cy, fN (x) = —(c + ¢), provided
that v < O(1)e. That is, with probability at least 1 — 2y we have that

sup [ Fu ()] < c+e.

xeX,
provided that v < O(1)e. We can now proceed in the same way as above to show that
{Sup<f(X) fN(x)) < 28} > 1 —3ay. (7.212)
xeX

Since by condition (ii) /%, (¢) and I3, (—¢) are positive, this completes the proof. O

Now let us strengthen condition (C1) to the following condition:
(C4) There exists constant o > 0 such that for any x € X, the following inequality holds:
M.(t) <exp{o®t?/2}, VteR. (7.213)

It follows from condition (7.213) that In M, (t) < o*¢?/2, and hence”"

2

L) >, V¥zeR. (7.214)
20
Consequently, inequality (7.208) implies
Pr {supx€X | Fv ) = )] = s} < exp{—N¢} + 2K exp{ N } (7.215)

70Recall that O(1) denotes a generic constant, here O (1) = y/(2ca).

7IRecall that if random variable F (x, £) — f (x) has normal distribution with variance o2, then its moment
generating function is equal to the right-hand side of (7.213), and hence the inequalities (7.213) and (7.214)
hold as equalities.
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where £ is a constant specified in (7.206) with L' := 2L, K = [oD/v]", v = ¢/(4L), and
hence

K = [40DL/e]". (7.216)

If we assume further that the Lipschitz constant in (7.198) does not depend on &, i.e.,
k(&) = L, then the first term in the right-hand side of (7.215) can be omitted. Therefore we
obtain the following result.

Theorem 7.67. Suppose that conditions (C2)—(C4) hold and that the set X has finite
diameter D. Then

Pr {sup |fv() — F@)] = a} sexpl-Nep+2[ 22 exp {25 ). g217)
xeX

Moreover, if kK (§) = L in condition (C2), then condition (C3) holds automatically and the
term exp{— N} in the right-hand side of (7.217) can be omitted.

As shown in the proof of Theorem 7.66, in the convex case estimates of the form
(7.217), with different constants, can be obtained without assuming the (Lipschitz continu-
ity) condition (C2).

Exponential Convergence of Generalized Gradients

The above results can be also applied to establishing rates of convergence of directional
derivatives and generalized gradients (subdifferentials) of fy(x) at a given point x € X.
Consider the following condition:

(C5) Forae. & € &, the function F;(-) = F(-, &) is directionally differentiable at a point
x e X.

Consider the expected value function f(x) = E[F(x, )] = f g F(x,8)dP(§). Sup-
pose that f(x) is finite and condition (C2) holds with the respective Lipschitz constant « (§)
being P-integrable, i.e., E[«(§)] < +o00. Then it follows that f(x) is finite valued and
Lipschitz continuous on X with Lipschitz constant E[« (§)]. Moreover, the following result
for Clarke generalized gradient of f(x) holds (cf., [38, Theorem 2.7.2]).

Theorem 7.68. Suppose that condition (C2) holds with E[x (§)] < +oo, and let x be an

interior point of the set X such that f(x) is finite. If, moreover, F (-, §) is Clarke-regular at
X fora.e. £ € B, then f is Clarke-regular at x and

9°f(X) =/ I°F(x,§)dP(§), (7.218)
where Clarke generalized gradient 0° F (x, &) is taken with respect to x.

The above result can be extended to an infinite dimensional setting with the set X being
a subset of a separable Banach space X. Formula (7.218) can be interpreted in the following
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way. For every y € 0°f(x), there exists a measurable selection I'(§) € 9°F (x, &) such
that for every v € X*, the function (v, I'(-)) is integrable and

(v, 7) =ﬁ(v,F($)>dP($)-

In this way, y can be considered as an integral of a measurable selection from 9° F (x, -).

Theorem 7.69. Let x be an interior point of the set X. Suppose that f(x) is finite and
conditions (C2)—(C3) and (C5) hold. Then for any € > 0 there exist positive constants C
and B = B(¢), independent of N, such that™

Pr {supdes,,_l |fuE d) — F15 d)| > e} < Ce B, (7.219)
Moreover; suppose that for a.e. £ € E the function F (-, §) is Clarke-regular at x. Then
Pr [H (a°fN()z), 8°f()2)) > a} < Ce M, (7.220)
Furthermore, if in condition (C2) k(§) = L is constant, then
Pr {H (8°fN()E), aOf(;z)) > g} <2 [“Q—L] exp [—157] . (7.221)

Proof. Since f(x) is finite, conditions (C2)-(C3) and (C5) imply that f(-) is finite valued
and Lipschitz continuous in a neighborhood of x, f(-) is directionally differentiable at x,
its directional derivative f'(x, -) is Lipschitz continuous, and f'(x, -) = E[n(:, §)], where
ni, &) = Fé (x, -) (see Theorem 7.44). We also have here that fl(,()f, ) = ny (), where

. 1< )
iin(d) = ;U(d, £, deR", (7.222)

and E [ﬁN (d)] = f’(xd) for all d € R". Moreover, conditions (C2) and (C5) imply that
n(-, &) is Lipschitz continuous on R”, with Lipschitz constant « (£), and in particular that
In(d, &) < k(&)||d| for any d € R" and £ € E. Hence together with condition (C3) this
implies that, for every d € R", the moment-generating function of n(d, &) is finite valued
in a neighborhood of zero.

Consequently, the estimate (7.219) follows directly from Theorem 7.65. If Fg(-) is

Clarke-regular for a.e. £ € E, then fN(-) is also Clarke-regular and
N
° fy(@) =N""Y " 0°Fu ().
i=1

By applying (7.219) together with (7.145) for sets A; := BOfN()E) and A; := 0°f(x), we
obtain (7.220).

Now ifk (&) = Lisconstant, then n(-, §) is Lipschitz continuous on R”, with Lipschitz
constant L, and |(d, £)| < L forevery d € $"! and £ € E. Consequently, for any d

By §"~! := {d e R" : ||d|| = 1} we denote the unit sphere taken with respect to a norm | - || on R”".
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S"~land & € E we have that |n(d, &)—E[nd, 5)]| < 2L, and hence forevery d € S"~! the
moment-generating function M, (¢) of n(d, §)—E[n(d, £)]isbounded M, (1) < exp{2t2L2},
for all # € R (see (7.186)). It follows by Theorem 7.67 that

Pr isupdeS’H | /oG d) - f'@& d)] > e} <2 [%]nexp |—%} , (7.223)

and hence (7.221) follows. [0

7.3 Elements of Functional Analysis

A linear space Z equipped with a norm || - || is said to be a Banach space if it is complete,
i.e., every Cauchy sequence in Z has a limit. Let Z be a Banach space. Unless stated
otherwise, all topological statements (convergence, continuity, lower continuity, etc.) will
be made with respect to the norm topology of Z.

The space of all linear continuous functionals ¢ : Z — R forms the dual of space Z
and is denoted Z*. For ¢ € Z* and z € Z we denote (¢, z) := ¢(z) and view it as a scalar
product on Z* x Z. The space Z*, equipped with the dual norm

€1l == sup (£, z), (7.224)

lzlI<1

is also a Banach space. Consider the dual Z** of the space Z*. There is a natural embedding
of Z into Z** given by identifying z € Z with linear functional (-, z) on Z*. In that sense,
Z can be considered as a subspace of Z**. It is said that Banach space Z is reflexive if Z
coincides with Z**.

It follows from the definition of the dual norm that

S, < gl lizll, z€Z,¢eZ”. (7.225)
Also to every z € Z corresponds set
S, :=argmax {(¢,2) : £ € Z%, |¢]| < 1}. (7.226)

The set G, is always nonempty and will be referred to as the set of contact points of 7 € Z.
Every point of &, will be called a contact point of z.

An important class of Banach spaces are «£,(2, ¥, P) spaces, where (22, ) is a
sample space, equipped with sigma algebra ¥ and probability measure P, and p € [1, +00).
The space £,(2, ¥, P) consists of all -measurable functions ¢ : 2 — R such that
fQ |¢p(w)|? dP(w) < +o00. More precisely, an element of £,(£2, F, P) is a class of such
functions ¢ (w) which may differ from each other on sets of P-measure zero. Equipped
with the norm

Il = (/5 ¢ (@)|P dP(@))"", (7.227)

£L,(2, F, P) becomes a Banach space.

We also use the space L£,(€2, F, P) of functions (or rather classes of functions which
may differ on sets of P-measure zero) ¢ : 2 — R which are #-measurable and essentially
bounded. A function ¢ is said to be essentially bounded if its sup-norm

[@lloo := ess sup P ()] (7.228)
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is finite, where

ess sup |¢ (w)| := inf {sup [V (w)] : p(w) = Y(w) ae. w € Q} .
weR weR
In particular, suppose that the set 2 := {wy, ..., @k} is finite, and let  be the sigma
algebra of all subsets of 2 and py, ..., pgx be (positive) probabilities of the corresponding
elementary events. In that case, every element z € £,(£2, £, P) can be viewed as a finite
dimensional vector (z(wy), ..., z(wg)), and £, (2, F, P) can be identified with the space
RX equipped with the corresponding norm

1/
Izl = (Z;fll pklz(wk)ll’) " (7.229)

We also use spaces £,(2, £, P; R™), with p € [1, +00]. For p € [1, +00) this
space is formed by all ¥- measurable functions (mappings) ¢ : Q — R™ such that
fQ | (@)||?d P(w) < +o00, with the corresponding norm | - || on R™ being, for exam-
ple, the Euclidean norm. For p = oo, the corresponding space consists of all essentially
bounded functions v : 2 — R™.

For p € (1, +00) the dual of £,(2, F, P) is the space £,(£2, ¥, P), where g €
(1, 400)issuchthat1/p+1/g =1, and these spaces are reﬂexwe This duahty is derived
by Holder inequality

1/q 1/p
/le“(w)z(w)ldP(w)i (fgl;‘(w)lqu(w)) (fg Iz(w)lde(w)> . (7.230)

For points z € £,(2, F, P) and { € £L,(2, F, P), their scalar product is defined as

¢, 2) :=/Q§(a))z(a))dP(a)). (7.231)

The dual of L£;(2, F, P) is the space L (€2, ¥, P), and these spaces are not reflexive.
If z(w) is not zero for a.e. w € €2, then the equality in (7.230) holds iff ¢(w) is
proportional”® to sign(z(w))|z(w)|"/@~V. Tt follows that for p € (1, +00), with every
nonzero z € £,(2, F, P) is associated unique contact point, denoted EZ, which can be
written in the form
sign(z(w))|z(w)|"/@~Y
Iz11%'”

C(0) = (7.232)

In particular, for p = 2 and ¢ = 2 the contact point is , = llzll; 2. Of course, if z = 0,
then So = {¢ € Z2* . |I{]l« = 1}.

For p = 1 and z € £,(2, ¥, P) the corresponding set of contact points can be
described as follows:

{(w) =1 if z(w) >0,
G, =30 €Lo(Q,F,P): {(w)=—1 if z(w) <0, (7.233)
{(w) e [—1,1] if z(w)=0.

It follows that &, is a singleton iff z(w) # 0 for a.e. w € Q.

3For a € R, sign(a) isequal to 1 ifa > 0,to —1ifa < 0, and to 0 if a = 0.
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Together with the strong (norm) topology of Z we sometimes need to consider its
weak topology, which is the weakest topology in which all linear functionals (¢, -), { € Z¥,
are continuous. The dual space Z* can be also equipped with its weak™ topology, which
is the weakest topology in which all linear functionals (-, z), z € Z, are continuous. If
the space Z is reflexive, then Z* is also reflexive and its weak™ and weak topologies do
coincide. Note also that a convex subset of Z is closed in the strong topology iff it is closed
in the weak topology of Z.

Theorem 7.70 (Banach-Alaoglu). Let Z be Banach space. The closed unit ball {¢ € Z* :
I ]l« < 1} is compact in the weak™ topology of Z*.

It follows that any bounded (in the dual norm || - ||,) and weakly* closed subset of Z*
is weakly™* compact.

7.3.1 Conjugate Duality and Differentiability

Let Z be a Banach space, Z* be its dual space and f : Z — R be an extended real valued
function. Similar to the final dimensional case we define the conjugate function of f as

f7@) = Sug{(;“, 2) = f@}. (7.234)

The conjugate function f* : Z* — R is always convex and lower semicontinuous. The
biconjugate function f**: Z — R, i.e., the conjugate of f*, is

[ @) = sup {(¢.2) = 1O} (7.235)
rez*
The basic duality theorem still holds in the considered infinite dimensional framework.

Theorem 7.71 (Fenchel-Moreau). Let Z be a Banach space and f : Z — R be a proper
extended real valued convex function. Then

[ =lsc f. (7.236)

It follows from (7.236) that if f is proper and convex, then f** = f iff f is lower
semicontinuous. A basic difference between finite and infinite dimensional frameworks is
that in the infinite dimensional case a proper convex function can be discontinuous at an
interior point of its domain. As the following result shows, for a convex proper function
continuity and lower semicontinuity properties on the interior of its domain are the same.

Proposition 7.72. Let Z be a Banach space and f : Z — R be a convex lower semicontin-
uous function having a finite value in at least one point. Then f is proper and is continuous
on int(dom f).

In particular, it follows from the above proposition that if f : Z — R is real valued
convex and lower semicontinuous, then f is continuous on Z.

The subdifferential of a function f : Z — R, at a point z such that f(zo) is finite, is
defined in a way similar to the finite dimensional case. That is,

0f (z0) :=={¢ €Z*: f(2) = f(z0) = (¢, 2 —20), Vze€Z}. (7.237)
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It is said that f is subdifferentiable at z if df (zo) is nonempty. Clearly, if f is subdiffer-
entiable at some point zg € Z, then f is proper and lower semicontinuous at zo. Similar to
the finite dimensional case, we have the following.

Proposition 7.73. Let Z be a Banach space and f : Z — R be a convex function and
z € Z be such that f**(z) is finite. Then

0f"* (<) = arg max {(¢.2) = 1O} (7.238)
Moreover, if f**(z) = f(2), then 3f**(z) = 9f (2).

Proposition 7.74. Let Z be a Banach space, f : Z — R be a convex function. Suppose
that f is finite valued and continuous at a point zo € Z. Then f is subdifferentiable at z,
af (zo) is nonempty, convex, bounded, and weakly* compact subset of Z*, f is Hadamard
directionally differentiable at 7y and

f'(zo,h) = sup (¢, h). (7.239)
¢edf(zo)

Note that by the definition, every element of the subdifferential df (z¢) (called sub-
gradient) is a continuous linear functional on Z. A linear (not necessarily continuous)
functional £ : Z — R is called an algebraic subgradient of f at zg if

fzo+h) — f(zo) = £(h), VheZ. (7.240)

Of course, if the algebraic subgradient £ is also continuous, then £ € 9f(zo).

Proposition 7.75. Let Z be a Banach space and f : Z — R be a proper convex function.
Then the set of algebraic subgradients at any point zo € int(dom f) is nonempty.

Proof. Consider the directional derivative function §(h) := f’(zo, h). The directional
derivative is defined here in the same way as in section 7.1.1. Since f is convex we have
that

F(zo, h) = inf L) = [ Go) (7.241)
>0 t

and §(-) is convex, positively homogeneous. Moreover, since zo € int(dom f) and hence
f () is finite valued for all z in a neighborhood of z, it follows by (7.241) that § (k) is finite
valued for all 4 € Z. That is, §(-) is a real valued subadditive and positively homogeneous
function. Consequently, by the Hahn—Banach theorem we have that there exists a linear
functional £ : Z — R suchthat §(h) > €(h) forall h € Z. Since f(zo+h) > f(z0)+8(h)

for any h € Z, it follows that £ is an algebraic subgradient of f atzo. 0

There is also the following version of the Moreau—Rockafellar theorem in the infinite
dimensional setting.

Theorem 7.76 (Moreau-Rockafellar). Ler fi, f» : Z — R be convex proper lower
semicontinuous functions, f := fi + f» and z € dom( f;) N dom( f2). Then

Af (2) = 3f1(2) + 9/2(2), (7.242)
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provided that the following regularity condition holds:
0 € int {dom( f;) — dom(f>)} . (7.243)

In particular, (7.242) holds if f is continuous at Z.

Remark 34. Itis possible to derive the following (first order) necessary optimality condition
from the above theorem. Let S be a convex closed subset of Z and f : Z — R be a convex
proper lower semicontinuous function. We have that a point zo € S is a minimizer of f(z)
over z € S iff zo is a minimizer of V¥ (z) := f(z) + Is(z) over z € Z. The last condition
is equivalent to the condition that 0 € 91 (zp). Since S is convex and closed, the indicator
function Ig(-) is convex lower semicontinuous, and dlls(zg) = Ns(z0). Therefore, we have
the following.
If zo € S Ndom( f) is a minimizer of f(z) over z € S, then

0 € df(zo0) + Ns(zo), (7.244)

provided that O € int {dom(f) — S}. In particular, (7.244) holds, if f is continuous at zg.

It is also possible to apply the conjugate duality theory to dual problems of the form
(7.33) and (7.35) in an infinite dimensional setting. That is, let X and Y be Banach spaces,
Y X xY — Rand 9 (y) :=infrex ¥ (x, y).

Theorem 7.77. Let X and Y be Banach spaces. Suppose that the function y(x, y) is proper
convex and lower semicontinuous and that 9 (y) is finite. Then ¥ (y) is continuous at y iff
for every y in a neighborhood of y, ¥ (y) < 400, i.e., y € int(dom ¥}).

If ¥ (y) is continuous at y, then there is no duality gap between the corresponding
primal and dual problems and the set of optimal solutions of the dual problem coincides
with 99 (y) and is nonempty and weakly*™ compact.

7.3.2 Lattice Structure

Let C C Z be a closed convex pointed’* cone. It defines an order relation on the space Z.
That is, z; > zp if z; — zo € C. It is not difficult to verify that this order relation defines
a partial order on Z, i.e., the following conditions hold for any z,7’,z" € Z: (i) z > z,
(i) if z > 7/ and 7/ > Z”, then z > 7" (transitivity), and (iii) if z > 7’ and 7’ > z, then
z = 7. This partial order relation is also compatible with the algebraic operations, i.e., the
following conditions hold: (iv)if z > z' and ¢ > 0, then tz > ¢z, and (v) if 7/ > z” and
z€Z,thenz +z>7"+z.

It is said that u € Z is the least upper bound (or supremum) of z,7' € Z, written
u=zvz,ifu > zand u > 7 and, moreover, if ' > z and ¥’ > 7' for some u’ € Z,
then u’ > u. By the above property (iii) we have that if the least upper bound z V 7’ exists,
then it is unique. It is said that the considered partial order induces a lattice structure on Z
if the least upper bound z Vv 7’ exists for any z, 7’ € Z. Denote z, :=zV0,z_ := (—z) V0,
and |z] := z4+ V z_ = z V (—7). It is said that Banach space Z with lattice structure is a
Banach lattice if z, 7/ € Z and |z| > |Z/| implies ||z|| > ||Z/].

74Recall that cone C is said to be pointed if z € € and —z € C implies that z = 0.
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For p e [1,+o0], consider Banach space Z := «£,(Q2,F, P) and cone C :=
LF(Q, F, P), where

LEQF,P)i={z€L£,(Q F, P):z(w) = 0forae. v € Q). (7.245)

This cone C is closed, convex, and pointed. The corresponding partial order means that
z > 7/ iff z(w) > 7/ (w) for a.e. w € Q. It has a lattice structure with

(z V 2')(w) = max{z(w), z'(w)}

and |z|(w) = |z(w)]|. Also, the property, “if z > z’ > 0, then ||z|| > ||Z||,” clearly holds. It
follows that space £,(£2, ¥, P) with cone OC;(Q, F, P) forms a Banach lattice.

Theorem 7.78 (Klee-Nachbin—-Namioka). Let Z be a Banach lattice and £ : Z — R
be a linear functional. Suppose that £ is positive, i.e., £(z) > 0 for any z > 0. Then £ is
continuous.

Proof. We have that linear functional £ is continuous iff it is bounded on the unit ball of
Z, i.e, iff there exists positive constant ¢ such that [£(z)| < c||z|| for all z € Z. First, let us
show that there exists ¢ > 0 such that £(z) < c||z]|| forall z > 0. Recall thatz > 0iffz € C.
We argue by a contradiction. Suppose that this is incorrect. Then there exists a sequence
zx € C such that ||z;|| = 1 and £(zz) > 2* for all k € N. Consider Z := Y -, 27¥z;. Note
that Y ;_, 27z, forms a Cauchy sequence in Z and hence is convergent, i.e., the point Z is
well defined. Note also that since C is closed, it follows that Z,fim 2%z, € @, and hence
it follows by positivity of £ that £ (Z,fim 2’kzk) > 0 for any m € N. Therefore, we have

) = ¢ (22:1 2_kzk) +¢ (ZZLH z_ka) >t (ZZ:1 Z_ka)
= Yo 27M@) =0,

for any n € N. This gives a contradiction.
Now for any z € Z we have

Izl = z4+ Vzo = 24 = |z4].

It follows that for v = |z| we have that ||v|| > ||z+||, and similarly |Jv|| > ||z—||. Since
7 =z4+ — z— and £(z_) > 0 by positivity of ¢, it follows that

U(z) = €(z4) — €(z-) = €(z4) = cliz4 |l = clizll,

and similarly
—(z2) = —Ll(zy) + €(z-) < L(z-) Zcllz-|l = cllzll-
It follows that |£(z)| < c||z||, which completes the proof. [

__ Suppose that Banach space Z has a lattice structure. Itis said that a function f : Z —
R is monotone if 7 > 7' implies that f(z) > f(z').

Theorem 7.79. Let Z be a Banach lattice and f : Z — R be proper convex and monotone.
Then f(-) is continuous and subdifferentiable on the interior of its domain.
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Proof. Let zp € int(domf). By Proposition 7.75, function f possesses an algebraic
subgradient £ at zy. It follows from monotonicity of f that € is positive. Indeed, if £(h) < O
for some h € C, then it follows by (7.240) that

f@o—h) = f(zo) — £(h) > f(zo),

which contradicts monotonicity of f. It follows by Theorem 7.78 that £ is continuous, and
hence £ € df (z9). This shows that f is subdifferentiable at every point of int(dom f). This,
in turn, implies that f is lower semicontinuous on int(dom f) and hence by Proposition
7.72 is continuous on int(dom f). [

The above result can be applied to any space Z := £,(22, F, P), p € [1, +o0],
equipped with the lattice structure induced by the cone C := QC:;(Q, F, P).

Interchangeability Principle

Let (2, ¥, P) be a probability space. It is said that a linear space 9t of ¥ -measurable
functions (mappings) ¥ : Q@ — R™ is decomposable if for every ¢ € 9 and A € ¥, and
every bounded and ¥ -measurable function y : Q — R, the space 91 also contains the
function n(-) 1= 1ga ()Y (-) + 14(-)y (-). For example, spaces M := L,(2, F, P; R™),
with p € [1, +o0], are decomposable. Proof of the following theorem can be found in [181,
Theorem 14.60].

Theorem 7.80. Let M be a decomposable space and f : R™ x Q — R be a random lower
semicontinuous function. Then

E [xlerg" f(x, a))i| = ;E&E[FX]’ (7.246)

where F, () := f(x (), ®), provided that the right-hand side of (7.246) is less than 4-o0.
Moreover, if the common value of both sides in (7.246) is not —oo, then

x € argmin E[F,] iff x(w) € argmin f(x, w) fora.e. w € Qand x € M. (7.247)
XM xeRm

Clearly the above interchangeability principle can be applied to a maximization, rather
than minimization, procedure simply by replacing function f (x, w) with — f(x, w). For an
extension of this interchangeability principle to risk measures, see Proposition 6.37.

Exercises
7.1. Show that function f : R” — R is lower semicontinuous iff its epigraph epi f is a

closed subset of R"*1.

7.2. Show that a function f : R” — R is polyhedral iff its epigraph is a convex closed
polyhedron and f(x) is finite for at least one x.
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7.3.

7.4.

7.5.

7.6.

1.7.

7.8.

7.9.

7.10.

7.11.
7.12.

Give an example of a function f : R> — R which is Gateaux but not Fréchet
differentiable.

Show thatif g : R" — R is Hadamard directionally differentiable at xo € R”", then
g’ (xo, +) is continuous and g is Fréchet directionally differentiable at xy. Conversely,
if g is Fréchet directionally differentiable at xy and g’(xo, -) is continuous, then g is
Hadamard directionally differentiable at x;.

Show thatif f : R" — R is a convex function, finite valued at a point xo € R”, then
formula (7.17) holds and f’(xg, -) is convex. If, moreover, f(-) is finite valued in a
neighborhood of xg, then f'(xo, &) is finite valued for all 4 € R".

Let s(-) be the support function of a nonempty set C C R”". Show that the conjugate
of s(-) is the indicator function of the set cl(conv(C)).

Let C C R” be a closed convex set and x € C. Show that the normal cone N¢(x)
is equal to the subdifferential of the indicator function I (-) at x.

Show that if multifunction § : R” = R”" is closed valued and upper semicontinuous,
then it is closed. Conversely, if § is closed and the set dom § is compact, then § is
upper semicontinuous.

Consider function F(x, w) used in Theorem 7.44. Show that if F (-, w) is differen-
tiable for a.e. w, then condition (A2) of that theorem is equivalent to the following
condition: there exists a neighborhood V of xj such that

E[sup,cy IV, F(x, )] < co. (7.248)

Show that if f(x) := E|x — &|, then formula (7.121) holds. Conclude that f(-) is
differentiable at xy € R iff Pr(§ = xp) = 0.

Verify equalities (7.143) and (7.144) and hence conclude (7.145).

Show that the estimate (7.199) of Theorem 7.65 still holds if the bound (7.198) in
condition (C2) is replaced by

|F(x', &) — F(x, &) =k @)llx" —x]|)” (7.249)

for some constant ¥ > (. Show how the estimate (7.217) of Theorem 7.67 should
be corrected in that case.
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Bibliographical Remarks

Chapter 1

The news vendor problem (sometimes called the newsboy problem), portfolio selection, and
supply chain models are classical, and numerous papers have been written on each subject.
It would be far beyond the scope of this monograph to give a complete review of all relevant
literature. Our main purpose in discussing these models is to introduce such basic concepts
as a recourse action, probabilistic (chance) constraints, here-and-now and wait-and-see
solutions, the nonanticipativity principle, and dynamic programming equations. We give
below just a few basic references.

The news vendor problem is a classical model used in inventory management. Its
origin is in the paper by Edgeworth [62]. In the stochastic setting, study of the news vendor
problem started with the classical paper by Arrow, Harris, and Marchak [5]. The optimality
of the basestock policy for the multistage inventory model was first proved in Clark and
Scarf [37]. The worst-case distribution approach to the news vendor problem was initiated
by Scarf [193], where the case when only the mean and variance of the distribution of the
demand are known was analyzed. For a thorough discussion and relevant references for
single and multistage inventory models, see Zipkin [230].

Modern portfolio theory was introduced by Markowitz [125, 126]. The concept of
utility function has a long history. Its origins go back as far as the work of Daniel Bernoulli
(1738). The axiomatic approach to the expected utility theory was introduced by von
Neumann and Morgenstern [221].

For an introduction to supply chain network design, see, e.g., Nagurney [132]. The
material of section 1.5 is based on Santoso et al. [192].

For a thorough discussion of robust optimization we refer to the forthcoming book by
Ben-Tal, El Ghaoui, and Nemirovski [15].

Chapters 2 and 3

Stochastic programming with recourse originated in the works of Beale [14], Dantzig [41],
and Tintner [215].

407
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Properties of the optimal value Q(x, &) of the second-stage linear programming
problem and of its expectation E[Q(x, £)] were first studied by Kall [99, 100], Walkup
and Wets [223, 224], and Wets [226, 227]. Example 2.5 is discussed in Birge and Lou-
veaux [19]. Polyhedral and convex two-stage problems, discussed in sections 2.2 and 2.3,
are natural extensions of the linear two-stage problems. Many additional examples and anal-
ysis of particular models can be found in Birge and Louveaux [19], Kall and Wallace [102],
and Wallace and Ziemba [225]. For a thorough analysis of simple recourse models, see Kall
and Mayer [101].

Duality analysis of stochastic problems, and in particular dualization of the nonantic-
ipativity constraints, was developed by Eisner and Olsen [64], Wets [228], and Rockafellar
and Wets [179, 180]. (See also Rockafellar [176] and the references therein.)

Expected value of perfect information is a classical concept in decision theory (see
Raiffa and Schlaifer [165] and Raiffa [164]). In stochastic programming this and related
concepts were analyzed by Madansky [122], Spivey [210], Avriel and Williams [11], Demp-
ster [46], and Huang, Vertinsky, and Ziemba [95].

Numerical methods for solving two- and multistage stochastic programming problems
are extensively discussed in Birge and Louveaux [19], Ruszczyriski [186], and Kall and
Mayer [101], where the reader can also find detailed references to original contributions.

There is also an extensive literature on constructing scenario trees for multistage mod-
els, encompassing various techniques using probability metrics, pseudorandom sequences,
lower and upper bounding trees, and moment matching. The reader is referred to Kall and
Mayer [101], Heitsch and and Romisch [82], Hochreiter and Pflug [91], Casey and Sen [31],
Pennanen [145], Dupacova, Growe-Kuska, and Romisch [59], and the references therein.

An extensive stochastic programming bibliography can be found at the website
http://mally.eco.rug.nl/spbib.html, maintained by Maarten van der Vlerk.

Chapter 4

Models involving probabilistic (chance) constraints were introduced by Charnes, Cooper,
and Symonds [32], Miller and Wagner [129], and Prékopa [154]. Problems with integrated
chance constraints are considered in [81]. Models with stochastic dominance constraints
were introduced and analyzed by Dentcheva and Ruszczyriski in [52, 54, 55]. The notion of
stochastic ordering or stochastic dominance of first order has been introduced in statistics
in Mann and Whitney [124] and Lehmann [116] and further applied and developed in
economics (see Quirk and Saposnik [163], Fishburn [67], and Hadar and Russell [80].)
An essential contribution to the theory and solutions of problems with chance con-
straints was the theory of «-concave measures and functions. In Prékopa [155, 156] the
concept of logarithmic concave measures was introduced and studied. This notion was gen-
eralized to @-concave measures and functions in Borell [23,24], Brascamp and Lieb [26], and
Rinott [168] and further analyzed in Tamm [214] and Norkin [141]. Approximations of the
probability function by Steklov—Sobolev transformation was suggested by Norkin in [139].
Differentiability properties of probability functions were studied in Uryasev [216, 217],
Kibzun and Tretyakov [104], Kibzun and Uryasev [105], and Raik [166]. The first defini-
tion of a-concave discrete multivariate distributions was introduced in Barndorff-Nielsen
[13]. The generalized definition of w-concave functions on a set, which we have adopted
here, was introduced in Dentcheva, Prekopa, and Ruszczyniski [49]. It facilitates the de-
velopment of optimality and duality theory of probabilistic optimization. Its consequences
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for probabilistic optimization were explored in Dentcheva, Prékopa, and Ruszczyniski [50].
The notion of p-efficient points was first introduced in Prékopa [157]. A similar concept
was used in Sen [195]. The concept was studied and applied in the context of discrete distri-
butions and linear problems in the papers of Dentcheva, Prékopa, and Ruszczyriski [49, 50]
and Prékopa, Vizvari, Badics [160] and in the context of general distributions in Dentcheva,
Lai, and Ruszczyriski [48]. Optimization problems with probabilistic set-covering con-
straint were investigated in Beraldi and Ruszczyniski [16, 17], where efficient enumeration
procedures of p-efficient points of 0—1 variable are employed. There is a wealth of research
on estimating probabilities of events. We refer to Boros and Prékopa [25], Bukszar [27],
Bukszar and Prékopa [28], Dentcheva, Prékopa, and Ruszczynski [50], Prékopa [158], and
Szantai [212], where probability bounds are used in the context of chance constraints.

Statistical approximations of probabilistically constrained problems were analyzed
in Sainetti [191], Kankova [103], Dedk [43], and Growe [77]. Stability of models with
probabilistic constraints was addressed in Dentcheva [47], Henrion [84, 83], and Henrion
and Romisch [183, 85]. Nonlinear probabilistic problems were investigated in Dentcheva,
Lai, and Ruszczyniski [48], where optimality conditions are established.

Many applied models in engineering, where reliability is frequently a central issue
(e.g., in telecommunication, transportation, hydrological network design and operation, en-
gineering structure design, electronic manufacturing problems), include optimization under
probabilistic constraints. We do not list these applied works here. In finance, the con-
cept of Value-at-Risk enjoys great popularity (see, e.g., Dowd [57], Pflug [148], and Pflug
and Romisch [149]). The concept of stochastic dominance plays a fundamental role in
economics and statistics. We refer to Mosler and Scarsini [131], Shaked and Shanthiku-
mar [196], and Szekli [213] for more information and a general overview on stochastic
orders.

Chapter 5

The concept of SAA estimators is closely related to the maximum likelihood (ML) method
and M-estimators developed in statistics literature. However, the motivation and scope
of applications are quite different. In statistics, the involved constraints typically are of a
simple nature and do not play such an essential role as in stochastic programming. Also, in
applications of Monte Carlo sampling techniques to stochastic programming, the respective
sample is generated in the computer and its size can be controlled, while in statistical
applications the data are typically given and cannot be easily changed.

Starting with a pioneering work of Wald [222], consistency properties of the ML
method and M-estimators were studied in numerous publications. The epi-convergence ap-
proach to studying consistency of statistical estimators was discussed in Dupac¢ova and Wets
[60]. In the context of stochastic programming, consistency of SAA estimators was also in-
vestigated by tools of epi-convergence analysis in King and Wets [108] and Robinson [173].

Proposition 5.6 appeared in Norkin, Pflug, and Ruszczyniski [140] and Mak, Morton,
and Wood [123]. Theorems 5.7, 5.11, and 5.10 are taken from Shapiro [198] and [204],
respectively. The approach to second order asymptotics, discussed in section 5.1.3, is based
on Dentcheva and Romisch [51] and Shapiro [199]. Starting with the classical asymp-
totic theory of the ML method, asymptotics of statistical estimators were investigated in
numerous publications. Asymptotic normality of M-estimators was proved, under quite
weak differentiability assumptions, in Huber [96]. An extension of the SAA method to
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stochastic generalized equations is a natural one. Stochastic variational inequalities were
discussed by Giirkan, Ozge, and Robinson [79]. Proposition 5.14 and Theorem 5.15 are
similar to the results obtained in [79, Theorems 1 and 2]. Asymptotics of SAA estimators
of optimal solutions of stochastic programs were discussed in King and Rockafellar [107]
and Shapiro [197].

The idea of using Monte Carlo sampling for solving stochastic optimization problems
of the form (5.1) certainly is not new. A variety of sampling-based optimization techniques
have been suggested in the literature. It is beyond the scope of this chapter to give a compre-
hensive survey of these methods, but we mention a few approaches related to the material
of this chapter. One approach uses the infinitesimal perturbation analysis (IPA) techniques
to estimate the gradients of f(-), which consequently are employed in the stochastic ap-
proximation (SA) method. For a discussion of the IPA and SA methods we refer to Ho and
Cao [90], Glasserman [75], Kushner and Clark [112], and Nevelson and Hasminskii [137],
respectively. For an application of this approach to optimization of queueing systems see
Chong and Ramadge [36] and L’Ecuyer and Glynn [115], for example. Closely related to
this approach is the stochastic quasi-gradient method (see Ermoliev [65]).

Another class of methods uses sample average estimates of the values of the objective
function, and maybe its gradients (subgradients), in an “interior” fashion. Such methods
are aimed at solving the true problem (5.1) by employing sampling estimates of f(-) and
V f(-) blended into a particular optimization algorithm. Typically, the sample is updated or a
different sample is used each time function or gradient (subgradient) estimates are required
at a current iteration point. In this respect we can mention, in particular, the statistical
L-shaped method of Infanger [97] and the stochastic decomposition method of Higle and
Sen [88].

In this chapter we mainly discussed an “exterior” approach, in which a sample is
generated outside of an optimization procedure and consequently the constructed sample
average approximation (SAA) problem is solved by an appropriate deterministic optimiza-
tion algorithm. There are several advantages in such an approach. The method separates
sampling procedures and optimization techniques. This makes it easy to implement and, in
a sense, universal. From the optimization point of view, given a sample gl ... &N, the ob-
tained optimization problem can be considered as a stochastic program with the associated
scenarios £, ..., £V, each taken with equal probability N~!. Therefore, any optimization
algorithm which is developed for a considered class of stochastic programs can be applied
to the constructed SAA problem in a straightforward way. Also, the method is ideally suited
for a parallel implementation. From the theoretical point of view, a quite well-developed
statistical inference of the SAA method is available. This, in turn, gives a possibility of
error estimation, validation analysis, and hence stopping rules. Finally, various variance
reduction techniques can be conveniently combined with the SAA method.

It is difficult to point out an exact origin of the SAA method. The idea is simple
indeed and it was used by various authors under different names. Variants of this approach
are known as the stochastic counterpart method (Rubinstein and Shapiro [184], [185])
and sample-path optimization (Plambeck et al. [151] and Robinson [173]), for example.
Also similar ideas were used in statistics for computing maximum likelihood estimators
by Monte Carlo techniques based on Gibbs sampling (see, e.g., Geyer and Thompson [72]
and references therein). Numerical experiments with the SAA approach, applied to linear
and discrete (integer) stochastic programming problems, can be also found in more recent
publications [3, 120, 123, 220].
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The complexity analysis of the SAA method, discussed in section 5.3, is motivated by
the following observations. Suppose for the moment that components &,i = 1,...,d, of
the random data vector £ € R are independently distributed. Suppose, further, that we use
r points for discretization of the (marginal) probability distribution of each component &;.
Then the resulting number of scenarios is K = r¢, i.e., it grows exponentially with an
increase of the number of random parameters. Already with, say, r = 4 and d = 20 we
will have an astronomically large number of scenarios 4 &~ 10'2. In such situations it
seems hopeless just to calculate with a high accuracy the value f(x) = E[F(x, )] of the
objective function at a given point x € X, much less to solve the corresponding optimization
problem.” And, indeed, it was shown in Dyer and Stougie [61] that under the assumption
that the stochastic parameters are independently distributed, two-stage linear stochastic
programming problems are §P-hard. This indicates that, in general, two-stage stochastic
programming problems cannot be solved with a high accuracy, as say with accuracy of
order 1073 or 1074, as it is common in deterministic optimization. On the other hand,
quite often in applications it does not make much sense to try to solve the corresponding
stochastic problem with a high accuracy since the involved inaccuracies resulting from
inexact modeling, distribution approximations, etc., could be far bigger. In some situations
the randomization approach based on Monte Carlo sampling techniques allows one to solve
stochastic programs with reasonable accuracy and a reasonable computational effort.

The material of section 5.3.1 is based on Kleywegt, Shapiro, and Homem-De-Mello
[109]. The extension of that analysis to general feasible sets, given in section 5.3.2, was
discussed in Shapiro [200, 202, 205] and Shapiro and Nemirovski [206]. The material of
section 5.3.3 is based on Shapiro and Homem-de-Mello [208], where proof of Theorem
5.24 can be found.

In practical applications, in order to speed up the convergence, it is often advanta-
geous to use quasi—-Monte Carlo techniques. Theoretical bounds for the error of numerical
integration by quasi-Monte Carlo methods are proportional to (log N)Y N !, i.e., are of or-
der O ((log N)IN ’1), with the respective proportionality constant A, depending on d. For
small d it is almost the same as of order O (N ~!), which of course is better than O, (N ~'/2).
However, the theoretical constant A, grows superexponentially with increase of d. There-
fore, for larger values of d one often needs a very large sample size N for quasi-Monte
Carlo methods to become advantageous. It is beyond the scope of this chapter to give a
thorough discussion of quasi-Monte Carlo methods. A brief discussion of quasi-Monte
Carlo techniques is given in section 5.4. For a further readings on that topic see Nieder-
reiter [138]. For applications of quasi-Monte Carlo techniques to stochastic programming
see, e.g., Koivu [110], Homem-de-Mello [94], and Pennanen and Koivu [146].

For a discussion of variance reduction techniques in Monte Carlo sampling we refer to
Fishman [68] and a survey paper by Avramidis and Wilson [10], for example. In the context
of stochastic programming, variance reduction techniques were discussed in Rubinstein and
Shapiro [185], Dantzig and Infanger [42], Higle [86] and Bailey, Jensen, and Morton [12],
for example.

The statistical bounds of section 5.6.1 were suggested in Norkin, Pflug, and
Ruszczyriski [140] and developed in Mak, Morton, and Wood [123]. The common random

3 0Of course, in some very specific situations it is possible to calculate E[ F(x, £)] in a closed form. Also,
if F(x, &) is decomposable into the sum Z?:] Fi(x,&), then E[F(x,&)] = Z;j:l E[F;(x, &)], and hence
the problem is reduced to calculations of one dimensional integrals. This happens in the case of the so-called
simple recourse.
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numbers estimator gapy ,,(X) of the optimality gap was introduced in [123]. The KKT
statistical test, discussed in section 5.6.2, was developed in Shapiro and Homem-de-Mello
[207], so that the material of that section is based on [207]. See also Higle and Sen [87].

The estimate of the sample size derived in Theorem 5.32 is due to Campi and Garatti
[30]. This result builds on a previous work of Calafiore and Campi [29], and from the
considered point of view gives a tightest possible estimate of the required sample size.
Construction of upper and lower statistical bounds for chance constrained problems, dis-
cussed in section 5.7, is based on Nemirovski and Shapiro [134]. For some numerical
experiments with these bounds see Luedtke and Ahmed [121].

The extension of the SAA method to multistage stochastic programming, discussed
in section 5.8 and referred to as conditional sampling, is a natural one. A discussion of
consistency of conditional sampling estimators is given, e.g., in Shapiro [201]. Discussion
of the portfolio selection (Example 5.34) is based on Blomvall and Shapiro [21]. Complexity
of the SAA approach to multistage programming was discussed in Shapiro and Nemirovski
[206] and Shapiro [203].

Section 5.9 is based on Nemirovski et al. [133]. The origins of the stochastic ap-
proximation algorithms go back to the pioneering paper by Robbins and Monro [169]. For
a thorough discussion of the asymptotic theory of the SA method, we refer to Kushner
and Clark [112] and Nevelson and Hasminskii [137]. The robust SA approach was devel-
oped in Polyak [152] and Polyak and Juditsky [153]. The main ingredients of Polyak’s
scheme (long steps and averaging) were, in a different form, proposed in Nemirovski and
Yudin [135].

Chapter 6

Foundations of the expected utility theory were developed in von Neumann and Morgen-
stern [221]. The dual utility theory was developed in Quiggin [161, 162] and Yaari [229].

The mean-variance model was introduced and analyzed in Markowitz [125, 126,
127]. Deviations and semideviations in mean-risk analysis were analyzed in Kijima and
Ohnishi [106], Konno [111], Ogryczak and Ruszczyriski [142, 143], and Ruszczyriski and
Vanderbei [190]. Weighted deviations from quantiles, relations to stochastic dominance,
and Lorenz curves are discussed in Ogryczak and Ruszczyniski [144]. For Conditional
(Average) Value-at-Risk see Acerbi and Tasche [1], Rockafellar and Uryasev [177], and
Pflug [148]. A general class of convex approximations of chance constraints was developed
in Nemirovski and Shapiro [134].

The theory of coherent measures of risk was initiated in Artzner et al. [8] and fur-
ther developed, inter alia, by Delbaen [44], Follmer and Schied [69], Leitner [117], and
Rockafellar, Uryasev, and Zabarankin [178]. Our presentation is based on Ruszczyriski
and Shapiro [187, 189]. The Kusuoka representation of law invariant coherent risk mea-
sures (Theorem 6.24) was derived in [113] for L£,,(2, ¥, P) spaces. For an extension
to £,(£2, F, P) spaces see, e.g., Pflug and Romisch [149]. Theory of consistency with
stochastic orders was initiated in [142] and developed in [143, 144]. An alternative ap-
proach to asymptotic analysis of law invariant coherent risk measures (see section 6.5.3),
was developed in Pflug and Wozabal [147] based on Kusuoka representation. Application
to portfolio optimization was discussed in Miller and Ruszczyriski [130].

The theory of conditional risk mappings was developed in Riedel [167] and
Ruszczyriski and Shapiro [187, 188]. For the general theory of dynamic measures of
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risk, see Artzner et al. [9], Cheridito, Delbaen, and Kupper [33, 34], Frittelli and Rosazza
Gianin [71, 70], Eichhorn and Romisch [63], and Pflug and Romisch [149]. Our inventory
example is based on Ahmed, Cakmak, and Shapiro [2].

Chapter 7

There are many monographs where concepts of directional differentiability are discussed
in detail; see, e.g., [22]. A thorough discussion of the Clarke generalized gradient and
regularity in the sense of Clarke can be found in Clarke [38]. Classical references on
(finite dimensional) convex analysis are books by Rockafellar [174] and Hiriart-Urruty and
Lemaréchal [89]. For a proof of the Fenchel-Moreau theorem (in an infinite dimensional
setting) see, e.g., [175]. For a development of conjugate duality (in an infinite dimensional
setting) we refer to Rockafellar [175]. Theorem 7.11 (Hoffman’s lemma) appeared in [93].

Theorem 7.21 appeared in Danskin [40]. Theorem 7.22 goes back to Levin [118] and
Valadier [218] (see also loffe and Tihomirov [98, page 213]). For a general discussion of
second order optimality conditions and perturbation analysis of optimization problems we
refer to Bonnans and Shapiro [22] and references therein. Theorem 7.24 is an adaptation
of a result going back to Gol’shtein [76]. For a thorough discussion of epiconvergence we
refer to Rockafellar and Wets [181]. Theorem 7.27 is taken from [181, Theorem 7.17].

There are many books on probability theory. Of course, it is beyond the scope of this
monograph to give a thorough development of that theory. In that respect we can mention the
excellent book by Billingsley [18]. Theorem 7.32 appeared in Rogosinski [182]. A thorough
discussion of measurable multifunctions and random lower semicontinuous functions can
be found in Rockafellar and Wets [181, Chapter 14], to which the interested reader is referred
for further reading. For a proof of the Aumann and Lyapunov theorems (Theorems 7.40
and 7.41) see, e.g., [98, section 8.2].

Theorem 7.47 originated in Strassen [211], where the interchangeability of the sub-
differential and integral operators was shown in the case when the expectation function
is continuous. The present formulation of Theorem 7.47 is taken from [98, Theorem 4,
page 351].

Uniform Laws of Large Numbers (LLN) take their origin in the Glivenko—Cantelli
theorem. For a further discussion of the uniform LLN we refer to van der Vaart and
Welner [219]. Epi-convergence LLN, formulated in Theorem 7.51, is due to Artstein and
Wets [7]. The uniform convergence w.p. 1 of Clarke generalized gradients, specified in
part (c¢) of Theorem 7.52, was obtained in [197]. The LLN for random sets (Theorem
7.53) appeared in Artstein and Vitale [6]. The uniform convergence of e-subdifferentials
(Theorem 7.55) was derived in [209].

The finite dimensional Delta method is well known and routinely used in theoreti-
cal statistics. The infinite dimensional version (Theorem 7.59) goes back to Griibel [78],
Gill [74], and King [107]. The tangential version (Theorem 7.61) appeared in [198].

There is a large literature on large deviations theory (see, e.g., a book by Dembo
and Zeitouni [45]). The Hoeffding inequality appeared in [92] and the Chernoff inequality
in [35]. Theorem 7.68, about interchangeability of Clarke generalized gradient and integral
operators, can be derived by using the interchangeability formula (7.117) for directional
derivatives, Strassen’s Theorem 7.47, and the fact that in the Clarke-regular case the direc-
tional derivative is the support function of the corresponding Clarke generalized gradient
(see [38] for details).
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A classical reference for functional analysis is Dunford and Schwartz [58]. The con-
cept of algebraic subgradient and Theorem 7.78 are taken from Levin [119]. (Unfortunately,
this excellent book was not translated from Russian.) Theorem 7.79 is from Ruszczyriski
and Shapiro [189]. The interchangeability principle (Theorem 7.80) is taken from [181,
Theorem 14.60]. Similar results can be found in [98, Proposition 2, page 340] and [119,
Theorem 0.9].
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least upper bound, 403
Lindeberg condition, 143
Lipschitz continuous, 335
lower bound
statistical, 203
Lyapunov condition, 143

mapping

convex, 50

measurable, 360
Markov chain, 70
Markovian process, 63
martingale, 324
mean absolute deviation, 255
measurable selection, 365
measure

a-concave, 97

absolutely continuous, 359

complete, 359

Dirac, 362

finite, 359

Lebesgue, 359

nonatomic, 367

sigma-additive, 359
metric projection, 231
mirror descent SA, 241
model state equations, 68
model state variables, 68
moment-generating function, 387
multifunction, 365

closed, 175, 365

closed valued, 175, 365

convex, 50

convex valued, 50, 367

measurable, 365

optimal solution, 366

upper semicontinuous, 380

news vendor problem, 1, 330
node

ancestor, 69

children, 69

root, 69
nonanticipativity, 7, 52, 63
nonanticipativity constraints, 72, 312
nonatomic probability space, 367
norm

dual, 236, 399
normal cone, 337
normal integrands, 366

optimality conditions
first order, 207, 346
Karush—Kuhn-Tucker (KKT), 174,
207, 348
second order, 179, 348

partial order, 403

point
contact, 399
saddle, 340

polar cone, 337

policy
basestock, 8, 328
feasible, 8, 17, 64
fixed mix, 21
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implementable, 8, 17, 64
myopic, 19, 325
optimal, 8, 65, 67
portfolio selection, 13, 298
positive hull, 29
positively homogeneous, 178

probabilistic constraints, 5, 11, 87, 162

individual, 90
joint, 90
probabilistic liquidity constraint, 94
probability density function, 360
probability distribution, 360
probability measure, 359
probability vector, 309
problem
chance constrained, 87, 210
first stage, 10
of moments, 306
piecewise linear, 192
second stage, 10
semi-infinite programming, 308
subconsistent, 341
two stage, 10
prox-function, 237
prox-mapping, 237

quadratic growth condition, 190, 350
quantile, 16

left-side, 3, 256

right-side, 3, 256

radial cone, 337
random function
convex, 369
random variable, 360
random vector, 360
recession cone, 337
recourse
complete, 33
fixed, 33, 45
relatively complete, 10, 33
simple, 33
recourse action, 2
relative interior, 337
risk measure, 261
absolute semideviation, 301, 329
coherent, 261
composite, 312, 318

consistency with stochastic orders,
282

law based, 279

law invariant, 279

mean-deviation, 276

mean-upper-semideviation, 277

mean-upper-semideviation from a tar-
get, 278

mean-variance, 275

multiperiod, 321

proper, 261

version independent, 279

robust optimization, 11

saddle point, 340
sample
independently identically distributed
(iid), 156
random, 155
sample average approximation (SAA), 155
multistage, 221
sample covariance matrix, 208
sampling
Latin Hypercube, 198
Monte Carlo, 180
scenario tree, 69
scenarios, 3, 30
second order regularity, 350
second order tangent set, 348
semi-infinite probabilistic problem, 144
semideviation
lower, 255
upper, 255
separable space, 384
sequence
Halton, 197
log-concave, 106
low-discrepancy, 197
van der Corput, 197
set
elementary, 359
of contact points, 399
sigma algebra, 359
Borel, 359
trivial, 359
significance level, 5
simplex, 237
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Slater condition, 162
solution
g-optimal, 181
sharp, 190, 191
space
Banach, 399
decomposable, 405
dual, 399
Hilbert, 275
measurable, 359
probability, 359
reflexive, 399
sample, 359
stagewise independence, 7, 63
star discrepancy, 195
stationary point of «-concave function,
104
stochastic approximation, 231
stochastic dominance
kth order, 91
first order, 90, 282
higher order, 91
second order, 283
stochastic dominance constraint, 91
stochastic generalized equations, 174
stochastic order, 90, 282
increasing convex, 283
usual, 282
stochastic ordering constraint, 91
stochastic programming
nested risk averse multistage, 311,
318
stochastic programming problem
minimax, 170
multiperiod, 66
multistage, 64
multistage linear, 67
two-stage convex, 49
two-stage linear, 27
two-stage polyhedral, 42
strict complementarity condition, 179, 209
strongly regular solution of a generalized
equation, 176
subdifferential, 338, 401
subgradient, 338, 402
algebraic, 402
stochastic, 230

supply chain model, 22
support

of a set, 337

of measure, 360
support function, 28, 337, 338
support of a measure, 36

tangent cone, 337

theorem
Artstein—Vitale, 379
Aumann, 367
Banach—Alaoglu, 401
Birkhoff, 111
central limit, 143
Cramér’s large deviations, 388
Danskin, 352
Fenchel-Moreau, 262, 338, 401
functional CLT, 164
Glivenko—Cantelli, 376
Helly, 337
Hlawka, 196
Klee—Nachbin—Namioka, 404
Koksma, 195
Kusuoka, 280
Lebesgue dominated convergence, 361
Levin—Valadier, 352
Lyapunov, 368
measurable selection, 365
monotone convergence, 361
Moreau—Rockafellar, 338, 402
Rademacher, 336, 353
Radon-Nikodym, 360
Richter—Rogosinski, 362
Skorohod—Dudley almost sure rep-

resentation, 385

time consistency, 321

topology
strong (norm), 401
weak, 401
weak*, 401

uncertainty set, 11, 306
uniformly integrable, 382
upper bound
consevative, 204
statistical, 204
utility model, 271



436 Index

value function, 7

Value-at-Risk, 16, 256, 273
constraint, 16

variation
of a function, 195

variational inequality, 174
stochastic, 174

Von Mises statistical functional, 304

wait-and-see solution, 10, 60
weighted mean deviation, 256





